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Abstract:

The main aim of this work is to create a new types of proper function namely m-proper,

m,-proper, ,m-proper and ,m,-proper function. Also, we gave the relation among the certain types of minimal

proper function.

Introduction:

In 1950 Maki H., Umehara J. and Noiri T. introduced the notions of minimal structure and minimal
space. They achieved many important results compatible by the general topology case. We recall the basic
definitions and facts concerning minimal structures and minimal spaces.

Alimohammady M. and Roohi M. in [1] give the definition of minimal closed set
(m-closed set) and give the definition of minimal continuous function (m-continuous function) and study the
properties of it. And Ravi O., Ganesan S., Tharmar S. and Balamukugan in [6] give the definition of minimal
closed function (m-closed function) and study some properties of it.

In this work we give the definitions of certain types of minimal continuous functions and minimal
closed and used it to construct a definition of minimal proper function and certain types of it (m,-proper,
m-proper and ,m,-proper functions). And prove that the composition of m-proper (,m-proper, .m,-proper) is
m-proper (.m-proper, .m,-proper) respectively (2.1, 2.2 and 2.3)but the composition of m_-proper function is
not necessarily m_-proper function. The restriction of m-proper (m,-proper) function from um-space into
m-space on an m-closed subset is m-proper (m,-proper) function respectively (3.2, 3.3). Also the restriction of
m-proper (,m,-proper) function on a closed subset is ,m-proper (,m,-proper) function respectively (3.4, 3.5).

we give the relation among these types and from (4.1, 4.2, 4.3, 4.4 and 4.5) we have the following diagram.

.m-proper m,-proper

.m_-proper
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1. Basic Definitions and Notations
1.1 Definition [1], [4]

Let X be a non-empty set and P(X) the power set of X . A subfamily M, of P(X) is called a
minimal structure (briefly m-structure) on X if ¢, X € M, . In this case (X,M,) is said to be minimal space

(briefly m-space). A set AeP(X) is said to be an m-open set if Ae M, . B eP(X) is an m-closed set if

B eM,.

1.2 Example
Let X ={a,b,c,d} and M, ={¢, X {a}{b}{c.d}}. Then M, is an m-structure on X, and (X,M,)

is an m-space.

1.3 Remark

Every topological space is m-space but the converse is not necessarily true as the following example

shows. Let X ={a,b,c} then M, ={¢, X {a}.{b}} is m-space but not topological space. Since
{a}u{b}={a,b}ez M, ..

1.4 Remark

If (X,M) is m-space then there is always a subfamilies T,, of M, satisfies the conditions of
topological spaces (at least the family {¢, X}) and the intersection of these families represent the indiscrete

topology on X . T, called induced topology from minimal structure.

Note: in this work if A is open set in X is mean AeT, . Also if B is closed set in X mean that

c

B eTy, .

1.5 Definition [7]
Let X be a non-empty set and M, an m-structure on X . For a subset A of X, the minimal closure
of A (briefly A" ) and the minimal interior of A (briefly A" ), are defined as follows:
A" =({F:AcCF,F eM,}
AT =UN VAV eM,}



1.6 Proposition [1],[4],[5]
Let X be anon-empty setand M, an m-structure on X . For A,B < X the following properties hold:

i. AcA and A" CA;
i. if A"eM,, then A" =A andif AcM,, then A" =A;

iii. ¢ =¢, X =X,¢"=¢and X" =X;

iv. (A") =A"and (A7) =A"

V. (AC)om _ (Km)c and (AC) :(Aom)c;
vi. if AcB,then A"cB and A" B ;
vii. (AnB) =A" AB"and AT UB" c(AUB)";

viii. (AuB)' =A"UB" and (AnB)' cA N B".

1.7 Remark
Let (X,My) be an m-space, if AB are m-open sets then ANB,AuUB
not necessarily m-open set as the following example shows. Let X ={ab,c,d},

M, ={¢, X {a}.{b}.{a,b,c},{a,b,d}} be an m-structure on X then{a},{b},{a,b,c},{a,b,d}e M, but
{a}u{b}={a,b}« M, and {a,b,c}~{a,b,d}={a,b}z M, . So, we introduce the following definition.

1.8 Definition
An m-space (X,M,) is called an

(1) um-space if the arbitrary union of m-open sets is an m-open set.
(i) im-space if the any finite intersection of m-open sets is an m-open set.

1.9 Proposition
Let (X,M,) be aum-space, and A be a subset of X then:

i. AeM, ifandonlyif A" =A;
ii. A isan m-closed if and only if A" =A.
iii. A" eM, and (A")" eM,.
Proof:
(i) Let A be an m-open set, then A" = A by using proposition (1.6-ii).
Conversely: Let A" = A, since A" =UU:U c AU eM,} is an m-open set (X is a um-space),
hence Ae M, .



(i) Let A be an m-closed set, therefore A=A by using proposition (1.6-ii).
Conversely: Let A" =A, then (A") =A" from propositions (1.6-v) and (1.6-ii) we have

(A" =(A)" then (A)" =A", therefore A” is an m-open set, hence A is an
m-closed setin X .
(iii) Obvious.

1.10 Remark

If X beaum-spaceand A, B be m-closed setin X then AN B ism-closed setin X .

Note that, if (X,M,) is an m-space and Ac X then M, =W A:W eM,} is a minimal

structure on A .[3]

1.11 Definition [3]
Let (X,M,) be an m-space and Ac X then the pair (A,M,) is called the minimal subspace
(briefly m-subspace) of (X,M,).

1.12 Proposition
Let A be an m-subspace of a um-space X suchthat A be an m-closed setin X, and let B < A, then
B is m-closed set in A if and only if B is m-closed setin X .

Proof:
Let B be an m-closed setin X then (X ~B)~AeM,, and then A—((X —B)~ A) is m-closed set in
A.Since Ac X thus A—((X —B)nA)=A-((A-B)nA)= A—(A-B)=B isan m-closed setin A.
Conversely: Let B be an m-closed set in A, then there is an m-closed set V in X such that
B=ANnV. Since X-V,X-AeM, then by definition (1.8-i) we have
(X —=A)U(X -V)eM,, therefore X —(ANV)=X-BeM,. Hence B isan m-

closed setin X .

1.13 Theorem [8]
Let (X,M,) and (Y,M,) be two m-spaces, then
M,., ={UxV:UeM, andV € M, } isan m-structure on X xY .



Now, we can introduce the following definition.
1.14 Definition
Let (X,M,) and (Y,M,) be two m-space then the pair (X xY,M,,) is called minimal product

space (briefly m-product space).

1.15 Proposition
Let (X,M,) and (Y, M, ) be two im-spaces, then the m-product space (X xY,M,_,) is an im-space.
Proof:

Let W, and W, are m-open setin X xY . To prove that W, "W, e M, .

Then W, =U. xV, such that U.,V, are m-open setin X and Y respectively

i=12. Since X and Y are im-spaces then U, nU,, VNV, are m-open set in X and Y
respectively. Thus by theorem (1.13) we have

U, nU,)xV,nV,)=U,xV))nU, xV,) =W, xW, is an m-open set in XxY. Hence

(XxY,M,,) is an im-space.

1.16 Definition [7]

Let f:(X,M,)—>(Y,M,) be a function from m-space X into m-space Y then f is called a

minimal continuous (briefly m-continuous) if f *(B) e M, , for every Be M, .

1.17 Remark

In general if f:(X,M,)—(Y,M,) be a function from m-space X into m-space Y, BeT, thenit

is not necessarily f*(B)eM, for all non-indiscrete topology Ty, induced from M, . As the following

example shows.

1.18 Example
Let X ={ab,c} and Y={123} such that M ={¢ X {a}{c}}, M, ={4,Y {3},{23}} are

m-structure on X and Y respectively and let f:(X,M,)—(Y,M,) be a function defined as

f(@)=2, f(b)=3, f(c)=1, then non-indiscrete topologies T, is Ty, ={4Y.{3}}. Then {3}eT,,

2 ({8) ={b}e M, .



So we introduce the following definition.
1.19 Definition
Let (X,M,) and (Y,M,) be two m-spaces and f :(X,M,)—(Y,M,) be a function, then f is
called:
i. m,-continuous if there is non-indiscrete topology T,, ~such that f*'(B)eM,,VBe Ty, -

ii. ,m-continuous if there is non-indiscrete topology T,, ~such that f*(B)e Ty, ., VBeM,.

iii. ,m,-continuous if there are non-indiscrete topologies T,, and T,, such that f(B) €Ty, ,VBeT, .

1.20 Example
i. Let X={a,bc} and Y ={123} such that M ={g X {o}.{c}}, M, ={4,Y {1},{2}.{2,3}} are
m-structure on X and Y respectively and let :

A T:(X,M,)—>(Y,M,) beafunctiondefinedas f(a)=2, f(b)=3, f(c)=1.Then f is:

a. m,-continuous since there is non-indiscrete topology T,, ={¢,Y,{1}} which satisfies the conditions
of definition (1.19-i).

b. ,m,-continuous since there are non-indiscrete topologies T, ={¢, X,{c}} and T, ={¢,Y {1}}
which satisfies the conditions of definition (1.19-iii).

c. not ,m-continuous since all non-indiscrete topologies T, —are T, ={4 X,{b}} and
Tw, ={#, X.{c}} which are not satisfies the conditions of definition (1.19-ii).

B. g:(X,M,)—>(Y,M,) be a constant function defined as f(a)=f(b)="f(c)=1. Then g is
.m-continuous since there is non-indiscrete topology T,, ={¢, X,{c}} which satisfies the conditions of
definition (1.19-ii).

ii. Let X ={a,b,c} and Y ={1,2,3} such that M ={¢, X ,{a},{b}.{c}}, M, ={4,Y ,{2}} are m-structure on
X and Y respectively and let h:(X,M,)—(Y,M,) be a function defined as h(a)=h(b) =2,h(c) =3,
then h is neither m,-continuous nor ,m_-continuous since only non-indiscrete topologies TMY is

Ty, ={¢,Y,{2}} which is not satisfies the conditions of definition (1.19-i) and definition (1.19-iii).

1.21 Definition [6]
A function f :(X,M,)——(Y,M,) is said to be m-closed if for each m-closed set B of X, f(B)is

m-closed setin Y .



1.22 Remark
In general if f:(X,M,)——>(Y,M,) be a function from m-space X into m-space Y and BeT,,
then it is not necessarily f(B)eM, for all non-indiscrete topology T, induced from M,. As the

following example shows.

1.23 Example

Let X ={ab,c} and Y={123} such that M ={g, X {c}.{b,c}}, M,={4,Y {3 {3}} are
m-structure on X and Y respectively and let f:(X,M,)—(Y,M,) be a function defined as
f(@=3 f(b)=1f(c)=2, then all non-indiscrete topologies T,  is Ty, ={¢, X {c}},
T, ={¢, X,{0,c}}, Ty, ={¢, X, {c}.{b,c}} . Then {a,b}’ €T, , f({a,b})={L3} which is not m-closed
setin X {a}f €T,, ., f({a})={3} which is not m-closed set in X, and {a,b}" €T, , f({a b})={L3}

which is not m-closed set in X .

So we introduce the following definitions.
1.24 Definition
Let (X,M,) and (Y,M,) be two m-spaces and f :(X,M,)—(Y,M,) be a function, then f 1is
called:
i. m,-closed if there is non-indiscrete topology T,, ~such that for each m-closed set B of X, f(B) is
closediny .
ii. ,m-closed if there is non-indiscrete topology T, such that for each closed set B in X, f(B) is
m-closed setin Y .

iii. ,m,-continuous if there are non-indiscrete topologies T,, and T, such that for each closed set B of

X, f(B) isaclosed setin Y.

1.25 Example
I. Let X={ab,c} and Y={1,23} such that M ={¢, X {a},{b}.{b,c}}, M, ={s,Y . {2},{3}} are
m-structure on X and Y respectively and let :
A f:(X,M,)—(Y,M,) beafunctiondefinedas f(a)=2, f(b)=3, f(c)=1.Then f is:
a. m,-closed since there is non-indiscrete topology T,, ={¢, X,{a}} which satisfies the conditions of

definition (1.24-i).



b. .m,-closed since there are non-indiscrete topologies T,, ={¢, X,{a}} and T, ={4,Y,{2}} which
satisfies the conditions of definition (1.24-iii).

¢. not ,m-closed since all non-indiscrete topologies Ty, is T,y ={#,Y.{2}} and T,, ={¢, X .{c}}
which are not satisfies the conditions of definition (1.24-ii).

B. Let M} ={¢, X,{a}.{a,c}} and M, ={¢,Y ,{L,2}} are m-structure on X and Y respectively and let
g:(X,M5)—(Y,My) be a constant function defined as f(a)= f(b)= f(c)=1. Then g is .m-closed
since there is non-indiscrete topology T, ={¢4,Y,{L2}} which satisfies the conditions of
definition (1.24-ii).

ii. Let X ={a,b,c} and Y ={1,2,3} suchthat M ={¢, X,{a,c}}, M, ={g,Y ,{8},{2},{3}} are m-structure on
X and Y respectively and let h:(X,M,) — (Y,M,) be a function defined as h(a)=h(b) =2,h(c) =3,

then . is not m,-closed or ,m,-closed since all non-indiscrete topologies T, is T, ={#, X,{a,c}}

which is not satisfies the conditions of definition (1.24-i) and definition (1.24-iii).

1.26 The following definition is given in [2]
Let f be a function of a topological space X into a topological space Y then f is called proper

function if and only if f is continuous f and the function fxI,:XxZ —>YxZ is closed for every

topological space Z .

1.27 The following result is given in [2]
Every proper function is closed function (take a topological space Z to consist of single point in
definition (1.14).

Now we introduce the following definitions.
1.28 Definition
Let f:(X,M,)—(Y,M,) be a function from m-space X into m-space Y . Then f is said to be an
minimal proper (briefly m-proper) if:
i.  f is.an m-continuous.

ii.  The function f xid, : X xZ——>Y xZ is an m-closed for every m-space Z .



1.29 Example
i.  The identity function id, :(X,M,)——(X,My) on X is an m-proper function.
ii.  Let id,:(Z,M,)——>(Z,M}) be identity function such that M, ={¢4,Z,Z,,Z,} be an
m-structure pace on Z and M be indiscrete m-structure on Z then id, is not m-proper, Since

id, is not m-closed function.

1.30 Definition
Let f:(X,M,)——(Y,M,) be afunction from m-space X into m-space Y . Then f is called:
i. m,-proper function if and only if f isan m,-continuous and the function f xI,:XxZ——>YxZ is

an m_-closed for every m-space Z .

ii. ,m-proper function if and only if f isan ,m-continuous and the function f xI,:XxZ——>YxZ is
a ,m-closed for every m-space Z .

iii. ,m,-proper function if and only if f isa ,m,-continuous and the function f x1,:XxZ——>Y xZ is

a ,m,-closed for every m-space Z .

1.31 Example
i. Let X ={a,b} and Y ={1,2} such that M ={¢, X ,{a}}, M, ={4,Y ,{1}} are m-structure on X and Y
respectively and let:
A. The identity function id, : (X, M, )——(X,M,) isanm,-proper and ,m,-proper.
B. The constant function f:(X,M,)——(Y,M,) defined as f(a)=f(b)=1 is an
.m-proper.
li- The function f :(X,M,)——(Y,M,) in example (1.18) is not m,-proper.

iii. The function h:(X,M,)——(Y,M,) in example (1.20-ii) is neither ,m-proper nor ,m,-proper.

1.32 Remark
As a consequence of definition (1.28) and definition (1.30) we have every m-proper

(m,-proper, .m-proper , ,m,-proper) function is m-closed (m,-closed, ,m-closed,,m,-closed) function

respectively if we take in these definitions an m-space Z to consist of a single point.



2. Composition of Certain Type of m-proper function
2.1 Proposition
Let f:X —>Y and g:Y ->W be two functions, then:

i. If f and g are m-proper then go f isan m-proper.
ii. If gof isanm-properand f issurjective then g is an m-proper.
iii. If gof isanm-properand g isinjective then f isan m-proper.
Proof:
(i) (@) To prove go f : X —-W is an m-continuous.
Let BeM,, then g*(B)eM, (g is an m-continuous) and f*(g™(B))eM, (f is an
m-continuous), hence (go f)™*(B)=f *(g™(B)) e M, .
(b) Let Z be an m-space to prove that the function (ge f)xI, :XxZ —>Y xZ is an m-closed.
Since (go f)xI, =(gx1,)o(f x1,), alsosince gxI, and f x1, are m-closed function ( f
and g are m-proper), then easy to show that the composition of two m-closed function is an
m-closed function, hence (go f)x1, isan m-closed function. From (a) and (b) we have go f
IS an m-proper.
(if) (@) To prove g:Y —W isan m-continuous.
Let B be an m-closed in W then (gof)™*(B) is an m-closed in X (gof is an
m-continuous), hence f((go f)™*(B)) = f(f (g *(B))) is an m-closed in Y (f is surjective
m-closed (1.24)).
(b) Let Z be an m-space to prove that the function gxI, is an m-closed. Let B be an
m-closed in YxZ. Then (fxI,)*(B) is an m-<closed in XxZ and then
((go )= 1)((Fx1,)7(B)) = ((gx1,) o (f x1,)((fx1,)"(B))=(gxI,)(B) is an m-closed
in WxZ . From (a) and (b) we have g is an m-proper function.
(iii) (a) To prove f is an m-continuous.
Let B be an m-closed set in Y then g(B) is an m-closed setin W (g is an m-closed), hence
(go f)*(g(B)) is an m-closed in X (gof is an m-continuous) and then
f (g (g(B))) = f *(B) (g is injective) is an m-closed in X .
(b) Let Z be an m-space to prove that the function f x1, isan m-closed.
Let F be an m-closed in XxZ then (gof)xI,(F) is an m-closed in WxZ. Since
(gof)xIl, is an m-closed function and then (gof)xI,(F) is an

m-closed in W xZ , hence (gx1,)*((go f)xI,(F))=(fx1,)(F) isanm-closedin Y xZ .



2.2 Proposition

Let f: X —>Y and g:Y ->W be two functions, then:
i. If f and g are ,m-properthen go f isa ,m-proper.
ii. If gof isa,m-properand f issurjective then g isa ,m-proper.
ii. If go f isa . m-proper and g isinjective then f isa m-proper.
Proof:
(i) (@) To prove go f : X ->W isa ,m-continuous.
Let BeM,, then g‘l(B)eTMY (g is an ,m-continuous) and by remark (1.4) then
g7 (B)eM,,also f*(g™(B))eT,, (f is,m-continuous), hence (go f)™(B) T, .
(b) Let Z be an m-space to prove that the function (go f)xIl, : XxZ ->WxZ is a ,m-closed.
Since (go f)x1, =(gxI,)o(fxl,),alsosince fxI, and gx1, are ,m-closed function ( f
and g are ,m-proper), to prove the composition of f x1, and gx1, isa  m-closed .
Let F be an m-closed set in X xZ then (fxI,)(F) is a closed setin YxZ (fxI, isa
.m-closed), by remark (1.4) we have (fxI,)(F) is an m-closed set in Y xZ, thus
(gx1,)(fxI,)(F)) is a closed set in WxZ (gxl, is a ,m-closed). Therefore
((gx1,)o(fx1,))(F) is a closed set in WxZ, hence (go f)xI, is a ,m-closed function.

From (a) and (b) we have go f isa ,m-proper function.

(if) (@) To prove g:Y —»W isa ,m-continuous.

Let B be an m-closed set in W then (go f)™(B) is a closed set in X (gof is a
.m-continuous), then by remark (1.4) (gof)™(B) is an m-closed set in X, then
f((gof)*(B)=f(f(g"(B))=9g"(B) is an m-closed set in Y (f s surjective
.m-closed (1.24)).

(b) Let Z be an m-space to prove that the function gx1, is a ,m-closed. Let B be an m-closed
setin YxZ. Then (fx1,)™(B) is a close set in X xZ and then by remark (1.4) we have
(fx1,)*(B) IS an m-closed set in XxZ therefore

(g H)x 1)((F x1,) B) = (gx1,)° (F x 1,)((F x1,)(B)) =(gx1,)(B) is a closed set in

W xZ . From (a) and (b) we have g is *m-proper.

-10-



(iii) (@) To prove f isan *m-continuous.
Let B be an m-closed set in Y then g(B) is a closed set in W (g is a
.m-closed), then by remark (1.4) we have g(B) is an m-closed set in W, hence
(go f)™*(g(B)) isaclosed setin X (go f isa ,m-continuous), also by remark (1.4) we have
(go f)™(g(B)) is an m-closed set in X . And then f (g™ (g(B)))= f *(B) (g is injective)

isaclosed setin X .

(b) Let Z be an m-space to prove that the function f x 1, isan ,m-closed.
Let F be an m-closed in XxZ then (gof)xIl,(F) is a closed
in WxZ. Since (gof)xl, is an ,m-closed function then by remark (1.4) we have
(go f)x1,(F) is an m-closed in W xZ , hence (gx1,)™"((ge f)xI,(F))=(fxI,)(F) is a

closedin YxZ .

2.3 Proposition
Let f: X —>Y and g:Y —-W be two functions, then:

i. If f and g are ,m,-properthen go f isa .m,-proper.
ii. If gof isa,m,-properand f issurjective then g isa ,m,-proper.
iii. If gof isa,m,-properand g isinjective then f isa ,m,-proper.
Proof:
(i) (@ To prove gof:X —>W is a ,m,-continuous. Let BeT, then g‘l(B)eTMY (g is a
.m,-continuous)  and f *(g™(B)) €Ty, (f is a ,m,-continuous), hence
(9o f)*(B)=F (g7 (B)€eT,, .

(b) Let Z be an m-space to prove that the function (geof)xl,:XxZ —>YxZ is a
m,-closed. Since (go f)x1, =(gxI,)o(fxl,), also since gx1, and fxI, are ,m,-closed
function (f and g are ,m,-proper), then easy to show that the composition of two ,m,-closed
functions is a ,m,-closed function, hence (g f)x 1, isa ,m,-closed function. From (a) and (b) we
have go f isa m,-proper.

(i) (@) Toprove g:Y —»W isa,m,-continuous. Let B be aclosed in W then (go f)™*(B) isaclosed in X
(gof is a ,m,-continuous), hence f((go f)™(B))=f(f (g™ (B))) is aclosed in Y (f is

surjective ,m,-closed (1.24)).

-11-



(b) Let Z be an m-space to prove that the function gx1, is a,m,-closed.
Let B be a closed in YxZ. Then (fxI,)"(B) is a closed set in XxZ and then
((go F)x1,)((fx1,)"(B)) isaclosed in WxZ . From (a) and (b) we have g is a ,m,-proper

function.
(iii) (a) To prove f isa ,m,-continuous. Let B be a closed set in Y then g(B) is a closed set in W

(g is a,m,-closed), then g(B) is a closed set in W, hence (go f)™(g(B)) is aclosed in X
(go f isa,m,-continuous) and then f*(g~(g(B)))= f *(B) (g is injective) is a closed in

X.
(b) Let Z be an m-space to prove that the function f x1, isa ,m,-closed. Let F be a closed in

XxZ then (go f)xI,(F) isaclosed in WxZ . Since (go f)xI, isa,m,-closed function
and then (go f)xI,(F) IS a closed in WxZ, hence
(gx1,)*((ge f)x1,(F))=(fxI,)(F) isaclosedin Y xZ .

2.4 Remark
Let (X,My), (Y,M,) and (W,M,,) are m-structure on X,Y and W respectively. And let

f:(X,M,)—>(,M,), g:(Y,M,)—>W,M,,) be m,-continuous functions then not necessarily the

function go f isan m,-continuous. As the following example shows.

2.5 Example
Let X ={X1,X2,X3}, Y ={y17 Yo ys} and W ={W11W2'W3} such  that Mx ={¢1 X1{X1}}!
M, ={a,Y {V.}.{V:}} and M, ={o, W ,{w.},{W,},{w,,w,}} are m-structure on X, Y and W respectively

then f:(X,M,)——(Y,M,) defined as f(x)=Y,, f(X,)=V, f(X)=Yy, is m,-continuous since there is
non-indiscrete  topology T, ={¢,Y.{y,}} which satisfies the conditions of definition, and
g:(Y,M,)——(W,M,,) defined as g(y,)=wW,,9(Y,)=w,,g(y;)=w, is m,-continuous since there is
non-indiscrete topology T, ={#,W,{w}} which satisfies the conditions of definition. But go f is not
m,-continuous function since all non-indiscrete topologies T,, is Ty, ={aW.{w}}, T,, ={4W {w,}}

and T,y ={4,W,{w, w;}} which are not satisfies the conditions of definition (1.19-i).

2.6 Remark
The composition of two m,-proper functions is not necessarily m_-proper function. And we can show

that from remark (2.4) and example (2.5).
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3. Restriction of Certain Type of m-proper function
3.1 Remark
Let f:X —>Y be m-proper (m,-proper, .m-proper, .m.-proper) function and let Ac X the

restriction function f|A is not necessarily m-proper (m,-proper, ,m-proper, ,m,-proper).

3.2 Proposition
Let f:X —Y bean m-proper function from um-space X into m-space Y and let A be an m-closed

subset of X then f|A:A—>Y IS m-proper function.
Proof: Let g = f|,
(i) To prove g: A—Y isan m-continuous.
Let B be an m-closed set in Y then f*(B) is an m-closed set in X (f is an
m-continuous function) and then by definition (1.11) A~ f*(B) is an m-closed set in X , hence
An f(B) is an m-closed set in A by using Proposition (1.12). Therefore g *(B)=An f *(B)
is an m-closed set in A.
(i) Let Z be an m-space to prove that the function gxl,:AxZ —>YxZ is an

m-closed. Since gx1, =(f x IZ)|sz and AxZ is an m-closed set in X xZ by using Theorem

(1.13). Let F be an m-closed set AxZ then by Proposition (1.12) F is an m-closed set in
XxZ. Hence (fxI,)(F) is an m-closed in YxZ (f is an m-proper function). Thus

(gx17)(F)=(f x1;)
m-proper function.

az (F) i1s an m-closed in Y xZ . From (i) and (ii) we have g = f|A IS an

3.3 Proposition
Let f: X —Y bean m,-proper function from um-space X into m-space Y and let A be an m-closed

subset of X then f|A:A—>Y is m,-proper function.
Proof: Let g = f|,
() Toprove g: A—Y isan m,-continuous.
Let B be a closed set in Y then f*(B) is an m-closed set in X (f is an
m,-continuous function) and then by Remark (1.10) A~ f*(B) is an m-closed set in X , hence
by Proposition (1.12) we have A~f™(B) is an m-closed set in A. Therefore
g '(B)=An f *(B) is an m-closed setin A.
(i) Let Z Dbe an m-space to prove that the function gxI,:AxZ —>YxZ is an
m,-closed. Since gxI, =(f x IZ)| ay and AxZ is an m-closed set in X xZ by Theorem (1.13).

Let F be an m-closed set AxZ then by Proposition (1.12) F is an m-closed set in X xZ . Hence

(fx1,)(F) isaclosed in Y xZ (f isan m,-proper function). Thus (gx1,)(F)=(f x1,) ., (F)

isaclosed in Y xZ . From (i) and (ii) we have g = 1:|A is an m,-proper function.
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3.4 Proposition
Let f:X —Y Dbe an ,m-proper function from m-space X into m-space Y and let A be a closed

subset of X then f|A:A—>Y IS ,m-proper function.
Proof: Let g = f|,
(i) To prove g: A—Y isan m-continuous.
Let B be an m-closed set in Y then f*(B) is a closed set in X (f is a

.m-continuous function) and then A f *(B) is a closed setin A.Hence g*(B)=An f*(B) is

aclosed setin A.
(i) Let Z be an m-space to prove that the function gxl,:AxZ —>YxZ

is an .m-closed. Since gxl,=(fxl,),, and AxZ is a closed set

in XxZ (A is a closed set). Let F be an m-closed set in AxZ
then F IS an  m-closed set in XxZ (AxZ is an  m-closed
set, Proposition (1.12)). Hence (fxI,)(F) is a closed in YxZ (f is an

.m-proper function). Thus (gxI,)(F)=(f x1,)

az (F) isaclosed in Y xZ . From (i) and (ii) we

have g = f|A is an ,m-proper function.

3.5 Proposition
Let f:X —Y be a .m,-proper function from m-space X into m-space Y and let A be a closed

subset of X then f|A:A—>Y is ,m,-proper function.
Proof: Let g = f|,
(i) Toprove g: A—Y isa,m,-continuous.
Let B be a closed set in Y then f*(B) is a closed set in X (f is a

.m,-continuous function) and then A~ f (B) is a closed set in A. Hence g *(B)=Anf*(B)

isaclosed setin A.
(i) Let Z be an m-space to prove that the function gxI,:AxZ —>YxZ is a

m,-closed. Since gx1, =(f x IZ)|sz and AxZ is aclosed setin XxZ (A is closed set). Let
F be aclosed set AxZ then F isaclosedsetin X xZ.Hence (fxI1,)(F) isaclosedinY xZ

(f is a ,m,-proper function). Thus (gx1,)(F)=(f x1,)

amz(F) isaclosed in Y xZ. From (i)

and (ii) we have g = f|A is a ,m,-proper function.
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4. Relation Among Types of m-proper function
4.1 Proposition
Every m-proper function is m,-proper function.

Proof: Let f:X —Y be an m-proper function then f is m-continuous and the function
fxl,:XxZ —>YxZ is m-closed for every m-space Z (1.28).
(i) To prove f is m,-continuous function.
Let Be Ty, then BeM, thus f*(B)eM, (f is m-continuous function).
(i) Let Z be an m-space. To prove that the function fxI,:XxZ—>YxZ is
m,-closed. Let F be aclosed setin X xZ then F isan m-closed setin X xZ, thus (f x1I,)(F)
isan m-closed setin Y xZ ( f is an m-proper function). From (i) and (ii) we have f is m -proper

function.

4.2 Proposition
Every ,m-proper function is m-proper function.

Proof: Let f:X —>Y be an ,m-proper function then f is ,m-continuous and the function
fxl,:XxZ—>YxZ is,m-closed for every m-space Z (1.30-ii).
(i) To prove f is m-continuous function.
Let Be M, then f7(B)eT, (f is.m-continuous function)andthen f~*(B)eM, .
(i) Let Z Dbe an m-space. To prove that the function fxI,:XxZ—>YxZ is
m-closed. Let F be an m-closed set in X xZ then (f x1,)(F) isaclosedsetin YxZ (f isan
.m-proper function). Thus (f x1,)(F)is an m-closed set in Y xZ . From (i) and (ii) we have f is

m-proper function.

4.3 Proposition
Every ,m-proper function is m_-proper function.

Proof: Let f:X —>Y be an ,m-proper function then f is ,m-continuous and the function

fxl,:XxZ —>YxZ is ,m-closed for every m-space Z (1.30-ii).

(i) To prove f is m,-continuous function.
Let Be Ty, then BeM, therefore f‘l(B)eTMX ( f is .m-continuous function) and then
f(B)eM,.

(i) Let Z Dbe an m-space. To prove that the function fxI,:XxZ—>YxZ is
m,-closed. Let F be a closed set in X xZ then (fxI,)(F) is aclosed setin YxZ (f isan
m-proper function). Thus (f x1,)(F)is an m-closed setin Y xZ . From (i) and (ii) we have f is

m,-proper function.

-15-



4.4 Proposition

Every ,m-proper function is ,m,-proper function.
Proof: Let f:X —Y be an ,m-proper function then f is ,m-continuous and the function

fxl,:XxZ —>YxZ is,m-closed for every m-space Z (1.30-ii).

(i) To prove f is,m,-continuous function.
Let Be T, then BxM, therefore f’l(B)eTMX ( f is ,m-continuous function).

(i) Let Z Dbe an m-space. To prove that the function fxI,:XxZ—>YxZ is
.m.-closed. Let F be a closed set in XxZ then F be an m-closed set in X xZ therefore
(fx1,)(F) isaclosed setin YxZ (f isan ,m-proper function). From (i) and (ii) we have f is

m-proper function.

4.5 Proposition

Every ,m_-proper function is m,-proper function.
Proof: Let f:X —Y be an ,m,-proper function then f is ,m,-continuous and the function

fxl,:XxZ—>YxZ is,m,-closed for every m-space Z (1.30-iii).

(i) To prove f is m,-continuous function.
Let Be T, then f‘l(B)eTMX (f is,m,-continuous function). Thus f*(B) e M, .

(i) Let Z be an m-space. To prove that the function fxIl,:XxZ>YxZ is
m,-closed. Let F be a closed set in XxZ then (fxI,)(F) is aclosed setin YxZ (f isa
.m,-proper function) and then (f x1,)(F) is m-closed set in Y xZ . From (i) and (ii) we have f

is m,-proper function.

The following diagram shows the relation among types of minimal proper functions.

m-proper
.m-proper m,-proper
.m,-proper
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