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ABSTRACT
In thiswork we introduce and study a new notion in algebraic
topology , which we call " a new exact sequence" whichisa
generdization of " acertain exact sequence” of J.H.C.Whitehead .
Consider the following sequence :

Sp+1q Spq
| v v

_pp%l(kpd,kp)_)ppﬂ(kp) jpyq 5 pm(kp,kl}l)&pwl(km)—) pp+q+1(ka’kp)_>

Jp—lq ° bp’q by S p.q
kers p,q/lms bl by H,, denote
ker jp’q by | R
p p+q (kp)/lmbp‘*'lxq by Zp,q
The sequence
. n p+lq J P.q mpvq
Eq Lo Hp+l,q ? lﬁp,q ? Zp,q ? Hp,q -

Where n_,,. j,, and m, . definedinanatural manner,

we call " anew exact sequence " which isdenoted by NES.
We obtain some resultsfrom NES, which are;
Theour NESitisreally exact , the class of al NES,sand
the homomorphisms between these sequences forms a category
E , thereisafunctor from the category of cw-complexesinto E .



INTRODUCTION

Thiswork isinspired by the paper of "a certain exact sequence "
of J.H.C.Whitehead,[w1]. Weintroducein it ageneralization of the main

concept of that paper which we call " a new exact sequence " and denote
by NES.

Thiswork contains two sections ; in first section , we construct a new
exact sequence and we intraduce some a new notions . In second section,
we establish some results about our NES, some of these results purely

algebraic and other depend on the topology of space .
Section 1"the generalization”

We mean by the term "complex" in the sequel "connected cw-complex".
Let k be acw-complex .

Denote P,.kP. k") by C, .and p, . (k°) by A
{In case q<-p, then C,,=A ,=0 by the convevtion a mong
algbraic topologists to assume p, (X,A)=0 and p,(X)=0 if n<Q

Now, consider the following sequence ;

b J o b

T,: > Coyy —>> A, —> C,, —> A, -
where b, . ., j.q are the homotopy boundary and the
realativizing operators , respectively .
jD—lyqobqu by S p.q’
Denote Zpa/Byq % Hoa

Ker.j,q by T,,, and

AP:Q/Dpxq by X

p.qg-

Z,, = Keofs .,
B,, = Imofs_,. ,where
D = Im.ofb

p.q p+Llq
S q°S paq = O Itiseasly to provethat

We will define homomorphisms;

| p.q : Fp»q X p.q !
mpﬂ > p.q H p.q ! and
n p+lq - H p+lq Fp,q

asfollows;



J pq(® = [X] for each xin I,

M (yD) = T[i,q(W] for each yin A, , and
Noa.2) = b,.,(2) for each zin Z .

where [ ] denote the advise equivalence class of the element inside the
bracket .
Itiseasy tocheckthat m , & n_,, arewell defined.

Therefore we get the following sequence of groups and homomorphisms;;

n J

m
E - ...~ H ——pda qu — - pa qu*ﬂq_) Hpq —> ...

q p+Lq
we call " anew exact sequence" which isdenoted by NES.

It iseasy to seethat by taking g to be O we will obtain the exact
sequence of J.H.C.Whitehead . Moreover the results which will obtain
with generalize many results of Whitehead .

Now ,let 3 betheclassof al sequences of theform NES and
, z(@=(@,u,r,): E, —> E;  morphisms

we mean afamily of homomorphisms V(q) By a morphism

. n p+lq J pP.q mpvq

E,: > H,, —&@— I,, —*> X2, —> H,, -
I V(g) bt oig bu,, 7 bro, 7 bt
- - Ny - i, - m, -

B0 > Hpag == T, o Xy, “=> Hpq oo

such that

Npna®lpng = Upg®Npag
JpaUpg = Tpqlpq and

Ma°lpa = tpaoMyg
Let TI betheclassof all sequences of the form Tq and morphisms
l@=(,f): T, » T, , where

b ]

T: ... C — T pila Ap,q —Jpa Cp,q SN

q p+l,q
and [(g) ,we mean afamily of homomorphisms,
. b p+lq ijq
T,: > Co,, —>> A, —> C,, -
L) Lh,.. Lt h,
- . - b;)+1q - J;q -
n: > C,, —> A, —> C, -
such that ;
p1a® Mpag = Tpqobpy, and
Joae foa = hpa© ina
Noticethat , it iseasy to show that
S pi1g° Mg = hpg©S g

Also , we note that



fpvq (rpvq) < Fl;q

foq(Dpq) = D,, and
hoa(Bpa) = Byg

Therefor J(g) induces morphism

Va@=@t,u,ry): g, —> E;
where
E: o> Hy, —feey po ey oy o oy o
Y () t g bug, brog bt og
E: o> Hy,, —Meey oo Jeeyoye o The oy
according to therules,
toag(2d) = [hyq(2)] VzeZ,,,
u,q(X) foq(X) vxel,, and
rog(X) = [f,,(X)] vxe A,
Itiseasy toshow that isamorphismin V(q) 3 ,whichiscaled
the morphisminduced by [(q) .

Moreover, we will construct [(gq) from the map "whichiscelular",
Let h: (K" KP,e")—— (K™ KP,e)) , beacelular map , and

f=h|Kp: (K?,e”)——(KP,e’) beacdlular map, whichis
restrictionof h .

Then hand f

induce a homomorphisms  h, and
defined as following ;

f, »whichis

which is represented by amap xeC,,,  Lét

(EP L S 5 ) > (K P2 KP,e) wedefine h, . (x)= [hoa]
Let yeA,, Whichisrepresented by amap
e: (S™9,s,) > (KP,e) we define foa)= [foe]
It is easy to show that our maps are well defined ,
Moreover , it is easy to show that [(q) = (h,, f,) isamorphismin IT,

which is called the morphisminduced by h .
Remarks

a.

(i) Let J@=(h,T): T,>T, and (@<=, f): T, >T;

be two morphismsin 11 , we define the composition of morphisms as
following; [ (a)ol(@ = (h;oh,, f of,) .

Itiseasy toshow that isahomomorphismin [ (q)-/(q) T
(i) Let V(): E,—>E; and V(q): E; >E; , betwomorphisms
in 3

, we define the composition of morphisms as following ;
V(@) V() (tgotqUgoUg,rgory) -

Eq—>E;



V' (g)oV(g)itiseasy to show that isahomomorphismin 3 . *

Now , we will define some a new notion which is needsin thiswork,

By adeformation operator , d(q): C,(K)—>C,(K") wemeana

family of homomorphisms; d, ., :C,, —>C,.., :

We call two homomorphisms , [(a).] (a): T,(K) > T,(K") , are
homotopic , and write [(g)~/"(q) ,if andonly if , thereisa
deformation operator, d(g): C,(K)—>C,(K") ,asshowninthe
following diagram ;

! Spuq 1 Spa 1

\J E(K) e leq % Ahq = > qu bm > Atrlq % Crrlq >

0@ i U AT S 1
E(Ki): i C%&q % qu b Qq bm 7 At;lq % Ckrlq >
such that

foa=Toa = DPpagedpugeipg and
hoo—Pog = Spugolpag+dyges g

We shall describe ahomomorohism ~ [(g): T, »>T, as an
(algebraic) equivaence, iff ,thereis ahomomorphism [~ (q): T, > T,
[~(a) < I(q) ~ 1 such that and (@)l (@)~1 ,
where 1 denotestheidentical isomorphismbothin T, andin T,/
We shall describe T, asequivadentto T, And shal write
,iff , thereisan equivalenceT, =T,  J(a): T,>T,
We shall describe V(q) asanisomorphism, iff,
t,q » Uy, and r . areanisomorphismsfor eachp. We shal
describe E, asisomorphicto E; ,and shal write E,=E; ,iff,
thereisanisomorphism V(g): E, - E,
Section 2 "Results and Conclusion”

We obtain some results about our " NES' . Some of these results

purely algebraic and others depend on the topology of space .We will
write some of these results without proof .

q 1

Theorem 1

The new exact sequence E, isan exact sequence
Proof

We will prove this theorem in three stages;



@) Imm,, =Kern,,
(i) Imj ,, =Kerm,,

(iii) Imn_ .. =Kerj
Stege (1) ;
(i) Let aeX,, and a=[x], where xeA ,6 , then
Nog(mq (@) = ny ([i,,(D) (by def )

= by (ip4(X) (by def )
= (byq°ipqg)(X)
= O [
(i2) Let beH,, and b=[z], where zeZ ,
Assume that n  (b)=0 = b (=0 = zeKerb,,=Im.j,,
so that z=j,,(y) for some yeA, ,

o we let  m(y) = [Io(W] = [4 =D .
Thus from (iD&(i2) we get (i) =
Stage (ii) ;

(i) Let aeX,, and a=[x], where xeA ,
Assume that m, (a)=0 thus [j,,(X)]=0 (from def.)
but H,, = Z,,/B,, then j, (XY)eb,,
so that s ., (y) = J,,(X for some yeC
thus  ,q(0puq(V)=ipq() = x-byu (¥) € Kerj, =T,
o we let . (x=b,.(¥) = [X= a e
(ii2) Let xel,,, then
Mol pq(X¥) = m([x]) (by def)
= [ipa()] (by def.)
= 0 °
Thus from (i) & (ii2)we get (ii) *
Stage (iii)
(ilil)) Let beH,,, and b=[Z], where zeZ_ ,,, then
i pa0paq®) = J 5q(0,.10(2) (by def)
[0 5.4 (2)] (by def))
0 . (since in X,,) o

p+lq?’

(ii2) Let xel,, and j . (X)=0, then [x]=0 = xelmb
so that boaq(Y)=X for some yeC

p+1lq

p+lg ?

SO we let np+1,q([y]) = bp+l,q(y) = X °

Thus from (iiil) & (iii2) we get (iii) * We are done *



Theorem 2
Theclass 1 mentionin section 1, isacategory .
Theorem 3
Theclass 3 mentionin section 1, isacategory .
Theorem 4
11 Thereis afunctor from the category of cw-complexsinto
Proof
The prove directly from our remark (i) "section 1" and theorem 2 .
Denotethisfunctor by ,thus| [: cw 11 . where Cw
denote the category of cw-complexs.
Theorem 5
Thereisafunctor from the category intothecategory 11 3 .
Proof
The prove directly from our remark (ii) "section 1" and theorem 3 .
Denote thisfunctor by , thusv v: 11— 3
Theorem 6
Thereis afunctor from the category Cw into the category 3
Proof
The composition of two functorsis again afunctor ,( see[SW] ) .
Hence from (theorem 4) and (theorem 5) , it followsthat Vo[ as
afunctor .
E where E(K)=E/(K) and E(h)=F(q) Denotethisfumctor by

Lemmal

Therelation (i) = mentionin section 1, isan equivaencerelation .
Therelation (i) = Mentionin section 1, isan equivalence relation .
Lemma2 If

f(hy~I(h"): T,(K)—T,(K") are homotopic, and [(h): T,(K™)—>T,(K")
be ahomomorphism, then  [(h)<[(h) = [(h)<](h7): T,(K) - T(K~)
Lemma3
Let behomotopic (h, h : K>K~ hxh ), then
[=Ih) : T,(K)>T,(K) .
Lemma4
Let [@~[(@ : T,(K)>T,(K) ,then
F@=F(a) @ Ei(K)—>E,(K")
Theorem 7
Let  behomotopic hh- : KK~ hxh ,then
F@=F(a) @ E;(K)—>E;(K")
Proof



The prove direct from (lemma3) and (lemma4) .
Theorem 8
If K=K~ , then E (K)= E (K")
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