On M-N- Fuzzy Ideal Of M-N- Fuzzy
Ring

Hassan Rashed Yassein , Mazen Omran Karim
hassanr_06@yahoo.com , mazin792002@yahoo.com
Department of Mathematics , College of Education , University of Al-Qadisiya

AL-Diwaniyah - Iraq

Abstract

In this paper, we defined the terms M-N- fuzzy ring and studied some basic properties.

Also defined M-N- fuzzy ideal and its some elementary properties are discussed.
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Introduction

In 1965 Zadeh introduced the concepts about fuzzy set, in 1982 W.J. Liu introduced
the concept term of fuzzy ring. In 1985 Ren studied the fuzzy ideal and fuzzy quotient
ring . In 1994 W.X.Gu, S.Y.Li and D.G.Chen are introduced further studied in theory
of fuzzy groups and gave some new concepts as M- fuzzy groups , and Shaogan Sun
give some new concepts such as fuzzy M- fuzzy ring , M — fuzzy ideal and M - fuzzy
quotient .

In this paper we define M-N- fuzzy ring , M-N- ideal and study some their related
are properties .



1- Preliminaries

Definition (1.1): Let R be a ring and pu: R—[0, 1] , u#£@ then p is called a fuzzy subring
of R if for every X,y € R

1- p(x-y)2 min {p(x), p(y)}-

2. p(xy) 2 min {u(x), p(y)}. [1]

Definition (1.2): A fuzzy subset p of a ring R is called a fuzzy ideal if for every x,y € R

1- p(x-y)2 min {p(x), p(y)}-
2. p(xy) 2 max {u(x), p(y)}. [1]

Proposition (1.3): Let p and o be two fuzzy ideals of a ring R then p N o is a fuzzy
ideal of R . [2]

Definition (1.4): Let f be a function from aset X toaset Y while p is fuzzy set of Y
then the image f(u) of p is the fuzzy set f(i) :Y — [0,1] defined by

sup 5(x) if £ (y)= ¢
fu(y)) = X7 O)

0 if f (y)=¢ -

Definition (1.5): Let f be a function from a set X toasetY while p is fuzzy set of X
then the inverse image f(u) of p under f is the fuzzy set f'(n): X — [0,1] defined

by FH(W)()= 1 (f(x) . [3]

Proposition (1.6): Let p and o be two fuzzy subrings (fuzzy ideal ) of R and R’
respectively , f: R —> R be a homomorphism , then

1- f(u) is a fuzzy subring ( fuzzy ideal ) of R".

2- f1(p) is a fuzzy subring (fuzzy ideal ) of R . [4]



2-The Main Results

Definition (2.1): Let R be be aring, M ,N aresets. If foreverya,b e Rand meM,
neN

1- (ma)n = m(an)
2- m(a+b)n = (ma)n + (mb)n = m(an) + m(bn)
3- m(ab)n = (m(ab))n = (ma) (bn)

then m is said to be a left operator of R, M is said to be a left operator sets of R , n is
said to be a right operator of R, N is said to be a right operator set of R and R is said
to be an M-N-ring .

Definition (2.2):1f a subring of M-N- ring is also M-N- ring then it is said to be an
M-N- subring .

Definition (2.3): Let R and R" are M-N- rings . A homomorphism f from R into R’ is
said to be an M-N- homomorphism if

f(mx) = mf(x) and f(xn)=f(x)n foreveryx e R ,meMandn eN .
Definition (2.4): Let R be an M-N- ring and [ be a fuzzy ring of R if

H(mx)>p(x) and p(xn) > (x) holds for every x e R, m eM and n eN then p is
said to be an M-N- fuzzy ring of R

Proposition (2.5): Let R be an M-N- ring , p and o be two M-N-fuzzy ring of R then
HNois an M-N- fuzzy ring of R.

Proof : Its clear that u N o is a fuzzy ring of R
Now , foreveryx e R, m eM and n eN
(LN o)(mx) = 1 (MX) A o (nX)
2 U (X) Ao (X)
=(HNo)x)
Also

(LN o)(xn) =p (xn) A o(xn)



2 U (X) A o(X)
= (HNo)X)
Hence unoisan M-N-fuzzy ringofR. B

Proposition (2.6): Let R be an M-N- ring, p be a fuzzy subset of R then pisan M-N-
fuzzy ring of R iff py;is M-N- subring of R for every te [0,1] and p; #@ .

Proof : Itis clear . issubring of R while p; holds for every te [0,1] .
Forany X € g, m eM and neN

p (mx) > p (x) >t and p (xn) > p (x) >t

mX € Yy and nx € W

hence |; isan M- N-subring of R .

Conversely , either if there exists xeR and meM such that g (mx) < p(x) .
let =2 ((mX)+ p(x))
2

then g (X)>t> p(mx)
mx¢& H; SO here emerges a contradiction .

if there exists xeR and neN such that g (xn) < p(x) .
let t== (UON)+ p(x))
2

then p (X)>t> p(xn)
Xng W So here emerges a contradiction .
hence p (mx) >p (x) andp (xn)>p (x) for allx e R and m eM , n eN

therefor ¢ is M-N- subring of R foreveryte [0,1]. W

Proposition(2.7): Let R and R’ both be M-N- ring and f an M-N- ring homomorphism
fromRonto R, if p'isan M-N- fuzzy ringof R then f!(u')is an M-N- ring of R



Proof:
By Proposition( 1.6) f *(u’) is a fuzzy ring of R .
Now , for every x e R ,m eM and n eN we have
() (mx) = p'(f(mx))
= p'(m f(x))
2 p'(f(x))
= F(n'(x)
also i) (xm) = p'(f(xn))
= p'(f(x)n)
2 n'(f(x))
= ('(x)
hence f(n’) is an M-N- fuzzy ringof R. W

Proposition(2.8): Let R and R both be M-N- ring and f an M-N- ring homomorphism
fromRonto R, if pisan M-N-fuzzy ring of R then f(p)is an M-N-ring of R" .

Proof:
By Proposition( 1.6) f (u) is a fuzzy ringof R .
Now , for everyy e R', m eMand n eN we have

f(w(my) = Sup H(X)

v

sup p(mx")
f(mx")=my
mx'eR

sup u(x")
f(mx")=my
mx'eR

> sup p(x")
1)y

mx'eR

= f(u(y))



also letzeR' ,meMand n eN

f()(zn) = sup u(r)

ref(@zn)

> sup u(rn)
f(r'n)=my
r’neR

sup u(r’)
f(r'yn=zn
rneR

v

sup p(r’)
f(r')=z

r'eR
=f(u(2))
hence f(u) is an M-N- fuzzy ringof R° . ®

Definition (2.9): Let R be an M-N- ring, then p is called M-N- fuzzy ideal of R ,if p is
not only M-N- fuzzy ring of R but also a fuzzy ideal of R .

Proposition(2.10): Let R be an M-N- ring , 4 and o be M-N-fuzzy ideal of R then
HNois an M-N- fuzzy ideal of R.

Proof :By Proposition(2.5) pn o isan M-N- fuzzy ring of R
by proposition(1.3) 4 N o is afuzzy ideal of R
hence unois an M-N-fuzzy ideal of R. B

Proposition (2.11): Let R be an M-N- fuzzy ring and p be a fuzzy subset of R then p
isan M-N- fuzzy ideal of R iff p; is M-N- ideal of R for every te [0,1] when p; #2 .

Proof : Itis clear p; isideal of R while p; holds for every te [0,1] .

In case of u being an M-N- fuzzy ideal of R and by Proposition(1.5) we get that L is
an M-N- ring , hence W isan M-N- ideal .

Conversely, we know from Proposition(1.5) p is an M-N- fuzzy subring of R , and
immediate that p is afuzzy ideal of R .

Hence p isan M-N- fuzzy ideal of R. ®



Proposition(2.12):Let R and R’ both be M-N- ring and f an M-N- ring homomorphism
from Ronto R', if ' is an M-N- fuzzy ideal of R then f'(u’) is an M-N- ideal of R.

Proof: By Proposition(2.7) f(u") is an M-N- fuzzy ring of R .
Now , to prove f'(n’) is a fuzzy ideal , for every x,ye R
FR)y) = p'Eexy))

= p'(f(x)-f(y))

> min { p'(f(x)) , p'(f(y)) }

=min {f ('), F'e)}
Also f(u")(xy) = p'(f(xy))

= p'(f(x) f(y))

>max { p'(f(x)) , p'(f(y)) }

=max { F'®), ')}

Hence f*(n') is a fuzzy ideal of R .
Therefor f'(n') is an M-N- fuzzy ideal . ®

Proposition(2.13):Let R and R both be M-N- ring and f an M-N- ring homomorphism
fromRonto R, if pisan M-N- fuzzy ideal of R then f(u)is an M-N-ideal of R .

Proof : By Proposition(1.5) f(p) is a fuzzy ideal of R"
also, by Proposition(2.8) f(i) is M-N- fuzzy ring of R
hence f(u) is an M-N- fuzzy ideal of R".

Let R be an M-N- ring and p be an M-N- fuzzy ideal of R . Ren [5] had proved that
R /pwasring .

Proposition(2.14): Let R be an M-N- ring and p be an M-N- fuzzy ideal of R then
R / pis an M-N- fuzzy ring which is called the M-N- fuzzy quotient ring of R with
respect to ..

Proof: Forevery meM, neNandxeR ymeMand neNx+u,y+ueR/|

we define m(x + p) n=mxn +



now we can prove
m(x + ) + (y + W] =m(x +y) + u] n
=m(X+y)n+p
=(mxn+myn)+u
= (mxn + ) + (myn + )
=m(X + Wn +mfy + pn
Also
mi(x + p) . (y + WI=ml(xy) +p]n
=m(xy)n+u
=(mx) (yn) +u
= (mx + ) (yn + p)
=m(x+u) (y + n
Hence R/ pisan M-N-ring .
Now , we define a fuzzy seton R/
let 6 be an M-N- fuzzy ring of R then o/ p is a fuzzy set of R / u defined as follows
o/u:R/u—[0,1] satisfying

c/pu(a+p)= sup o(x)

X+p=a+p
letV=c/p,c=a+pandd=b+p forevery a,b eR
1-V(c-d) =V((a+p) — (b +u))

=V((a-b) )= sup o (X)

X+u=@-b)+pn

sup o(y-2)

y+pu=a+p,z+u=b+p

> sup min{c(y),o(2)}

y+p=a+p,z+p=b+p



=min{ sup o(y), sup o(2)}

=min {V(c), V() }
c/p((a+w)—(b+p)2min{oc/p@+y),c/pub+p)}
2-V(cd) =V((a+p) (b+w)=V(ab+p)

sup o (X)
X+p=(ab)p

sup o (yz)

y+u=a+p,z+p=b+p

> sup min{o(y),oc(2)}

y+pu=a+u,z+u=b+p

=min{ sup o(y), sup o (2)}

=min {V(c), V(d) }
c/p(@+wWb+w)=oc/p@+p o/ ub+p)

3- o/u(m(@+p) = o/p(ma+p)

sup o (x)

X-+p=ma -+

> sup o (mc)

MC +p=ma +1t

> sup o (Mmc)

CHp=a+p

> sup o(c)

CHu=a+u

c/p@+ )
Similarly o/ p((a+pn)>oc/ pu@a+ p)

Hence o/ M-N-fuzzy ringof R/p. N
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