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Abstract 

In the present paper, we have introduced some new definitions On D- 

compact topological group and D-L. compact topological group for the 

compactification  in topological spaces and groups, we obtain some results related to 

D- compact topological group and D-L. compact topological group.  
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 للزمر التبلوجية Dراص من نوع الت

 
 

 2و عفراء راضي صادق 1*ضياء غازي الخفاجي
 . قسم الرياضيات ، كلية الحاسبات والرياضيات ، جامعة القادسية ، ديوانية ، العراق 1
 . قسم الرياضيات ، كلية العلوم ، جامعة بغداد ، بغداد ، العراق  2

 
 الخلاصة

للزمر التبلوجية  .D-Lونوع  Dالجديدة عن التراص من نوع في هذا البحث قدمنا بعض التعاريف 
إضافة إلى النتائج  الأنواعوقدمنا بعض النتائج المتعلقة بهذه . كنوع من التراص للفضاءات التبلوجية والزمر 

 . التي تبين علاقتهم ببعض
 

1. Introduction  

A compact (topological , often 

understood) group (G, ,τ) is a topological 

group whose topology is compact, [1]. D.G. 

Salih in [2] gave the concept of D - cover groups 

as follows : For an index set I, a family Gi of 

proper subgroups of (G, ) is called D - Cover if 

G =  .  A group (G, ) is said to be D - 

compact group if for every D - cover groups of 

(G, ) there is a finite sub D - cover groups of  

(G , ) see also [2]. In this paper we investigated  
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On D - compact, D-L.compact and 

weakly D- compact Topological group for the 

compactification in topolgical Spaces and 

groups. In Particular case we introduce weakly 

D - compact cyclic , D - compact cyclic and D-

L. compact cyclic topological group. we obtain 

Some good result related these concepts above . 

Note : we mean throughout this paper a 

topological group is a just group as a set with 

topology  
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2. Definitions and Examples  

Definition 1  

Let (G, ,τ)  be a topological group and I 

be an indexed set , we say that;  

1. The family {Gi τ : (Gi , ) is a proper 

subgroup of (G , ), i I}, is a D – 

cover topological groups of (G ,  , τ)  

if G = iI Gi . 

2. The family {Gi τ : (Gi , ) is a proper 

cyclic subgroup of (G, ), iI}, is a D 

– cover cyclic topological groups of 

(G, ,τ)  if G = iI Gi . 

 

Definition 2  

Let (G, ,τ)  be a topological group , we 

say that;  

1. (G, ,τ) is weakly D- compact 

topological group if there exists a finite 

D – cover topological groups of (G, ,τ).  

2. (G, ,τ) is D- compact topological group 

if for any D – cover topological groups 

of (G, ,τ), there is a finite sub - D – 

cover topological groups of (G, ,τ).  

3. (G, ,τ) is weakly D-L. compact 

topological group if there exists a 

countable D – cover topological groups 

of (G, ,τ).  

4. (G, ,τ) is D-L. compact topological 

group if for any D – cover topological 

groups of (G, ,τ), there is a countable 

sub - D – cover topological groups of 

(G, ,τ).  

 

Definition 3  

Let (G, ,τ)  be a topological group , we 

say that;  

1. (G, ,τ) is weakly D- compact cyclic 

topological group if there exists a finite 

D – cover cyclic topological groups of 

(G, ,τ).  

2. (G, ,τ) is D- compact cyclic topological 

group if for any D – cover cyclic 

topological groups of (G, ,τ), there is a 

finite sub - D – cover cyclic topological 

groups of (G, ,τ).  

3. (G, ,τ) is weakly D-L. compact cyclic 

topological group if there exists a 

countable D – cover cyclic topological 

groups of (G, ,τ).  

4. (G, ,τ) is D-L. compact cyclic 

topological group if for any D – cover 

cyclic topological groups of (G, ,τ), 

there is a countable sub - D – cover 

cyclic topological groups of (G, ,τ).  

 

Definition 4  

Let (G, ,τ)  be a topological group and 

(H, ) be a subgroup of (G, ). The topological 

subgroup (H, τH) [τH = τ  H ] is said to be :  

1. D- compact topological subgroup 

(weakly D- compact topological 

subgroup , D-L. compact topological 

subgroup, weakly D-L. compact 

topological subgroup), if (H, ,τH) is a 

D-compact topological group (weakly 

D-compact topological group), 

respectively.  

2. D- compact cyclic topological subgroup 

(weakly D- compact cyclic topological 

subgroup , D-L. compact cyclic 

topological subgroup, weakly D-L. 

compact cyclic topological subgroup), if 

(H, ,τH) is a D-compact cyclic 

topological group (weakly D – compact 

cyclic topological group), respectively.  

 

Definition 5[3]  

1. Let (G, ,τ) and be two 

topological groups then ,  

i. f : (G, ,τ)  →  is a topological 

homomorphism if f : (G,τ)  →  is 

continuous and f(x  y) = f(x)  f(y) 

x,y  G. 

ii. f : (G, ,τ)  →  is an isomorphism 

if it is a topological homeomorphism and 

f(x  y) = f(x)  f(y) x,y  G. 
 

2. Suppose  is non – empty set and 

(G, ,τ) is a topological group for 

each . Their product is 

equipped with the usual 

product topology  and with 

multiplication given by (x y) = x  

y for each x, yG and .  

3. If G = G and τ = τ ,  , then we 

denoted that G

 =  and 

 .  

 

Example 1. 

Let (S3, 0) be the symmetric groupof 

degree 3 , and  

Τ = {Ø,{e}, {e,(12)}, {e,(13)}, {e,(23)} , 

{e,(123),(132)} , {e,(12),(13)} , {e,(12),(23)} , 

{e,(13),(23)}, {e,(12),(123),(132)} , 

{e,(13),(123), (132)}, { e, (23),(123),(132) } , {e 
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,(12),(13),(23) } , { e ,(12) , (13) ,(123) ,(132) } , 

{e,(13),(23),(123),(132)}, {e, (12) , (23) , (123) , 

(132)} , S3}.  

 

Where (12) =  , (13) = , (23) = 

 , (123) =  and (132) =  .  

 

The topological group (S3,o,τ) is a D- 

compact cyclic topological group , since {{e, 

(12)} , {e,(13)}, {e,(23)}, {e,(123) ,(132)}} is a 

D-cover cyclic topological groups of (S3,o,τ) .  

In general , the symmetric group (Sn,o) of 

degree n ≥ 4, with suitable topology is D – 

compact topological group.  

 

Example 2.  

Let G = {0 , 1 , 2 ,….}, defined a binary 

operation  as follows :  

 

 

 
 

,  it  is  easy to show that  (G, ,τ)  is  an actually  

topological  i.e.  the two  operation  g : G × G → 

G , g(a,b) = a b and h : G → G , h(a) = a
-1

 are 

continuous a , b  G.    

Now let {Gn : Gn  τ,n z
+
} be any 

family of subsets of τ , it is easy to show that 

{Gn}nz
+
 is a D- cover topological groups of 

(G, ,τ) which have a countable sub– D– cover 

topological group {Gn}nz
+
, such that G= 

Unz+Gn and (Gn, ) is a group  . And 

hence (G, ,τ) D-L. compact topological group 

which is not D - compact topological group , 

Since there is no finite Sub - D - cover 

topological groups of (G , ,τ). Also (G, ,τ) is 

not weakly D - compact topological group.  

 

3. main results  

It is easy to prove direct from definitions 

the following lemmas,  

Lemma 1.  

1. Any D – compact topological group is 

weakly D – compact topological group.  

2. Any D – compact topological group is D 

–L. compact topological group.  

Lemma2.  

1. Any D – compact cyclic topological 

group is weakly D – compact cyclic 

topological group.  

2. Any D – compact cyclic topological 

group is D–L. compact cyclic  

topological group.  

Lemma 3.  

Any D –compact topological group is D-

compact cyclic topological group.  

We can prove directly , by order the 

group and Lemma1, the following theorem.  

 

Theorem 1.  

Let (G, ,τ) be a topologicalgroup , such 

that G is a finite set. Then the following are 

equivalents:  

1. (G, ,τ) is a D – compact topological 

group.  

2. (G, ,τ) is a D-L. compact topological 

group.  

If we replace D-(   D-L.) compact topological 

group with D-(D-L.) compact cyclic topological 

group, respectively, the result is true , too.  

 

One can show easly by definition that 

Any cyclic group (finite or infinite) cannot be 

D-compact topological group. Thus we have the 

following theorem .  

 

Theorem 2.  

Any infinite group (not cyclic) can be a 

D-compact topological group.  

Proof.  

Let (G, ) be any infinite  not cyclic 

group, I be a set (finite or infinite), defined τ = 

{Ai G:  is a finite set , (Ai, ) group 

iI&  for i1 i2} .  

It is clear that τ ≠ Ø , since every finite 

group G, (O (G) ≥ 4), has a nontrivial subgroups 

unless it is a cyclic of prime order, but G is an 

infinite so G has a nontrivial subgroups [4].  

(G,τ) is a topological space since,    

1) Ø  τ and G
c
 = Ø is a finite implies G  

τ.  

2) Let A1 , A2 τ so   are finite , but 

( )
c
 =   which is clear 

finite hence ( )
c
is finite and we 

know that ( , *) is a group 

implies  τ.  

3) Let As τ , s  S i.e.  is a finite s 

 S hence  is a finite on the 

other hand   , but 

 for some t where s  t 

s  S so ( ) is a group and 

hence  .  

Therefore (G,τ) is a topological space, 

implies (G, ,τ) is a topological group. Now let 

{A: A τ , } , indexed by , be any D- 
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cover topological groups of (G, ,τ) , that is G = 

. If Aᵒ {A} (Aᵒ, ) is a group 

and is a finite set , i.e.   = {a1, a2, …..,an}, 

where aj G j J. For each j  J there 

  such that 

.But G = 

Aᵒ  

there is a finite sub – D- cover topological 

groups { }. Therefore 

(G, ,τ)  is D- compact topological group. 

The following corollary is direct from 

Lemma 1 and Theorem 2:  

 

Corollary 1.  

Any infinite group (not cyclic) can be a 

weakly D- (D-L.) compact topological group.  

 

Theorem 3.  

Let (G, ,τ) and  be two 

topological groups , if (G, ) is a group and 

 is a D- compact topological group. 

Then (G   , , τ ×  ) is a D- compact 

topological group.  

Proof  

Let {(G   , ) ;   and ( , ) 

group i  I } be any D-cover topological 

groups of G  G   = 

  =  

but is a D- compact topological group, 

so there is a finite subset J  I such that   = 

 and ( , ) is a group for each j  J  

G   = G   , where 

G   τ   and (G   , ) is a group for 

each j  J.  

Therefore (G   ,  , τ , ) is a D- 

compact topological group.  

 

Theorem 4. 

Let  ( G , , τ )  and    be   two 

D-  compact   topological   groups .  Then  
(G  , ,τ  ) is a D- compact topological 

group.  

 

proof:  

Let (G, ,τ) and  be any two D- 

compact topological groups. 

Then there exists a D- cover topological 

groups {Ga}aA and { b}bB of G and  

respectively , where G   =  

 

 

is a D- cover topological groups of (G   

,  , τ × ). 

Let {Wi}iI be any D – cover topological 

groups of (G   ,  , τ × ), that means G   

=  Wi such that Wi = Ui Vi where Ui τ 

and Vi  , i  I. 

But (G, ,τ) is a D- compact topological 

group, so there is a finite subset J  I such that 

G =  and ( , ) is a group for each j  

J. 

Let  implies  

is a D- cover topological groups of  

 hence  =  

(  , but  is a D- compact 

topological group from Theorem 3 since ( ) 

is a group and  is a D- compact 

topological group , so there is a finite set S  I  

such that  is a group s  S and 

 

=                                                                       

 

[see 5] hence  

,                   where are 

groups for each j  J,sS.  

Therefore(G   ,  , τ × ) is D- 

compact topological group.  

 

Theorem 5.[1] 

Let {Gi : i  I} be a family of topological 

group. Then the direct G=  , equipped 

with the product topology is a topological group.  

From Theorem 4 and Theroem 5, 

respectively , and by induction we can prove the 

following theorem:  

 

Theorem 6.  

The product of any finite collection of D- 

compact topological groups is a D- compact 

topological group. 

If we replace D- compact topological 

group with D-L. compact topological group, the 

result is true. 

 

Corollary 2.  

If  (G, ,τ) is a D- compact topological 

group. Then (G
n
 ,  , τ

n
) is D- compact 

topological group , where G
n
 =   and 

τ
n
 = .  
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Theorem 7.  

Let (G, ,τ) and  be two 

topological groups , f : (G, ,τ) →  be 

an isomorphism . Then 

1. If S is a D- compact topological subgroup in 

(G, ,τ) , then f(S) is a D- compact 

topological subgroup in  .  

2. If T is a D- compact topological subgroup in 

 and f is a open map then f
 -1

(T) is a 

D- compact topological subgroup in 

(G, ,τ). 

 

Proof: 

1. Let  be any D- cover topological 

groups of f(S) in  that is f (S) = 
 
implies S = f 

 -1
 ( ) = f 

 -1
 

( ) [see 5] . It is clear that f 
 -1

 ( )  τ , 

i   I since  , i  I and f is 

continuous , but S is a D-compact 

topological subgroup in (G, ,τ) , so there is 

a finite subset J  I such that S = f 
 -1

 

( ) and (f 
 -1

 ( ), ) is a group j  J, 

hence  S = f 
 -1

( )  f(S) = f (f 
 -

1
( )) =  [see 5], where   

is a group  j  J since f is an isomorphism. 

Thus f (S) is a D- compact topological 

subgroup in . 

2. Let  be any D- cover topological 

groups of f
 -1

(T) in (G, ,τ)  that is f
 -1

(T) = 

, (  τ, i I) implies T = f 

( ) = f( ) , it is clear that f 

( )   , i   I since f  is an open map, 

but T is a D – compact topological subgroup 

, so there is a finite subset J  I 

such that T = f ( ) where (f ( ), ) 

is a group j  J then T = f ( ) hence 

f
 -1

(T) =  , where   is a group  

j  J since f is an isomorphism and hence 

f
-1

 (T) is a D- compact topological subgroup 

in (G, ,τ). 

 

Theorem 8.  

Let (G, ,τ) and  be two 

topological groups , f : (G, ,τ) →  is an 

isomorphism . Then the following are 

equivalents :  

1. (G, ,τ) is a D- compact topological 

group.  

2. is a D- compact topological 

group. 

 

Proof.  
() Suppose that (G, ,τ) is a D- compact 

topological group, let   be any  D- cover  
topological  groups  of   that is  = 

 gives G = f
-1

 ( ) 
= f

 -1
 ( ), but (G, ,τ) is a D- compact 

topological group , so there is a finite subset J  
I such that G = f

 -1
( ) and (f 

 -1
 ( ), ) is 

a group j  J hence G = f 
 -1

( ) and 
hence  = f(G) = f (f 

 -1
( )) =  , 

where   is a group  j  J . 
Therefore  is a D – compact 

Topological group.  
() Suppose that is a D – 

compact Topological group, let  be any  
D -  cover  topological  groups of  (G, ,τ) i.e.  

 = . Now  = f ( ) 
= f ( ) , but is a D – compact 
topological group , so there is a finite subset J  
I such that = f ( ) and (f ( ), ) is a 
group j  J implies  = f  ( ) hence G 
=  
where ( , ) is a group j  J.  

Therefore (G, ,τ) is a D-compact 

topological group.  

We can prove by the similar way the 

following theorem.  

 

 

Theorem 9.  

Let (G, ,τ) and  be two 

topological groups and f : (G, ,τ) →  

be  an isomorphism. Then the following are 

equivalents:  

1. (G, ,τ) is a D- compact cyclic 

topological group.  

2.  is a D- compact cyclic 

topological group. 
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