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Abstract

In the present paper, we have introduced some new definitions On D-

compact topological group and D

-L.

compact topological group for the

compactification in topological spaces and groups, we obtain some results related to
D- compact topological group and D-L. compact topological group.
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1. Introduction

A compact (topological , often
understood) group (G,+,t) is a topological
group whose topology is compact, [1]. D.G.
Salih in [2] gave the concept of D - cover groups
as follows : For an index set I, a family G; of
proper subgroups of (G, ) is called D - Cover if
G=U;eGi . Agroup (G,#) is said to be D -
compact group if for every D - cover groups of
(G,# ) there is a finite sub D - cover groups of
(G ,# ) see also [2]. In this paper we investigated
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On D - compact, D-L.compact and
weakly D- compact Topological group for the
compactification in topolgical Spaces and
groups. In Particular case we introduce weakly
D - compact cyclic , D - compact cyclic and D-
L. compact cyclic topological group. we obtain
Some good result related these concepts above .
Note we mean throughout this paper a
topological group is a just group as a set with
topology
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2. Definitions and Examples
Definition 1

Let (G,#,t) be a topological group and |

be an indexed set , we say that;

1.

The family {Gie t : (G; ,+ ) is a proper
subgroup of (G ,+), Vi €l}, isa D —
cover topological groups of (G ,* , 1)
ifG=u iel Gi .

The family {Gie t : (G; ,+ ) is a proper
cyclic subgroup of (G,# ), Viel},isaD
— cover cyclic topological groups of
(G,* ,T) ifG=uU icl Gi .

Definition 2
Let (G,*,t) be a topological group , we
say that;
1. (G#,t) is weakly D- compact

topological group if there exists a finite
D — cover topological groups of (G,* ,1).
(G,* ,1) is D- compact topological group
if for any D — cover topological groups
of (G,* ,1), there is a finite sub - D —
cover topological groups of (G,* ,1).
(G#,t) is weakly D-L. compact
topological group if there exists a
countable D — cover topological groups
of (G,* ,1).

(G,#,1) is D-L. compact topological
group if for any D — cover topological
groups of (G,# ,t), there is a countable
sub - D — cover topological groups of
(G# 7).

Definition 3

Let (G,#,1) be a topological group , we

say that;

1.

(G, ,t) is weakly D- compact cyclic
topological group if there exists a finite
D — cover cyclic topological groups of
(G# 7).

(G,* ,1) is D- compact cyclic topological
group if for any D — cover cyclic
topological groups of (G,+ ,1), there is a
finite sub - D — cover cyclic topological
groups of (G,* ,1).

(G,* ,1) is weakly D-L. compact cyclic
topological group if there exists a
countable D — cover cyclic topological
groups of (G,* ,1).

(G,#,1) is D-L. compact cyclic
topological group if for any D — cover
cyclic topological groups of (G,# ,1),
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there is a countable sub - D — cover
cyclic topological groups of (G, ,1).

Definition 4

Let (G,*,t) be a topological group and
(H,+) be a subgroup of (G,+). The topological
subgroup (H,* ty) [ty=1n H]issaid to be :

1. D- compact topological subgroup
(weakly D- compact topological
subgroup , D-L. compact topological
subgroup, weakly D-L. compact
topological subgroup), if (H,* ,ty) is a
D-compact topological group (weakly
D-compact topological group),
respectively.

2. D- compact cyclic topological subgroup
(weakly D- compact cyclic topological
subgroup , D-L. compact cyclic
topological subgroup, weakly D-L.
compact cyclic topological subgroup), if
(H,+,7) is a D-compact cyclic
topological group (weakly D — compact
cyclic topological group), respectively.

Definition 5[3] N
1. Let (Gx,1) and (G*T)be two
topological groups then ,

i. f:(G=*,1) — (G*T) is a topological
homomorphism if f : (G,r) — (G.T) is
continuous and f(x = y) = f(x) * f(y)
X,y € G. _

i.f: (G ,1) — (G,*1T) is an isomorphism
if it is a topological homeomorphism and
f(x = y)=1f(x)* f(y) Yxy € G.

2. Suppose A is non — empty set and
(G, * 5,1) is a topological group for
each Aea. Their  product s
[1:=-G; equipped with the usual
product topology tr,_s and with
multiplication given by (X ®y) = X;* ,
y, for each x,, ¥,,€G; and AeA.

3. fG,=Gand Tt =1, VAen, then we
denoted that G* = [l;=.f; and

= M6

Example 1.

Let (Ss;, 0) be the symmetric groupof
degree 3, and
T = {0}, {e(12)}, {e(13)}, {e(23)} ,
{e.(123),(132)} , {e,(12),(13)} , {e,(12),(23)}
{e,(13),(23)}, {e,(12),(123),(132)} ,
{e,(13),(123), (132)}, { e, (23),(123),(132) } , {e
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/(12),(13),(23) },{ e ,(12), (13) ,(123) ,(132) } ,
{e,(13),(23),(123),(132)}, {e, (12), (23) , (123),
(132)}, Ss}-

where (12) = (123) , 13) = (327) . (23) =
(132) - a29=(357) and @32=(53) -

The topological group (Ss,0,t) is a D-
compact cyclic topological group , since {{e,
(12)} , {&,(13)}, {e,(23)}, {e,(123) ,(132)}} is a
D-cover cyclic topological groups of (Ss,0,1) .

In general , the symmetric group (S,,0) of
degree n > 4, with suitable topology is D —
compact topological group.

Example 2.

LetG={0,1,2,....}, defined a binary
operation # as follows :
a#+bh

) _ (max {a, b}
a*b_{ 7] :]’)'

0 va, b G, and T

={{0,1,2,...,nkn ASRY
, ..{'{.; oy u.%v.. } Qj,,, .. an actually

topological i.e. the two operation g: G *x G —
G,g(@b)=a*bandh:G— G, h(a)=a"are
continuousa, b € G.

Now let {G, : G, € t,n €z} be any
family of subsets of t , it is easy to show that
{G,},.z" is a D- cover topological groups of
(G,* ,1) which have a countable sub— D— cover
topological group {G,},.z', such that G=
Unez:Gy and (Gy,x ) is a group Vn =Z% . And
hence (G,# ,t) D-L. compact topological group
which is not D - compact topological group ,
Since there is no finite Sub - D - cover
topological groups of (G ,*,t). Also (G,* ,1) is
not weakly D - compact topological group.

B

3. main results

It is easy to prove direct from definitions
the following lemmas,
Lemma 1.

1. Any D - compact topological group is

weakly D — compact topological group.

2. Any D — compact topological group is D

—L. compact topological group.
Lemma2.

1. Any D - compact cyclic topological
group is weakly D — compact cyclic
topological group.

Any D — compact cyclic topological
group is D-L. compact cyclic
topological group.
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Lemma 3.

Any D —compact topological group is D-
compact cyclic topological group.

We can prove directly , by order the
group and Lemmal, the following theorem.

Theorem 1.

Let (G,#,1) be a topologicalgroup , such
that G is a finite set. Then the following are
equivalents:

1. (G,#,t) is a D — compact topological
group.

2. (G,x,1r) is a D-L. compact topological
group.

If we replace D-( D-L.) compact topological
group with D-(D-L.) compact cyclic topological
group, respectively, the result is true , too.

One can show easly by definition that
Any cyclic group (finite or infinite) cannot be
D-compact topological group. Thus we have the
following theorem .

Theorem 2.

Any infinite group (not cyclic) can be a
D-compact topological group.

Proof.

Let (G,*) be any infinite not cyclic
group, | be a set (finite or infinite), defined t =
{Aic G: Af{ is a finite set , (A;,*) group
ViEI&Ai: QAE: f0r |1S |2} U ﬁ .

It is clear that T # @ , since every finite
group G, (O (G) = 4), has a nontrivial subgroups
unless it is a cyclic of prime order, but G is an
infinite so G has a nontrivial subgroups [4].
(G,7) is a topological space since,

1) @ e tand G°=dis a finite implies G

T.

2) LetA;, Aye tso Af,AS arefinite, but
(44 NA, ) = ASU AS  which is clear
finite hence (4; N A, )"is finite and we
know that (4; nA4,, *) is a group
impliesd4; N4, et
Let Ace 1, Vs € Si.e. A is a finite Vs
e S hence N.-s AZ is a finite on the
other hand (U.eg A.)° =N.=c A5 , but
Ueed, = A, for some t where s <t
Vs € S 50 (Uses A:,%) is a group and
hence Uzes 4; =T .

Therefore (G,t) is a topological space,
implies (G,# ,7) is a topological group. Now let
{A.: Ase t, hen}, indexed by A, be any D-

3)
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cover topological groups of (G,* ,1) , that is G =
Uz dsi. If Ae {Alo.= (Ax) is a group
and A< is a finite set , i.e. A5 = {ay, a,, .....,an},
where aje G Vj €J. For each j € J there
Ay elAidien such that
a; EA;_J_.impliesAf C Ujey A4; But

G
AU AL impliesG C A- U (U}-EJ A;_J_.) which gives
there is a finite sub — D- cover topological
groups  {A-, A;,A;,....A; }.  Therefore
(G, ,1) is D- compact topological group.

The following corollary is direct from
Lemma 1 and Theorem 2:

Corollary 1.
Any infinite group (not cyclic) can be a
weakly D- (D-L.) compact topological group.

Theorem 3. _

Let (G,x,1) and (G*T) be two
topological groups , if (G,#) is a group and
(G*%7T) is a D- compact topological group.
Then (G xG , ®, t xT ) is a D- compact
topological group.

Proof _ _ _

Let {(G xG; , ®) ; G; eT and (G; *)
group Vi € | } be any D-cover topological
groups  of G xG=G  xG
Uier (G 5G;) = G x(Uiey G) =6 = U G
but (G,* T) is a D- compact topological group,
so there is a finite subset J c I such that G
Uje; G; and (G; %) is a group foreach j € J =
G xG =G x(U;e; G;) = Uje; (G xG;) | where
G xG; e © xT and (G xG; , ®) is a group for
eachj € J.

Therefore (G xG , ® , v, T) is a D-
compact topological group.

Theorem 4. ~
Let (G,#*,t) and (G%T) be two
D- compact topological ~ groups . Then

(G xr, ®,1x T ) is a D- compact topological
group.

proof: _

Let (G,«,7) and (G, T) be any two D-
compact topological groups.

Then there exists a D- cover topological
groups {Gataca and {G y}ps of G and G
respectively , where G x& =

= UaEA,bEB (Ga X Gb)imphes {Ga X G_b}aEA,bEB')
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is a D- cover topological groups of (G xG
, ®,TXT).

Let {W}io; be any D — cover topological
groups of (G xG , ® , t x T ), that means G xG
= U;e; W, such that W; = Uix V; where Uie 1
and VieT ,Viel.

But (G,* ,t) is a D- compact topological
group, so there is a finite subset J < | such that
G = Use; U; and (U; ,+ ) is a group for each j e
J.

Let U;, s{U;};=; implies {U}-._ X Ff}ee;
is a D- cover topological groups of
(U,xG ®) hence U,xG = Ug
(U, x V) , but U;, xG is a D- compact
topological group from Theorem 3 since (U;, ,# )
is a group and (G%7) is a D- compact
topological group , so there is a finite set S < |
such that is a group Vs e S and
{'U_J'-_ X I{*"}se_f.‘ U}"_ X G = Uses (U}_ X I";'}

[see 5] hence G xG = '[D}E;U}-} X (Us esV%)

= VYjsjses {LE. w 1 where LE. = 1, &) are

ar Uf1 X ( UgesVs) but L[f1€f(Uj1 X (USESV;))
= (U U)X Weus ) = G T

Theorem 5.[1]

Let {G;: i e I} be a family of topological
group. Then the direct G= [];; G; , equipped
with the product topology is a topological group.

From Theorem 4 and Theroem 5,
respectively , and by induction we can prove the
following theorem:

Theorem 6.

The product of any finite collection of D-
compact topological groups is a D- compact
topological group.

If we replace D- compact topological
group with D-L. compact topological group, the
result is true.

Corollary 2.
If (G,+,r) is a D- compact topological
group. Then (G" , ® , 1") is D- compact
. n_ GHGHKE
topological group , where G" = ——— and

h_THTKLET

n—tims

n—tima
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Theorem 7. _
Let (Gx,1) and (G*7T) be two
topological groups , f: (G,* 1) — (G5 T) be

an isomorphism . Then

1. If Sis a D- compact topological subgroup in
(G,x,r)y , then f(S) is a D- compact
topological subgroup in (&%, T) .

2. If T is a D- compact topological subgroup in
(6% T) and fis a open map then f }(T) is a
D- compact topological subgroup in
(G# 7).

Proof:

1. Let {Gi}ier be any D- cover topological
groups of f(S) in (G*T) that is f (S) =
U =:G; implies S = f * (U; =G ) =V £ 7

(G ) [see 5] . It is clear that f * (G;) e 1,
Vi e | since G; eT, Vi e | and f is
continuous , but S is a D-compact

topological subgroup in (G, ,1) , so there is
a finite subset J clsuchthatS = U, f

(G;) and (f ™ (G;),*) is a group Vj e J,
hence S = f '1(11{,,_:}5 ) = f(8) = f (f -
YU;;G;)) = U;e;G; [see 5], where (G,%)

isagroup Vj e Jsince fisan |somorph|sm.
Thus f (S) is a D- compact topological
subgroup in (G5 T) .

Let {G;};=; be any D- cover topological
groups of f (T) in (G, ,t) thatis f*(T) =
Ui Gy, (G € 1, Vi €l) implies T = f
(U;ap G;) =U; o f(G; ) , it is clear that f
(G;) et , Vi e lsince f is an open map,
but T is a D — compact topological subgroup
(G,%T), so there is a finite subset J < |
such that T = U;; f (G; ) where (f (G;),*)
is agroup Vj e Jthen T =f (U; - G; ) hence
f4T) = U;2;G; , where ( G;,+) is a group
Vj € Jsince f is an isomorphism and hence
f* (T) is a D- compact topological subgroup
in (G,* 7).

Theorem 8. _

Let (G,x,t) and (Gﬁrﬂ_
topological groups , f: (G, ,t) — (G.¥,
isomorphism Then the
equivalents :

1. (G,#,t) is a D- compact topological
group.
(G T)is a D- compact topological
group.

be two
T) isan
following are

2.
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Proof.

(=) Suppose that (G,* ,t) is a D- compact
topological group, let {G;};s; be any D- cover
topological groups  of (G T thatis G
U;e1G;  gives G i ('iF3I U =G;)
=U, f 7 (G:), but (G,+ 1) is a D- compact
topologrcal group , SO there is a finite subset J
| such that G =U; ; f (G; ) and (f (G ) s
a group Vj € J hence G =f (U ;G;) and
hence G_= f(G) = f (f (U EJ;G ) = }EJG :
where (G;,*) isagroup Vjel.

Therefore (G,%T) is a D — compact
Topological group.

(<) Suppose that (G%T)is a D —
compact Topological group, let -[:‘Ez-]-i-.ar be any
D - cover topological groups of (G, 1) i.e.
G = UG Now & =1 (G) = f(U;s G;)
=U, f (G;) , but(G,%T)is a D — compact
topological group , so there is a finite subset J
I such that G = U;; f (G;) and (f (G;),%) is a

group Vj e J implies G =f (u}EJr ) hence G
- o=t f_'[ }EJ G; j Ujes G;
where (G; ,+ ) is a group Vj €

Therefore (G* ,1) is a D-compact

topological group.
We can prove by the similar way the
following theorem.

Theorem 9. _
Let (G#,1) and (G*T) be two
topological groups and f : (G,* ,1) — (G*T)

be an isomorphism. Then the following are

equivalents:
1. (G#,t) is a D- compact cyclic
topological group.
2. (Gx7T) is a D- compact cyclic

topological group.
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