Journal of Al-Qadisiyah for computer science and mathematics
Vol.5 No.2 vyear2013

Page22-38 On Fuzzy Group Spaces

By
Assist. Prof. Dr. Sattar Hameed Hamzah
Department of Mathematics, College of Education,
The university of Al-Qadisiyah
And
Salam Mohammed Ghazi
Department of Mathematics, College of Education,

The university of Al-Qadisiyah

Recived : 9/9 /2013 Accepted: 29/9 /2013

Abstract

The main aim of this work is to fuzzify the concept of group action to create a new
concept (to the best of our knowledge) namely fuzzy group spaces. And investigate the
properties of these spaces.

Introduction

One of very important concepts in geometrical topology is the concept of group actions.
In this work, we fuzzify this concept as a natural transition from the corresponding crisp
structure to create the concept of fuzzy action, which considered as basis of our main
definition and clarified the properties of them.In 1965, Zadeh introduced the concept of
Fuzzy set [15]. Chang used this concept to introduce the first definition of fuzzy
topological spaces [2]. Later, Lowen introduced new definition for these spaces by using
the concept of constant fuzzy set [6].The difference between two definitions led to
difference definitions for the fuzzy topological group.After that, Foster David also
introduced his definition of fuzzy topological group based on Lowen’s definition [4],
while Whilst, Yu Chun Hai and Ma Ji Liang introduced their definitions based on
Chang's definition [12, 13, 14]. In 2009, Ail tazid introduced a concept of fuzzy
topological transformation group by using the Lowen and Foster’s definitions [1].In this
paper, the Chang and Yu Chun’s definitions used to construct a definition of fuzzy action
and fuzzy group spaces and study the properties of these concepts.
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1.Preliminaries

In this section, we recall some preliminary definitions and results to be used in the
sequel.
Throughout this paper, the symbol I will denote the unite interval [0,1]. Let X be a set,a

fuzzy subset 4 of X is a mapping4 : X = [0,1]. Any fuzzy set taking values 0 and 1 only,
said to be crisp.The support of a fuzzy set A is a set defined as follows:
supp(4) = {x € X : A(x) = 0}.[15, 5]

Let 4, B be fuzzy sets in X then:

A<B < A(x) =B(x), forallxeX.

C=AVEB e C(x) = max{A(x),B(x)}, forall x € X(union).

D =AAB < D(x) =min{A(x).B(x)}, forall x € X (intersection).

Let f be a mapping from a set X to a set ¥. Then The inverse image of a fuzzy set Bin ¥,
written f7*(B) is a fuzzy set in X, such that:

[f_l(B‘])(x] = B[f(xj]fnr all xe X;

The image of a fuzzy set Ain X, written f(4), is a fuzzy set in ¥, such that:

FOTCE I S

0 otherwise.
For all v € ¥, where f(v) = {x € X: f(x) = v}[4].
The constant fuzzy set €, in X defined as follows:C,(x) = a for all x £ X, thus 0 = ¢, and

1= C,. A fuzzy point x_in X 1s a fuzzy set defined as follows:
o if v=x;

%o () ={IJ ify # x.

Where 0 < « < 1; a is called its value and x is support for x,. The set of all fuzzy points in
X will be denoted FP(X). The fuzzy point x, is said to be contained in a fuzzy set A, or
belong to 4, denoted by x, € 4, if and only if @ = A(x).A fuzzy point x; 1s said to be
qusai — coincedent with 4, denoted by x;94 if and only if A+ A(x) = 1. A fuzzy set 4 is
said to be quasi-coincedent with B, denoted by AgB, if and only if there exists x € ¥ such
that A(x) = B(x), or A(x) + B(x) = 1[12].

Let D be a direct set, X be an set, and FP be the set of all the fuzzy point in X. The
mapping x: D — FP is called a fuzzy net in X. A fuzzy net is often denoted by {x_},p.A
fuzzy net {t; }E _,in X is called a fuzzy subnet of a fuzzy net {x.},ep in X if and only if

there is a mapping N: E — D such that:

t = xo N, thatis, foreach i € E, t, = xy;;

For each @ € D, there exists some m € E such that, if E 3 p < m,N(p) < a.

Let x = {x,}..pbe a fuzzy net in X, then x is said to be:Quasi-coincident with A € I* if
and only if for each @ € D, x_ is quasi-coincident with 4; Eventually quasi-coincident with
A if and only if for each « € D there exist an m in D such that x,is quasi-coincident with

A for all @ = m; Frequently quasi-coincident with 4 if and only if for each « € D there exist
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an nin D such that n = @ and x,, is quasi-coincident with 4; In 4, if and only if for each
a €D, x, € A[5].
A fuzzy topology is a family T of fuzzy sets in X which satisfies the following
conditions:
0,,1, € T;
IfA,BET,thenAAB ET;
iii. Ifd; €T foreachie I,then\/}li eET.

1)
The pair (X, T)called fuzzy topological space, for short fts X. Every member of T is called
an open fuzzy set, a fuzzy set is a closed if and only if its complement is open[2]. A fully-
stratified topology on X is a fuzzy topology on X contain all constant fuzzy set [6].A
fuzzy set U in a fts (X,T) is a neighborhood, at short nbhd, of a fuzzy point x, if and only
if there is B € T, such that x,, € B < U. The nbhd system of a fuzzy point is the family of
all nbhd's of this point. A fuzzy set U in a fts X is a neighborhood, at short nbhd, of a
fuzzy set 4, if and only if there exist an open fuzzy set E in X such that A<B <U. A
fuzzy set U in a fts (X,7) is called a @ — neighborhood of x; if and only if there exists a
B € T such that x;4B < A. The family consisting of all the Q — neighborhoods of x; is called
the system of Q — neighborhoods of x;.The interior and closure of a fuzzy set 4 in X
defined respectively:A = sup{B : B €T,B < A};A=inf{B:B°€T,4A =B} [7].
Let {x.}.-p be a fuzzy net in a fuzzy topological space X, then {x,},, 1s:Converge to z if
{x,Jaep 1S eventually quasi— coincident with each Q —neighborhood of =z, written
x, — z;Has z as a cluster point if {x,},., is frequently quasi— coincident with each
Q — neighborhood of z, written x_ o z.In a fts (X,7), a fuzzy point z € 4 if and only if there
1s a fuzzy net {s,}.zp in 4 such {s,},-p 1s converge to z [7].
A mapping f from a fts (X,7) to a fts (¥,U) is fuzzy continuous, at short F — continuous,if
and only if the inverse image of eacheopen fuzzy set in ¥ is open fuzzy set in X.
Let £ be a mapping from a fts X into a fts ¥, then: f is called fuzzy open (fuzzy closed)
mapping, for short F— open (F— closed), if f(4) is an open (closed) fuzzy set in ¥ for
every open (closed) fuzzy set in X [2].
Theorem [8]:Let f be a mapping from a fts ¥ into a fts ¥, then the following are
equivalent
f 18 F — continuous;
For each fuzzy net {x,}.., converge to z, then {f(x,)}.=p 1S a fuzzy net in ¥ converge to
f(z).
Remarks:
It is not necessary the constant mapping from a fuzzy topological space X to a fuzzy

topological space ¥ be F — continuous.
If X, ¥ are fully stratified spaces, then the constant map from X into ¥ is F — continuous.
The identity map is F — continuous,F — open,F — closed.
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The composition of F — continuous mappings is F — continuous.

The composition of F — open(F — closed) mappings is F — open (F — closed).

Definition [8]:Let (X,7) be a fts, and 4 = X.The induced fuzzy topology 7, on 4 is
{ANB:B €T} The pair (4,7;) is called a fuzzy subspace of (X,7), for short subspace of
(X, 7).

Proposition [8]:Let (4, 7,) be a subspace of (X,7), then B closed fuzzy set in 4 if and only
if there is a closed fuzzy set € in X such that B = c A A

Proposition:Let (X,7) be a fts and 4 be a non-empty fuzzy subset of X then the inclusion
map iy:(4,T,) — (X, T) is:

F — continuous;

F — closed if A closed;

F — openif A open.

Proof:Clear

Proposition [8]:A bijective mapping f:X — Y is fuzzy open (fuzzy closed) if and only if
f~is F — continuous.

Definition [8]:Let (X,7) be a fts.

A sub family 8 of T is called a base for T if and only if for each A €T, there
exist B, © B suchthatd = \/ B :

BeBy
A sub family P of T is called a subbase for T if and only if

is a base of T.

B = [/\ D :where TF is finite subset of P

DEF

Proposition:Let / be a mapping from a fts (X,7) into a fts (¥,1) and B is a base for 1,
then f is F — continuous if and only if f7*(4) € 7, YA€ B.

Proof:Clear

Proposition:Let / be a mapping from a fts (X,7) into a fts (¥, ) and B is a base for T,

then f is F — openif and only if f(4) € U, vAE€ B.

Proof:Clear

Proposition[5]: A mapping f: X — Y is F — closed if and only iff(4) < fF(4), for all 4 € I*.
Proposition[5]:A mapping f:X — Y is F—open if and only iff(4%) < (f(4))", for all
Aer?,

Definition [5]:A fuzzy homeomorphism is a bijective F — continuous mapping has inverse
is also F — continuous. If there exist a fuzzy homeomorphism of one fuzzy space onto
another, the two fuzzy spaces are said to be F — homeomorphic , denoted by =, and each is
a fuzzy homeomorphic of the other.

Definition [9]:Let {(X,7).j €]} be a family of fuzzy topological space. The product
fuzzy topology T on the set ¥ = [1,, X;is the coarsest fuzzy topology on ¥ making all the
projection mapping Pr;: ¥ — X, fuzzy continuous.
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Theorem [9]:Let {(x,,7;).j €} be a family of fuzzy topological space, A sub base for the
product fuzzy topology is given

§= {F:r}-_l[ﬂj):ﬂj ET;j € J} so that a base can be takento be B = {A%_, F’r}-k_l[ﬂjk): Ay € 3’;,{}
Remark [9]:Basic open fuzzy sets of product fuzzy topology on X, x X, are of the
formPr, “1(A,) APr,”1(A,) which is equalto 4, X 4,.

Proposition [4]:Let {(x j-,i’;)}}_ ., and {(%, u)}

se;» be two families of fuzzy topological

spaces. For eachje ] let f; [X}-,.']’;) — (1;, 'Lt}-). Then the product mapping
f= nf} (X, T)— (Y, u), [x}-} — (,ﬁ, [xj)) is F — continuous if fis F — continuous for eachj € J.

JES
Theorem [11]:Let (v,u) and (X,,7;), where j €], be a fuzzy topological spaces, then
f: (Y, U) — H[Xj,.']}] is F — continuous if and only ifPr; = f is F — continuous.

Jel

Proposition:Let (X,,7;)and (X,,7;) be fully stratified spaces, then for each a € X,the
mapping f: (X,,7;) — (X, 7) X (X,,T) , x — (a,x) is fuzzy continuous.
Proof: Clear
Proposition:Let (X,7) be fully stratified space and (¥.U) be any fts then there is a
F — homeomorphism from X into {¥v} x ¥ , 1.e. X = {y} x X where y € Y.

Proof:Clear
Proposition [3]: Let (X, T )be the product fuzzy topological space of a finite family of fuzzy

topological spaces {(X;,7;):j = 1.2, ..,n},n = 2 then the following properties are known to
hold in topology:

(ﬂ”’) ﬂw,
(HW) ZD[I’“T‘

But they fail in fuzzy topology.
Proposition: Let (X,7) be a fts. Then the diagonal map a:X — X X X, x> (x,x), 1S
F — continuous.

Proof: Clear
Proposition[8]: A fuzzy net {x',g }.E“ED in the product space (X,7) convergeto a fuzzy pointz

if and only if for each p,: X — X, the fuzzy net Pr, o x = {Pr,(x g]}EED in X, converges to the

fuzzy point p, (z).
Proposition [11]: Let (X,7) be a fts, ¥ a set, and g: ¥ — Y a surjection map. Then
T,= {B:q7*(B) € T}is fuzzy topology for ¥ making g — continuous, called quotient fyzzy

topology.
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Proposition: Let (X,7), (¥, U) be a fuzzy topological spaces, R be an a equivalence
relation on X, and f: (XXR,J’;] — (¥, ). Then f is F — continuous if and only if fegq is
F — continuous. Where 7, is quotient fuzzy topology on X/ p defined by g: X — X/ R

Proof: (=)Let fbe F — continuous,

f = q1SF — continuous. (composition of F — continuous mappings)

(=) Let f = q be F — continuous, and Let V €U then

(feq)™* (V) =q *(f*(v))is open fuzzy set in X. Hence f*(V) is open fuzzy set in
XfR .Therefor f 1S F — continuous.

Proposition:Let (X,7), (Z,U) be a fuzzy topological spaces, R be an equivalence relation
on X and f: X — Z is F — continuous then there is unique F — continuous map ,1"”*‘:‘7’{,.3R — Z
such that f*=q = f.

Proof:By the universal property of the projection map in set, there is a unique map
f*:*/p — Zsuch that f* = g = f.And by proposition (1.21) the proof is completed.

Definition: The property in proposition 1.25 called the universal property of fuzzy
quotient map.

Fuzzy Topological Groups

This section will contain the definition of fuzzy topological group and its remarks,
properties and propositions. In addition, we review the concepts of fuzzy topological
group and quotient fuzzy topological group.

Definition [12,14]: Let G be a group and (G,7) is fts. (G, T) is called fuzzy topological
group, for short ftg, if and only if:

For all a,beX and any @ —neighborhoodW of the fuzzy point (ab); there are
@ — neighborhood Uof a; and V of b;such that Uv < w;

For all a € X and any @ — neighborhoodV of a; *, there exist a @ — neighborhoodU of a; such
that U™t < v.

Proposition: Let (G, 7) be fully stratified space, then (G, T) is a fuzzy topological group if
and only if it is satisfies the following conditions:

The mapping p:6 x 6 — G, (x,¥) — xy, is fuzzy continuous;

The mapping V: G — G,x — x~1 is fuzzy continuous.

Proof: Clear

Proposition:Let (G,.7) be a ftg. If (G,7) is a fully stratified space and g € G, then the
following mappings are F — homeomorphism.

N:G— Gxr—x %

L:G — 6, x— gx;

:Rg: G—G,x— xg.

Proof:

N is bijective F — continuous and its inverse & ~* = . SoV'is F — homeomorphism.

£, 1s bijective and its inverse (£,)7" = £,-= andLQZG;} X625 6x6 26
Therefor £, = u o C, X I =Ais F — continuous.
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In similar way as ii
Proposition: Let (G, T)be a ftg, if G is a fully stratified space, then:

If A is closed (open) fuzzy set in G and a € G, then a4, 4a, A™* are closed (open) fuzzy sets.
If A 1s open fuzzy set in (G, T) and B is crisp set.then AB, BA are open fuzzy sets in (G,T).
Proof:

Let Abe closed (open) fuzzy set in G.Sincef,,R,, N are F— closed (F— open)map.
(proposition 2.3)Then £, (4) = a4, R, (A) = Aa, N'(4) = A™*are closed (open) fuzzy sets.

it. Since BA = \/bﬁl and AF = \/Ab

bheEB beER
therefor BA ,AB are open fuzzy sets in G.

Definition [10]: Let ¢ be a group and 4 a fuzzy set in G, then 4 is a fuzzy sub group of G
if and only if the following conditions are satisfied:

A(ab) = min{A(a),A(b)},Va,b € G;

Ala™) = A(a),Va €G.

Definition [10]:Let H be a fuzzy subgroup of the group 6. If aHa™ < H for all a € G, then
H 1s called a normal fuzzy subgroup of G.

Definition [12]: Let (6.7) be a ftg and H a fuzzy subgroup of 6. Then (H,7;) is called a
subgroup of ftg (G, 7). If H is normal fuzzy subgroup, then (H,7;) is called normal fuzzy
subgroup of ftg (G, T). Thereafter (H,T;) is denoted by H for short.

Proposition: Let G be a ftg, H is a crisp normal subgroup of G, then ¢/ g 18 fuzzy
topological group.

Proof:Let G be a ftg and H be a crisp normal subgroup of G,and &/ y = {aH:a € H]}, the set
of left fuzzy cosets of H. The map :6 — €/ p»@ — aH, define a quotient fuzzy topology
on &/ yAlso, the quotient map g is fuzzy open; for if A4 is open fuzzy set in G, then
g *(q(4)) = AH is open fuzzy set. (proposition2.4).And it follows that g(4) is open fuzzy
set in &/ by the definition of the quotient fuzzy topology.

Now, if H is normal fuzzy subgroup then &/ gz has a canonical fuzzy group structure
(quotient fuzzy group).If w u'are the multiplication in Gand &/ g» and M, V" are the
inversions in G and &/ g respectively. Then p', &'are uniquely defined by the following

commutative diagrams:

N
GxG—"¢ G——G
qxq q ql Jq
u! G ¥ G
Gy % Gfy——G/y /g——"/n

To prove that ', " are F — continuous. By using the following commutative diagram:
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.G
G——"/y
qul y
l‘,, N’
G /H
g V" 1s F — continuous and g 1S quotient map so by the universal property of g there exist
a unique F— continuous map ¢: %/ g = G/ ymaking ¢ eq =g o MBut M 'satisfies this

condition ' eg=geN so N'=¢.So N'is F— continuous.Also by using the following

commutative diagram:

GXGLG/HXG/H

LT o

qw, >

g B
G/H

Since g X gis  F — open,F — continuous and surjection map, hence ¢ xg 1s quotient

f

map.Since g = u1s F — continuous, so by universal property of g x g there exist a unique
F — continuous map ¢’ = (g X g) = q = u. But ¢’ satisfies the conditiong’ = (g X g) = q = p.

So u' = ¢', and so ' 1s F — continuous.

Definition: The fuzzy topological group &/ gealled quotient fuzzy topological group.
Proposition: The product of fully stratified fuzzy topological groups is fuzzy topological
groups.

Proof: Let{G;},.; be a family of fuzzy topological groups, their product ¢ =[IG;has a
natural group structure (product of groups) with multiplication g and inverse &.And a

natural fuzzy topology (product of fuzzy topological space).By using the following
commutative diagram:

Theny; « (Pr; X Pry) is
F — continuous sincey,and Pr.are F — continuous. Therefor Pr, o p = p, o (Pr; X Pr;) 1S
F — continuous.Therefore g is F — continuous. (Proposition 1.17) Now, by using the
following diagram:

G——G

Pri| s Pr;
4 Opk\‘\\
Gi——G;
i
Then WN;e¢Pr; is F—continuous Since Mand Pr; are F— continuousTherefor

Pr o V' = I o Pr; is F — continuous. Therefore 'is F — continuous. (propesition 1.17) .
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So G = 1_[6:- be a fuzzy topological group.
iel
2.11 Definition: The fuzzy topological group G = H G, called product fuzzy topological groups.
el
Fuzzy group spaces
In this section, we introduce the definition of fuzzy group space and given some
examples. In addition, we review the definition of fuzzy orbit, fuzzy stabilizer and fuzzy
action and study some its properties.
Definition:Let G be a fuzzy topological group and X be a fuzzy topological space. A left

fuzzy action of G on X is a F — continuous map 6: G X X — X such that:

f(e,x) = x, for all x € X where e is the identity element in G;

9[31,9(9'2,3:]) =8(g,g,,x), forall x € ¥and g,,9, €6G.

The space X together with fuzzy action 8 is called fuzzy group space and denoted by

FG — space, more precisely (left FG — space). In similar way one can define a right
FG — space,

Notation: For simplicity we denote #(g, x) by g.x.

Definition: Let (X,8) be FG — space, then:

The fuzzy orbit of x € X under the fuzzy subgroup 4 of G is defined to be the fuzzy set
Ax ={f8(a,x):a € A}, where: Ax(y) = sup{A(g):6(g.x) = v}. And the set of all fuzzy orbit
denoted by ¥/, and called it fuzzy orbit space under 4.

The fuzzy stabilizer of x € X under the fuzzy subgroup A of G is defined to be the fuzzy
set 54 = {r:r, € A: supp [6‘ [a,x]) = x}.

The fuzzy kernel of the fuzzy action & under the fuzzy subgroup 4 of G is defined to be
the fuzzy set:(ker8), = {a € A: supp(0(a,x)) = x forall x € X}.

Remarks: The fuzzy action 8 of G on X defines the following mappings:

6,:X — X, defined by 6, (x) = 8(g,x),Vg € G;

f.:G — X, defined by 6..(g) = 8(g,x), vx € X,

q: X — X;’G defined by g(x) = G,.

Proposition:let (X,6) be a FG — space, Then:

6. 1s the identity mapping of X;

8,06, =6,
(6,) 1 =6,
Proof:

Let x € ¥ then 8,(x) = 8(e, x) = x. Therefor 8,(x) = I,.

6,, 20, (x) =6, (8, (x)) =6, (6(g2,%)) = 6(9,,6(9..%)) = 8(g,9,,%) = 6, ,_(20).
Since 8, 2 8,-:(x) = 8,(6(g7 " x)) = 8(8(gg ", x) = 8 (e, x).

Hence 6, o 8,-: = I,Similarly 6,-:26, =1,

Therefore (8,)” =8,-:.
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Remark: As a consequence of proposition 3.1.9 the set {,: g € G} with the composition
law is group.

Proposition:
Let (X, 8) be a fully stratified FG — space and G is fully stratified ftg. Then:

0,: X — X 1S F — homeomorphism
8.: G — X is F— continuous map
Proof: N
6, is a bijective and its inverse is (6,)™* = 6,-: and 6,: X — T L {g}xX _ % x
So 8, = 8 = =, Hence §,and 6,-: are F — continuous.
Therefore 8, is F — homeomorphism.
6,=G = ex {x}L}X. So 6,=6e2 where =G — G x{x},g — (g,x) which is
F — continuous by proposition 2.15, therefor 8.is F — continuous.
Proposition:Let (X, 8) be FG — space, then:
The fuzzy stabilizer of x € X under the fuzzy subgroup A of G is a fuzzy subgroup of 4;
i (kerd), = /\sf.
xEX
(kerd), 1s a normal fuzzy subgroup of 4;

Proof:
Let g,,9, €57 then
supp (8(9,9,,x)) = supp (8(94,6(92,%))) = supp (8 (g1, %a,) )
= SUPP(Xminfaig,)alg)t) = X

5?(9’19’:] = min{A(g,),A(g.)} = miﬂ{Sf(gl:],Sf (g.)}, because Si< A
Hence g,9, €5£. Now let g € 52
8(g7 ,x)=6(g " g.x) =6(g7g,x) =86 (emm{mjg-‘—j,m:g}}rx) = Xomin{a(g*).ala)} = ¥a(g)-
Hence supp (E(g_l,x]) = x.Since S2(g™) = A(g) =5%(g)
Therefor g™ € 5. So Sis fuzzy subgroup of 4.
g, € (kerf), = a = A(g) and supp(8(g,x))for all x € X.

& g, €52 forall xe X,

= g, € /\5;:1.

xEX

From (ii) (ker#), subgroup of A.

Let hedand g e (ker8),.68(hgh™,x)=h(h™t.x)= Xmin{a(m)alr-acg)pfor all x € X.So
supp(6(hgh™,x)) = x,forallx € x.And hgh™ € A,because 4 is fuzzy subgroup hence
hgh™ € (ker®) andh(ker8) ,h™t < (kerf),.

Therefore (kerf), is normal fuzzy subgroup.

Proposition: Let (X,8) be a fully stratified FG — spacelf A <=Xand B =< G,thenthe

following are satisfies:
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(gA) = gA’, for all g € G;
gA = g4 forall g €6G;

Proof:
LetgeGand A < X.
Since 8,1s F — homomorphism (Proposition3.7)thens, (47) = (6,(4)),

8(g, A7) = (6(g,4)). And so (g4) =g4’, forall g 6.

In similar way as 1.

Proposition: Let (X, ) be a fully stratified FG — space. f A< X and B < G, such that
(B x A) = B x 4, then the following are satisfies:

8(BxA) <B(BxA);

(B(BxA)) <8(B x4);

(6(8" x 4))" = (8(B x A)) = (8(B X 4))

B(BxA)=6(BxA)=6(BxA).

Proof:lLet A = X,B = G.

(B xA)=68(BXA) £8(BxA4),(81sF— continuous).

In similar way as 1.

(B(BxA)) =6((BxA))=6(B xA") < 8(B x A)sinced is F — continuous.

((e(B x Aj)ajb < (88 x A]):
Therefore(6(5 x 4)) < (8(5"x 4)), .. (1)
Since 8(B" x A) < 8(B x A)

Hence (E(E’ X Aj) = (8(Bx4), ..(Q2)

=

From (1) and (2) we have (E'(B’ X A]) = (8(B x Aj):.
Since (B x A) = 8(B x A)

Hence 8(B x 4) = 8(BE x 4), ..(1)

Since 8(Bx A) < (B xA)<B(B X A)
Therefor 8(B x 4) < (6(Bx A4)) =8(Bx 4), ...(2)

From (1) and (2) we have:
B(F xA)=8(B x A).

1.€.

and

Proposition:Let (X,6)be a fully stratified FG — space and G be a fully stratified fuzzy
topological group. Let 4 be open fuzzy set, and €, be a constant fuzzy subset of &G, then

8(C, x A) 1s open fuzzy set in X.

Proof:Let v € X

8(C, x A)(¥) = sup{(C, x A)(g,x):0(g,x) =y}
= sup{C,(g) A A(x):8(g,x) = ¥}
= sup{a A A(x):8(g,x) = ¥}
= rxﬂsup{ﬂ(x]:ﬁ'g (x) = }r}
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= rxﬂmp{ﬂ[ﬁg—-_ (}r]):ﬂg—-_ (v) = x}
= a A sup {(HQ[H]) [}F]}, Where B,-:(y) =x

- {a: A {V(Hg (ﬂjj}} (v),Where 6,-:(v) = x
Therefor 8(C,,4) = C_ A {V (E'g (..-‘-1))}

Since 6,1s F — open, (proposition 3.6) And 4 1s open fuzzy set in X.

Hence 6, (4)is open fuzzy set So 8(C, X 4) is open fuzzy set in X.

Proposition: Let (X, 8) be a fully stratified FG — space and G be a fully stratified ftg. Then
# 1S F — open.

Proof: Let W = U x V be basic open fuzzy set in G x X, where U open fuzzy subset of G
and V open fuzzy subset of X.

geEsupp (1)

= \/ tw.xm.

gEsupp ()

Now, we must prove that 8({g.} X V) is open fuzzy subset in X.
(g, X V)(x) = sup{(g, X V)(t,¥):6(t,¥) = x}

= sup{g, (t) AV(y):0(t,y) = x}

= anlV(y), where 8(g,v) = x

=aAV(y), where 6, (v) = x

=a AV(6,-:(x))

= a g, (V(x))

= (ang,(V))(x)
Hence (g, x V)= C_ A 8, (V)

Since (U x V) = ES'( V (g, X V) |,Wherea = Ul(g).

Since §,1s F — homemorphism, (proposition 3.6)thenf(g, x V) 1is open fuzzy set in
X, hence8(U x V) is open fuzzy set in X. Therefore 8 isF — openmap.

Proposition:Let (X,8) be a FG — space. If 4 is compact fuzzy set in ¢ and B is compact
fuzzy set in X then AB 1s compact fuzzy set in X.

Proof: Clear
Definition: Let X and ¥ be fuzzy topological spaces. We called the product fuzzy space

X XY is C — product fuzzy topological space if for all closed fuzzy set D in X X ¥ can written
as follow:

0}

D= V V, X U; ,where:
i=1
V. is closed fuzzy set in X and U.is closed fuzzy setin Y,for all i = 1,2,...,n where n € N.

Proposition: let (X,8) be a fully stratified FG — space,G be a finite fully stratified ftg and

G % X be C — product fuzzy topological space then the fuzzy action #is closed.
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Proof:
Let V be a closed fuzzy set in G x X.SinceG X X is C — product fuzzy topological space

n

then V = VVE ® U, ,where:

i=1
V. is closed fuzzy set in G and U, is closed fuzzy set in X for all
i =1,2,..,nwheren€ N. since

o) =o(\[w.xun =\/ e xv)

Therefor 8(V, X U,) = 6‘( V (g, X U.) | = V (6 (g, X U)),

gesupp (V) gesupp(V;)

where a= V.(g). Now let x € X
0(g. X U;)(x) = sup{(g, X U)(t,¥): (¢, ) = x}, Where a = V;(g).

= sup{(ga (1) AU, ()): 6(t, ¥) = x}, Where a = V;(g).

= a AU;(y):where (8(g.y)) = x

=aAU/(y):where 6,(y) = x

= a AU (6,-2(x))

= a6, (U,(x)), Because U,(6,-:) = 6,(U,)

= (a8, (U))(x)
Therefor 8(g, x U;) = a A8,(U,).
Now since 6,is F — homeomorphism. Thené, (U,)is closed fuzzy subset in X.
So 8(g, x U,) is closed fuzzy set in X because it is intersection of two closed fuzzy sets in
X.Since G finite and V, = G
oo xu)= \/ (6. xv))

gEsupp ':Ul-:l
is closed fuzzy set. (finite union of closed fuzzy sets).

Since 8(V) = VE‘(VE- X U.)

Therefor #(V)is closed fuzzy set in X

Hence # is F — closed map.

Definition:Let (X,8) be a FG — space, then a fuzzy action 8 of ¢ on X is called:

Transitive under a fuzzy subgroup 4 of G if and only if supp(A4x)= X, for all x € X.
Trivial under a fuzzy subgroup 4 of G if and only if supp ((kerf),) = supp(4).

Effective under a fuzzy subgroup 4 of G if and only if supp((kerf),) = {e}.

Free under a fuzzy subgroup 4 of G if supp (S2) = {e}, for all x € X.

Definition:Let (X,8) be a FG — space. Then (X, 8) is called:

Free FG — spaceunder the fuzzy subgroup 4 of G if the fuzzy action of ¢ on X is free
under the fuzzy subgroup A4;
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Effective FG — space under the fuzzy subgroup A of G if the fuzzy action of G on X is effective
under the fuzzy subgroup 4;

Transitive FG — space under the fuzzy subgroup A of Gif the fuzzy action of 6 on X is
transitive under the fuzzy subgroup A.

Trivial FG — space under the fuzzy subgroup 4 of G if the fuzzy action of G on X is trivial
under the fuzzy subgroup A.

Proposition:Let (X,6,)and (Y,8,)beFG — spaces, If X and G are fully stratified. Then
(X X ¥,8) is FG — space. Where 6: G x (X X ¥) — (X x ¥), (g, (x,¥)) — (8,(g.x).8,(g,7))-
Proof:

6(e, (x,3)) = (8,(e,x),6,(e,¥)) = (x.¥)

g (.9'1: g [.9'2: [x,}r])) =6 {311 [91(9'::3'5): g, [E:r}’]))

- (El[gl’ % (gg,x]), 8, [9'1, 8, (.9'2:}’]))
= ['5'1 (9192, %), 65(g182, }’:])

= E[:Hﬂgzr [x,}i':])
ﬂ}{fxx}' IGKEKI}'
Since 8:GX(XXY)— S GXGX(XY)— = GXXXGXRY
&, =8,
— X XY

Hence 8 = (8; X 8,) o (I, Xx&X ;) o (A X Iy.). SO 8 1S F — continuous.

And so from (i),(ii) and (iii), & is fuzzy action. Therefore (X X ¥, 8) be FG — space.
Corollary: Let (X, 6,) and (Y, 8,)beFG — spaces,Where X and G are fully stratified. Then:
If (x,6,)1s free FG —spaceunder the fuzzy subgroup 4 of G and (Y,8,)is free
FG — space under the fuzzy subgroup 4of 6. Then (X X ¥,8) is free FG — space under the
fuzzy subgroup 4 of G.

If (X, 6,)is transitive FG — spaceunder the fuzzy subgroup 4 of 6 and (¥,6,)1s
transitive FG — space under the fuzzy subgroup 4 of . Then (X X V,8)1s transitive
FG — space under the fuzzy subgroup A of G.

If (x.6,)1s effective FG—spaceunder the fuzzy subgroup 4 of G and (¥.6,)1is
effective FG — space under the fuzzy subgroup 4 of G. Then (X X ¥, 8)18 effective
FG — space under the fuzzy subgroup A of G.

If (x,6,)1s trivial FG — spaceunder the fuzzy subgroup 4 of & and (¥,6,)1s
trivial FG — space under the fuzzy subgroup 4 of G. Then (X X ¥,8)is trivial FG — space under
the fuzzy subgroup 4 of G.

Proof:
let (x,y) EX XY

St = g € 4:supp(8(g, (x1)) = ()}
={g € A:supp (6, (9,%),6,(g,3)) = (x.3)}
={g € a: (supp(6,(9,)). 5upp (6, (9,7)) ) = (x. )}
={g € A:supp(6,(g,x)) = x and supp(6,(g,7)) = v }
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={g € A:supp(6,(g.x)) = x }/\{g € A:supp(6,(g.v)) =¥ )

=5t \st=a \r =
SoSf. ) = {e}therefor (X x ¥, 8) is free FG — space under the fuzzy subgroup 4 of G.

Let (x,y) EX XY
Alx,y) = {9[&, (x,}r]): a € H} = {[El[a,x],ﬁ'z (a,}r]): a € A}
= (Ax, Ay) = (X,Y)
Therefore (X X ¥, 8) is transitive FG — space under the fuzzy subgroup 4 of 6.
(kerf), = {a € A: supp (E[a, (x,}r])} = (x,v)forall (x,y) E X X 1’}
= {a € A: supp ([:E'i[a,x],ﬁ'z (a,}r:]}) = (x,y)for all (x,v) € X X Y}
={a € 4:(supp (6, (., 1)), supp (6,(.9)) ) = (x,3),¥(x.y) € X x ¥
= {a: [S A:mpp[ﬂl(a,x]) = x and supp[ﬂz [a,}r]) =y, V(xy)EX X Y’}
= {r:x (S A:supp[ﬁl[a,x]) =x,Vx€ X}/\ B
Where B = {r;r, € A:supp[ﬁ': [rx,}r:]) =y, VyE }:’}

= (ker6y) [\(keren), = (e} [\te} = (&}
Therefore (X x ¥, 8) is effective FG — space under the fuzzy subgroup 4 of G.
(kerf), = {r:r, e a:supp (8(a, (x,7))) = (x.y)forall (x,y) € X x y}
= {r:r, e A:supp ((8,(a,%), 6,(a,3))) = (x,¥)for all (x,y) € X X Y}
_ {a € A: (supp[ﬁl (a,x)), supp(8, (a,}?j)) = (L}’]r}
V(x,v) EX XY

_ {a € A: supp(6, (a,x)) = x and supp(6,(a,y)) = }r,}
Vi(x,y) EX XY
= {a € A: supp(6,(a,x)) = x,¥ x € X}

/\{cx [S Jﬁl:.s,'tr,pp[l.’-?2 [a:,}r]) =y, VyE 1’}

= (ker8,),, /\(I{erﬂsz = A /\ﬂ —a

Therefore (X x ¥, 8) is trivial FG — space under the fuzzy subgroup 4 of G.

Proposition: Let (X, 8)beFG — space. And let 4 be a fuzzy subgroup of G, then (¥/ 42 9)
1SFz — space.Where Xfﬂ ={Ax:x € X}and?¥: G X Xfﬂ — Xfﬂ,(g,f-lxj — H[E[g,x]),

and m: X —>Xf‘q,x — Ax,

Proof: Let (X,8) beFG — space. Then

(g1, 9(g2,4x)) = 9 (9,,7(6(91,%)) ) = (91, Agax)= (6 (94, 9, %))

= Htetglgzr-ﬂ) = ﬂ(ﬁ1gzrﬂxj
(e, Ax) = ?I[E'(e,xj) =m(x) = Ax

Since & and m are F — continuous mappings then 9 is F — continuous.
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From (i),(ii) and (iii), (*/ 4+ 0) FG — space,

Proposition:Let (X,8,) be FG, — space, and (Y,#,)is FG, —space. Where G, and X, are
fully stratified spaces. Then X X ¥ is F(G, X G,) — space.

Proof:Define B: (G, X G,) X (K XY)— (X xXY) as
fOllOWSE‘[(g, h), (x, }rj) = (6'1 (g.x),6,(h, }r])

g ([Elr hlj,ﬁ[(g:, h:]r [x,y]}) =6 ((Hr h1jr [91(3213‘]: 6, (h::}’]))

= (91 [glf E1 (H:r .'X':] )r 92 (_h’j_: 92 [h‘zr }I:] ))

= ['91 (9192, %), 8, (hyhsy, }’:])

= E[(ngzr h’lh’ZJ! (xr}:r:])

= 9[(9'1; h’lj (E:rhzjr (x, }’j)~
9(_(‘911 e:jr (x:}’]) = (El(el,x],ﬁ': (egr}’)) = (I,}’]

Ig, m=wly &, =By

Since @ = (6, X G,) X (X XY)—— (G, XX) X (G, X¥Y) —— (X X ¥).
Sincel; , I, %, 6;and#, are fuzzy continuous mappings. So & is F — continuous.
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