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ABSTRACT RyFEvis paper we introduce and study another types of convergence in a topological spaces namely
,cocompact convergence( coc-convergence )of nets and filters by using the concept of coc-open sets. Also we investi-
gate some properties of these concepts

Introduction: The notion of convergence is one of the basic notion in analysis. There
are two different convergence theories used in general topology that lead to
equivalent results . One of them based on the notion of a net in 1922 due to Moore
and Smith [5]; another one, which goes back to workof Cartan [3] in 1937, is based
on the notion of a filter. Al Ghour S.and Samarah. S in [1] introduce the definition of
coc-open set . A/l-Hussaini F.H.[2] introduce coc-continuity as a generalization of
continuity.The family of all coc-open sets of a space X is denoted by T¥[1]. Itis the
purpose of this paper to offer some more characterization of coc-compact spaces in
[2] by the concept of coc-convergence coc-cluster) of nets and filters respectively
.Also, we give some properties of the coc-proper functions by using the concept of
cocompact exceptional (cocEyr) set. For a subsetA ofX, the closure and the interior of
Ain Xare denoted bycoc — cl(A)and coc — Int(A)respectively [1],[2].Now,
Throughout this paper(X,T) and(Y, o) (or simplyXandY) represent non-
emptytopological spaceon which no separation axiom areassumed unless otherwise
mentioned .

1. Basic definitions and notations:
We introduce some elementary concept which we need in our work.

1.1. Definition : [1]

A subset A of a space (X,7) is calledcocompact open set (hotation:coc-open set)
if for every x € A there exists an open set U € X and a compact subset K € C(X,T)
such that x € U — K € A. the complement of coc-open set is called coc-closed set.

The family of all coc-open subset of a space (X,7) is denoted by 7%

1.2. Example:
LetX = {1, 2,3} with T = Ty , thend = {1} is coc-open set.

1.3. Example:
Let X = R withT =Ty ,then A = [a, b] is not coc-open.

1.4.Remark : [1][2]
i. Every open set is an coc-open set .
ii. Every closed set is an coc-closed set.
The converse of (i, ii) is not true in general as the following example shows:
Let X = N, T = Ty, .The set A={1,5,6,7, ...} is coc-open set, but it's not an
open set and B= {5,6} is an coc- closed set, but it's not an closed set.

1.5 . Theorem :[1]

Let (X, T)be a topological space Then

i.the collection T*forms a topology onX.

ii.the collection £%* (1) forms a base forT*where 8% (z) = {U — K: UetandK €
C(X, D)}

iii. T = Tk.
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The converse of (iii) is not true as the following example shows: Let = N
,T = Ty thenT* =T, andthen T* & T the space (X, T) is an example to
compact space for which (X, T*)is not compact .

1.6.Definition:[1]
A space X is called CC if every compact set in X is closed.
1.7. Theorem :[1]

Let (X, t) be a space. Then the following statements are equivalent:

i. (X,7)is CC.

i. T = k.

1.8.Corollary :[1]

Let (X, ) be a T,-space, thent = 7.

1.9.Definition:[1]

LetX be a space and A € X . The intersection of all coc-closed sets of X
containing A, is called coc- closure of A and is denoted by a7 or coc- Cl,(A).

coc-Cl.(A) =n {B: Biscoc — closed in Xand A < B}
1.10. Definition: [2]

LetX be a space and A € X. The union of all coc-open sets of X contained in A is
called coc- Interior of A and denoted by A’° or coc-In,(4).

coc-In,(A) =U {B: Biscoc — openinXand B € A} .

1.11.Remark:

It is clear that A’ € coc — In,(A). and coc-Cl,(A) S A, but the converse is not
true in general as the following example shows:

let X ={1,2,3},and T =T,y and A = {2}. Then A" = @, A’ = {2}, 4 =
{2}andA = X.

1.12.Proposition: [2]
Let X be a space and A,B € X. Then:

—CocC

—coc
i.fAS BthennA CB

ii.x € A% iff for each coc-open setU in X containa pointx we have U N A # ¢.
iii.A is an coc-closed set if and only if A =A°°¢.
iv.A is an coc-open set if and only if A=A4°¢.

1.13. Definition: [2]

394 = INDIAN JOURNAL OF APPLIED RESEARCH



RESEARCH PAPER Volume : 5 | Issue : 8 | August 2015 | ISSN - 2249-555X

Let X be aspace and B € X. An coc-neighborhood of B is any subset of X which
contains an coc-open set containing B.The coc-neighborhood of a subset {x} is also
called coc-neighborhood of the point x.

1.14. Corollary: [2]
Let X be a space and Y be any nonempty closed in X.If B is an coc-closed set in
Xthen B NY isancoc-closedsetin?Y.

1.15. Definition: [2]

A topological space Xis called coc- Hausdorff (coc — T5) if for any two distinct
points x, y € Xthere are disjoint coc-open sets U, Vof Xsuchthatx €e Uandy € V.

1.16. Definition: [2]

Let f: X — Y be a function of a spaceX into a spaceY thenf is called:
i. coc-continuous function if f_l(A) is an coc-open set inX for every open set A inY.

ii. coc-irresolute function if f_l(A) is an coc-open set inX for every coc-open set A
inY.

iii.strongly coc-closed function if f(A) is an coc-closed set inY for every coc-closed
set AinX.

Now, we review some basic definitions, theorems and remarks about a net
1.17. Definition [6]:
A set Dis called a directed if there is a relation <onDsatisfying:

(i)d < dforeachd € D .
(ii)if dy < dyand d, < dsthend; < dj.
(iii) If d1,d, € D, there is someds € D with dq < dzandd, < d; .

1.18. Definition [6]:
A netin a set Xis a function y: D — X, whereD is directed set.Thepointy(d)is usually
denoted by y,,.

1.19. Definition [6]:

A subnet of a nety: D — Xis thecompositionyop,wheregp: M — Dand M is
directed set, such that :
(i)p(my) < p(m,), where my < m, .
(ii) For each d € Dthere is some m € Msuch thatd < ¢(m). Form € Mthe point
xop(m) is often written x4, -

1.20. Definition [7] [5]:
Let(x,)aepbe a net in a topological space Xand A < X,x € X then:
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()(x y)aepis called eventually in Aif there isd, € Dsuch thaty, € Afor all
d=d,.

(ii)(x ))aepis called frequently inAfor eachd € Dthere is dy € Dwith

dy = d such that Xa, EA.

(iii)(x ;) aepis said to be convergence toxif (x,)aepeventually ineach
neighborhoodofx(writteny , = x) .The pointxis called a limit pointof( ;) 4ep-

(iv)(xq)aepis called havex as a cluster point if(x4)4epis frequently in
eachneighborhood ofx(writteny,; « x) .

2. COC- Convergence of Nets:

In this section , we introduce and study other types of convergence in a
topological spaces namely cocompact(coc- convergence) of net and study some
properties of the concept of coc- limit point and coc- cluster point of the netina
given space .Also , we give some theorems, remarks and examples about this
subject.

2.1. Definition:
Let (x4)aepbe anetin atopological space X ,and x € X. Then(x;)4epis a coc-
convergence to a pointx if (x4)q4epis eventuallyin everycoc-neighborhood

coc
ofx,(written y4; — x) .The point xis called coc- limit point of (x4)4ep -

A net (x4)qepinX is said to be have no coc-convergent subnet in X, (writtenyy
coc
— oo), if and only if everysubnet of (x;)4ephas no coc-limit point .

2.2. Definition:
Let (x4)aepbe a netin a topological space Xand x € Xis said to have x € Xas
coc- cluster point if (x4)4epis frequently in every coc-neighborhood of x, ( written
coc

Xd ocx)-

2.3. Remark:

Let(X,T) be aspace and let A € X then:

illf (xq)isanetin X,x € X .Then (x4 = x)in (X, T) ifand only if y; — x in
(X,T)

i. If (xg)isanetin X, x € X .Then (x;% x)in (X, T) if and only if x,;% x in (X, T*)
iii. if (xq)isanetin X, x € X .Then (x4 x)in (X, T) if and only ifthere exist

coc
asubnet( de)dm ep of (X4)aep such that Xdy = X

iv. if (xq)isanetin X, x € X such that( x4 = x) then y; — x.

Note that if(y,;) isanetin X, x € Xsuch that y; — x then(x,) is not necessary

be ( x4 il x) as the following example shows:
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2.4. Example:

Let X ={—1,1}with T = T,,,4 andlet {( — 1)"}be anet in X ,then
{(—1)"}is eventually in every neighborhood of 1. But {( — 1)"}is not
eventually in every coc-neighborhood of 1 .i.e. since {1}iscoc-neighborhood of
1, but {( — 1)"}is not eventually in{1} .

2.5 Theorem:
Let X be a topological spaceand A € X, x € X . Then x € coc — cl(A)if

and only if there is a net (x4)q4ep in A such that x4 = X .

Proof
Suppose that there isanet (x4)qep in Asuch thaty, = x. To prove

that x € coc — cl(A). LetU € N,,.(x), since xg4 2 , then there is
dy € D suchthat y; € U foralld = d, .But y;, € Uforalld € D.
ThusANU # @ forallU € NV, (x). Hence by theorem (1.12.i),

x € coc — cl(A) .Conversely:Suppose that x € coc — cl(A) .To prove

that there is a net (x;)4ep inAsuch thaty, 25 x . Since x € coc —
cl(A), then by theorem (1.12.i)we get AN U # @ forallU € NV, (x)
.Then D = N, (x)is directed set by inclusion . Since AN U # @ forall
U € N, (x) ,there is yy € AN U. Define y: N ,.(x) - A by

x(WU) = xy, forall U € Neoe (%) - (Xu)uen,,, (x) isanetin A. To prove

coc

Xy — x . Let U € NV, (x)tofind dy € D suchthat y; € U for
alld > dy .Letdy = U thenforall>dyd =V € N, (x) . i.e.
,ZV=2U oVclU .Theny;,=x(d)=x(V) =y €VNA SV C

coc

U= yxy €U foralld = dy . Thus yy — x.

2.6. Corollary:
Let (x4)4epbe a netin a topological space X and x € X, then y,°% xif and
only if there is a subnet of(y;) ep COC-convergence to x .

2.7. Corollary:
LetX be a topological space and4 € X, x € X. Thenx € A°Cif and only if there
isanet (xYqg)qep in A such that y,; “°5 x .

2.8.Theorem:
A topological space X is coc — T,-space if and only if every coc-convergent
netin X has a unigue coc-limit point .

Proof:
coc coc
Let X be coc — T,-space and (x4)4ep isanetin X suchthaty;, — x, yg — ¥y

and x # y . Since Xbe a cocT,-space .ThereareU € N,,.(x) and V € N, (¥)
suchthatU NV = ¢ . Since x4 X x , thereis dy € D such that y; € U forall

coc

d =d, . Since y; —y ,thereis d; € D such that y,;, € Vforalld = d; . Since
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D is directed setand d,, d; € D, then thereis d, € D such that d, >
dopandd, = d; .Then y, € U forall d =d, and y; €V forall d =d, , thus
NV # ¢, thisis a contradiction .So x = y .Conversely: Suppose that X is

not coc — T,-space, thereare x,y € X andx # y ,forall U € N.,.(x),V €
Ngoe(¥) suchthat UNV # ¢ .PutN, ={UNV : U € N, (x)and V € N.,. ()3},
where N]is directed set. Thus forall D € N ,thereis y, € D then (XD)DEN;’iS a

coc

net in X .To proveyp — x and yp = y,let G € N, (x) thenG € N} ,GNX *#
@ .Thus yp € G forall D =G ,so yxp Ciix.AIso,letH € N, ()then H € N,

coc

HNX # @.Thus yp € HforallD = G,so yp — y.Thisis a contradiction.

2.9. Theorem:

Let X be an topological spaceand A € X, then:
i. A point x € X is coc-limit point of A if and only if there is a net in A-{x}coc-
convergence to x .
ii.A set A is coc-closed in X if and only if no net in A coc-convergence to a point
in A°.
iii. Aset A is coc-open in X if and only if no net in A°coc-convergence to a point
inA.
Proof:

i. Let xis coc-limit point ofA . To prove that there is a net (x4)gepin A-{x} such that
coc

X4 — X . Since xis coc-limit point of A4, forall U € NV,,.(x),U N A-{x} # ¢ . Then
(MVoc (%), ©)is directed set by inclusion . SinceU N A-{x} # ¢ ,forall U €

Nzoe (x)then there is yy; € U N A-{x}. Define y : N,,.(x) = A-{x}by(U) = xy for
all U € Ngoe (), then (xy)uew,,, (x) is @ netin A-{x} . Toprove thatyy = x, letU €

Nzpe (x) to finddy € D such that y; € U foralld = d, . Let d, = Uthen
foralld = dy,d =V € N . (x) ,ie.,V=U <V S U.Theny,; = x(d) = x(V) =

coc

Xy EVNA-{x} €V €U = yy € Uforalld = dy. Thusyy; — x .Conversely:
Suppose that there is a net (x4)gepin A-{x}such thaty, Xx .To provex is coc-

limit point ofA .Let U € V.. (x), sinceyy = x , then there is dy € D such that
X4 €Uforalld = d, . But y; € A-{x} forall € D, thenU N A-{x} + @ for
allU € WV_,. (x) . Thus xis coc-limit point ofA .

ii. Suppose that A is coc-closed setin X and thereisanet (x4)qep in 4 such
coc — —
thaty, — x and x € A°. Then x € A°°¢, since A is coc-closed set , thend = A°¢ ,

hence x € 4, then A N A° # @, this is a contradiction . Thus no netin A coc-
convergence to a point inA¢.Conversely: Suppose that no net in A coc-convergent
to a point in A. Let x € A°°“by theorem (2.5) there is a net in4 such that y, = X.
By hypotheses , we get every net in A coc-convergence to a pointin A . Thusx € A4,
so A = A°° implies that A is coc-closed.

ii. By using (i) .

2.10. Remark:
Let (x4)aepbe a net in a topological space X , then:

coc
(i)if x4 — x, then every subnet of (x4)4epis coc-convergence to x .
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(ii)If every subnet of (x;)4ephas a subnet coc-convergence to x then
coc
Xd — X.

(iii) If x4 = x foralld € D, thenyy, Sx.

2.11. Remark:
i. Let f: X — Ybe a function from a topological space X into a topological space Y.

if (Xa)aep isanetin X, then {f (x4) }aepisanetinY .
ii. Let f: X — Ybe a function from a topological space Xonto a topological space

Yand (y;)4epbe anetinY. Then thereisanet (xz)q4epin X such that f(x,) =
yqforalld € D .

2.12. Theorem:
Let X andY be topological spaces . A function f: X — Yis coc irresolute

coc
continuous if and only if whenever (x;)4epis a netin X such thaty; — x,

thenf (xq) — f(x) .

Proof:
Suppose that f: X — Yis iscoc irresolute -continuous and (Y4)qep is @ net in X

such that y, = x.To prove f(xq) = f(x). LetV € N, (f(x))inY . Then
(V) € Ve (%), for somedy € D ,d >d, implies that x4 € f~1(V). Thus,
showing that f(x4) = f(x), since (xq)aepis eventually in each coc-neighborhood
of x , then (f(x4))aepisa net inY which is eventually in each coc-
neighborhood of f(x). Therefore f()(d)ciif(x).Conversely:To prove f:X —

Yis iscoc irresolute -continuous , suppose not.Then there isV € N, (f(x))
such that f(U) ¢ V for anyU € N, (x) . Thus for all U € V.. (x) we can

Xu € Usuchthat f(xy) € V.But (Xy)uew,,, (x) is @ netinX with yy 25 x while
(f (tw))vew.,. (xydoes not coc-convergent tof (x) . This is a contradiction, then fis
coc irresolute -continuous function.The following theorem shows that the
condition on a topological space X (or Y ) to bef is coc-continuous (strongly coc-
continuous) function respectively.

2.13. Theorem:
Let (x4)aepbe a netin a topological space X and for eachdy € D,
Aqy = {xq:d = do}, x € X is coc-cluster point of (x4)4epif and only if x €

Ay, ““foreachdy €D .

Proof:

If xis coc-cluster point of ()x4)qep, thenforeachd, € D, Ay intersects each coc-
neighborhood of xbecause (x4)4epis frequently in each coc-neighborhood ofx .
There fore x € A_dococ .Conversely:If xis not coc-cluster point of (x4)4ep, then
there isU € N,,. (x)such that (x4)4ep is not frequently inU . Hence for some

dy €D if d=d, , thenyy € U, so thatA; NU =@ , consequently x & A—dococ .
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2.14. Definition [2]:
A space X is said to be coc-compact if every coc-open cover of X has finite sub
cover.

2.15.Remark:[2]
The space(X, 1) is coc-compact if and only if the space(X, t*)is compact.
2.16. Theorem:

i. Every coc-compact space is compact , the converse is not true in

general .

ii. Every coc-closed subset of a coc-compact space is coc-compact.

iii.coc irresolute -continuous image of coc-compact space is coc-compact.
Proof :

(i.ii.)see in [2]

iv. let f be coc-irresoult continuous function from a space X in to a space Y and
suppose B is coc-compact set in X . To show that B is also coc-compact, let
{U,}4crbe coc-open cover of f(B), that is f(B)=Ugep Uy , S0 B € f7Lf(B) =

F Y (Uger Uy) = Ugen f1(U,), then {f "1 (U,)} is a coc-open cover of B, which is
coc-compact, then B ¢ UL, f1(Uy) .

But f(B)f ULy f ' (Ua) = Uisy ff ' (Us) © Ui;(Ux;) - There fore f(B)

is coc-compact set.
2.17.Proposition :[2]

For any space X the following statement are equivalent:
i. X is coc-compact

ii. Every family of coc-closed sets{F, : a € A} of X such thatN,ep F, = ¢, then there
exist a finite subset A, & Asuch that Ngep, Fy = .

2.18. Theorem:[7]
A spaces X is compact if and only if every net in X has a cluster point in X.

2.19. Theorem:

Let Xbe a topological space, then Xis coc-compact ifand only if every net in Xhas
a coc-cluster point in X.
Proof :

Let (X, T) be an coc-compact space and (x4)4ep be a netin X ,then (X, T*) is a
compact space . Then by Theorem (2.18), the net ((x4)4ep has cluster point x in
(X, T*) then x is coc-cluster point of the net (x)gep -(i-€ xq %°° x) .Hence every
net in X has coc-cluster pointin X . Conversely : Let every net in X has coc-cluster
point in (X, T) ,then, every net in X has cluster point in (X, T*) . Then by Theorem
(2.18), (X,T*) is a compact space, then, (X, T) is coc-compact space.
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2.20. Corollary:

Let Xbe topological space. Then Xis coc-compact if and only if every net in Xhas
a sub net which coc-convergence to a point in X.

2.21. Theorem:
A net (x4)qepin a product topological cc-space [[ X;, A € A is coc-convergence

tox € [1X; ,ifand only if Pry (x4) = Pry(x)for all 1 € A(wherePr; is thel -th
projection function) .

Proof:
coc
If x4 — x in [[x,, since Prjare cocirresolute -continuous function, then by the

theorem (2.12) we have Pry (xg4) = Pr;(x) .Conversely: Suppose that Pr;

(xa) = Pry(x)forallA € A . Let Pr/{ljL Up) N Pr[zl(UAz) Nn...N Pr/{n1 (Up,) be a
basis coc-neighborhood ofxin [[X;. Then for all i =1,2,...., n, there is d;
such that whenever d =d; , Pry, € U;.. Then d, greater than for all d;,

i=12,...,n, we havePry, € Uy, for all d = d, . It follows that forall d = d,
coc

 Xa ENPrI(Uy) ,i=1,2,..,n .50 yg —x.

2.22. Corollary:
If (Xqa)qep is anet in [[X; having x € [[X; as coc-cluster point, then for
each 1 € A, (Pry(X4))aep has Pry(x) for coc-cluster point .

Now, we give the definition of coc-proper functions and some results which
are related to this concept .

2.23. Definition: [2]

Let f be a function from a topological space X into a topological space Y.
Then f is called coc-closed function, if f(B)is coc-closed setin Y for every closed
setBinX.

2.24. Definition:
Let f be a function from a topological space X into a topological spaceY .
Then f is called coc- proper function if :
i. f is coc-continuous function .
ii. The function f X [;: X X Z = Y X Zis coc-closed for every space Z.

Recall that a subset Erof f(X) is called exceptional set of f which defined
by:Er = { y € f(X) : there isanet (xq)gep in X with y; — o andf(x4) —
y }, where f is a function from a topological space X into a topological space Y
[3].We shall introduce a new characterization, which is very useful for coc-
proper function by using a special set namely, coc- exceptional (for brief cocEy)
setof f .
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2.25. Definition:

Let f be a function from a topological space X into a topological spaceY ,
the coc- exceptional set of f (for brief cocEf) set is a subset of f(X) which
defined by :

y € f(X) : thereis anet(yy)gepin X with y, 2w

coc

cocEf = {
and f(xq) —y

Now, we shall use cocEf to characterize coc-proper functions.

2.26. Theorem:

Let f: X — Y be a coc-continuous function ,where X is a coc-
compact , X and Y be a Hausdorff spaces . Then the following
statements are equivalent :

i.f is coc-proper function .
ii. If (xg)qep isanetin X and y €Y is coc-cluster point of f{(x4)} ,
then there is coc-cluster point

x € X of (x4)dqep suchthat f(x) =y.

Proof:
(i — ii) Since f be an coc-proper function . Then f is an coc- closed function anc
f~Y{y}is an coc-compact, Vy € Y.Let (xy)qep beanetinX andy €
be an coc-cluster point of a net f(xg)qep in Y .Claim f~1{y} =@ ,i
fTHy} =0 ,theny ¢ f(X) >y € (f(X))C since X is a closed set ir
and f is an coc-proper (coc-closed ), then f(X) is an coc-closed set ir
Thus (£(X))° is an coc-open set in Y.Therefore f(x4)qep is frequen
in (f(X)) . But f(xq) € f(X), for each d€ D. Then f(X) n (f(X))°

@, and this is a contradiction.Thus f~1{y} # 0 ,is not frequently.

Now,suppose that the statements (ii) is not true , that means

for x € f_l{y} there exists coc-open set U, in X contains x such that
(Xd)aep is not frequently in U, . Notice thatf "'{y} = U,er-17{x} .
Therefore the family {U, : x € f~{y}} is coc-open cover of f~1{y} ,
but f~1{y} is coc-compact set . There are x;,X3,.....,X, such
thatf ~1{y} € U} Uy, ,thenf 1{y}n (UL U, )" =@ .Then
fHyIn (N, Ui)=® . But(xq)qep is not frequently in U, for
each i =1,2,..,n.Thusis not frequently in Ui, U,, , but U{_; U,,is
coc-open set in X, so (N{=; Ux,) iscoc-closed (closed) set in X . Thus by
assumption f(N;=; Ug,) is coc-closed setin Y .

Claimy & f(N{=, Ug) ,if y € f(N{=; Ug,) thenthereis x € N;_; Uy,
such that (x) = y , thus x & U}, U,, butx € f~'{y} , hereforef "{y}
is not subset of U, Uy, , this is a contradiction .Then there is coc-open
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