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Abstract
In this paper we introduce a new tool in algebraic topology which is called
I

zm-CW — complex (analogous terminology of J.H.C. Whitehead in [1]) .
By studying effect of this complex on the spectral sequences , we obtained some

results , such as ;
1- Any complexisan I.,,.cw —complexif m = —z

2- Let K &K are two cw-complexes ,if K Ezf? , then
K isan I.,.cw —complex = K isan I ,.cw — complex.

3- If Kis an I .cw —complex ,then i, =2ny, ¥Yn=23 -,z

and jiii., isonto, Vr.
4- Let K beacw-complex ,if Kisa (z —1)— connected, then K isa
I m.cw — complex , and the converse is not true .

Key words : cw-complexes , homotopy and homology group , new exact sequence ,
spectral sequences , I . cW — complex.
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Introduction

There are many tools in algebraic topology , (
see [2] ) . In this paper we introduce a new tool
in algebraic topology which is called
I;m.cw — complex and study the effect of this
notion on the spectral sequences .

In this work a complex will mean a pair
(K,e%) , where K is a connected cw-complex
and e° € K%is a 0-cell , which is to be taken as
base point for all the homotopy groups which
we associate with K . Nevertheless we shall
denote complexes by K,K ,L etc. .

This work contains two sections ; in first
section , we introduce the spectral sequence
and definition of I ,,,.cw — complex. In second
section , we establish some results about our
work , some of these results are purely algebraic
and others depend on the topology of space , for
examples ;

Jnm
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1- If K=K
K isan Il ,,.cw — complex
K isan I . cw — complex

2- If K isan I_,,.cw —complex, then for
each r we have

N 2 Mg W =2,3,---,2,

and Jos1m isonto

, then

3- If Kisa (z—1)— connected , then K is
an I ,,.cw — complex, and the converse is not
true .
Section 1

In this section we introduce the main
definition I . cw — complex .

Let K be a complex . Consider the
following sequence which is known to be exact
,see [3];

i nm
. —3 ﬁn+m(Hn_1} l’ ﬁn—fm(?{n} — ﬁn+m(HHJHH_1} l} ﬂ'-n+m—1(HH_1j e

Definition 1.1

is an We say that a complex

Ly (Tnam (K™71)) = 0if I ,.cw — complex

n =12, -,z foreach
Remarks 1.2
For each integers n

Tpm D8 Mpem (K™ E™71),
Nom DE Tpam (K™ ,if m= —n , and
ﬁn+m(f{nl kn1) = ﬁn+m(f{n} =0

if n+m=0 (see [4]) .
which forms a first exact couple ,

and m , et

Tnam+2 Tnm+1
1
T LA 4
/z’v \_Ua, }‘,J."L”
UMy -
e +2 -
-, e
//
-
/// ///
”
-
nn,m+1 4—¢1ﬂ%m+2 n 1,7

From this exact couple, we obtain a second
exact couple, by taking

3 kerd, .
Trn-'m - Irm. d’n—Lm
1 _Tlam
Ham = {Jrim an+l.m and

1 _ -
Mam = Ker Jum
where Apnm = Jn=1m © @nm -
Hence we have a second exact couple ;

. VN
7?4—1.?]'

where
@ is of degree {—1,0)
i isofdegree (1,—1)
j is of degree (0,0}

And

where
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Nast1m MTn+1qg— Tlom

The process of derivation can be iterated

indefinitely, yielding an infinite sequence of
exact couples ;

.Ir?"
i a?"
w” j/ \ r= ﬂ.l-l.lz.l "
‘J‘jlr ir ‘J‘jlr
<—
! such that
w'=w , @' =NES and w™™lis the

derived couple of @™

property that &7
chain complex under

The endomorphism 4" = j7 28" has the
od™ =0 ,sothat w@" isa
d”™ , whose homology

group is w1,

In this way we obtain a spectral sequence,

(for details see [5]) .

A morphism F, : @™ — @’ between two

exact couples w@”,&@", we mean a family of

homomorphisms  {f., g,) showing in the
following diagram
" f y T
A~ ar T A ér
N 7
B -—-
R/ Jor n’
ST T
Rl 1
n" 1 >
such that
"o fi = gopod”
" egor = G101
Fegy=FfeJ"
So that F. is a chain morphism and

induces a morphism F1=F,.;,and f£l, gl
defined maps between the derived couples , such
that ;

@ =ro,

g

aril o gret defmeri by
V[z] exTtL.

15 g7 defined by

or+1°7]

Gor+1(x) = go(x) ,Wx En7¥1,

Grre1: T2

77t defined by

"I mean " the new exact sequence" NES , for
details see [3] .

AYA4
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D \ N

nnm_ nn 1m

Fir+1([x]) = [gy,(2)] ,¥x €n™FL
Now, let

Fo: w" — @ and FF: @ — @' are
two morphisms , the composition of morphisms
can be given by ;
T;D*Tr = (fr*nfrl_gingr}:m?" — 5:"‘

We shall describe F.:@m"™—@" is an
isomorphism , if and only if , f., gg- & g1 are
isomorphisms . We shall describe " as
isomorphic to @’ and write @w” 2= @" , if and
only if , there is an isomorphism F,: @™ — @'

Section 2 (Results and Conclusions)
Lemma 2.1

Any complex is an [_,,.cw —complex
if m=—=z.
Proof

Since M = —z = Muem K™ 1) =10

Yn=12--,z

= in,m {ﬂ:n +m(Hn_1}} =0
¥n =12 ..z [ ]

Lemma 2.2
If K={e"t = K isan I,,.cw — complex.
Proof
Since ﬁn+m(H}= ﬁn-km("-?u}: 0

¥n,m
= in,m{ﬁn+m(h?}} =0 ¥nm |
Lemma 2.3

Let K be a complex , and
jn,m:ﬁn+m(f{nj - ﬁn+m(h‘niﬁn_i}-
Then

ker.jum= 0 ¥Yn=23 -,z
K isanl . cw — complex.

iff

Proof
We know that  im.i, ., = ker. jum .

Then  ker.j,m =0 Wn=23-.z
iff  fpn(TpemE™)) =0 V¥n=23-

iff kisa Il p,.cw —complex ]
Theorem 2.4

If K =K (= ofthe same homotopy type

), then
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K isan I ,.cw—complex <+
K isan Iz m.cw — complex
Proof
Since K =K then there are two maps

f:K—>Kandg: K=K such that
gof N1 &fog® ig
Hence, f & g induce a homomorphisms
gt in,m{ﬁnm(f{}} - in,m{ﬁn+m(m} n

Bn: in,m{ﬁn+m(®} - in,m{ﬂ-n+m(f{j} n
And feg induce an automorphism of
fm(Tnem (K)) foreach n.
Thus @, =[5, is an automorphism , thus e,
maps in,m{ﬁn+m(f{]] onto in,m(ﬁn+m(‘?}} >
that is
28 (in_.m(ﬁn+m(f{j}) = in,m(ﬂ:n+ m(f?}) .

Now , if K isan I_,.cw— complex,
it follows that

L (Tpsem(K)) =0 Vn
in,m{ﬂn-km(}?j} =0 vn

Therefore K isan I_,..cw —complex.

=

Conversely, gef induce an
automorphism f, ¢ a@,, for each n .
Thus B, maps  Inm(Tnem{K))  onto

fnm(Tpem (K)) , that is
B (in,m{ﬁn-km(f?j}) = in,m(ﬁn+m(f{}: .
Now , if K isan I . cw — complex,

it follows that

B i Y
Lym\lptm NI ] =

]

o .
LY T -
f (- FrAy o v
pm\tnemnl ] = U Vil

Therefore Kisan I_,,.cw —complex W

Theorem 2.5
If K=.K
(=; z — homotopy equivalence), then
K isan I.,.cw—complex =
K isan Iz m.cw — complex

Proof

Since K =_K then there are two

cellular maps

f:K*= K* and g: K*—= K~
geof ¥ igs &fe g™ g
Hence, f & g induce homomorphisms
Ay l'mm{?tntm(ﬁ”_l}} -
in,m{ﬁn+m(f{ﬂ_1}} Vn=z

Ba: Lnm {ﬂ:n +m(f?n_1}} -
in,m{ﬁn+m(f{ﬂ_1}} Vn=z
We may take the homotopy joining

such that

AN
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(f e g)lg== and 1] g=-* to be cellular . Hence
(feg)lgn-2: K*1 = K™ _induce an
automorphism of imm(ﬁﬁm(f{ n-1%) for each

n=23,-,z Thus oy ©ff, 1s an
automorphism , thus o, maps
in,m{ﬁn-l-m(ﬁn_lj} onto
Inm (Tn +m(‘?n—1}} ) that is

iy (in,m{ﬁn+m{f{n_1}}) =
in,m(ﬁn+m{f?n_1}}
Now , if K isal,,,.cw— complex, it

follows that
in,m{ﬁn+m(ﬁn_1}} =0 =
o (M (E*1))=0 Wn=23,-,z
Therefore K isa I m.cw — complex .

Conversely , (geof)lg=—: :K™ 1= K™
induce an automorphism f§, = a, for each
n=23-z2 Thus B., maps
in,m{ﬂn+m(}?ﬂ_ljj onto in,m(ﬂn+m(f{n_l):} 9
that is

ﬁn (in,m{ﬁn-l-m(ﬁn_l}}) =
E:?!,m(ﬁ?‘!'l'm{f{n_l}}
Now , if K isa I;m.cw — complex , it
follows that
in,m{ﬁn-l-m(}?n_lj} =0 =
ym(Tpam (E*1))=0 ¥Wn=23,-,z
Therefore K is an I_,,.cw — complex ]
The following corollary is a direct

consequence from Theorem 2.5 , Lemma 2.3
and Remark 1.2

Corollary 2.6
If K=K ,  then
Nam E)=0 & 7. (K)=10 for each
n=23.-,z2.
Theorem 2.7
If K isan I_,,.cw— complex, then for

each r we have
N 2 Mg W =2,3,---,2,
and  Jliy,, 1S ONLO
Proof
Let K be a complex .
First , consider the following sequence which is
known to be exact , see [3] ;

_}ﬁn+?r.(Kx_1) :I‘l—n}'Tra-m':}{q)Jﬂl'Tra+m[HEJKM_i)ﬂﬁﬁm-l('[{n_l:' o
By using our symbols in Remark 1.2

Since K is an I, ,,.cw — complexand

M. Ly = KET. Jrum
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then
0 o O _
T}?‘!_.?‘J’I. é Trn,m ‘l;\"n -
-0 .
2,3,--,z and j_ ;4. isonto
Second , consider the second exact

couple ;
Jzeam Ozaem , itm 1 Jim 1 1
" zsm M24im Mem ™ Ngm 7 Tigm 1] z-1m -
i 1 — : —
Since n*, = ker. jpom =0
Ym=2-z.

It follows from exactness , that

1 Eﬂ.‘imm ¥Yn=2-,z2.

T'.II T

and im.jl, . =ker.dl,,,, =

Therefore j2,,,. isonto.

Final , consider the r-th exact couple ;
r }'§+;m 6§+;m , it , itm ,

et T Tt Mam ™ Tam  Tam

Since NY . = ker.jizt =0

Ymn=2-,z.

It follows from exactness , that
Nam ZMhm Yn=2-- 2.
and M. g1 m = KET. 0011 =
Therefore jls4,, is onto .

So on ]

The following corollary is a direct
consequence from Theorem 2.4 and Theorem
2.7
Corollary 2.8

If
K isan I ,.cw —complex,and K =K,
then
N (K) 2 7], (K)

Vp=2,m and ], isonto,Vr.
Lemma 2.9

Let Kbea (z —1) — connected, then K

isa I_,,.cw—complex .
Proof

Suppose that K is an (z — 1) — connected,
thatis m;(K)=0foreach i =12, ,z—1.
So there is a singleton complex L
suchthat K==, 4L (ie K=.L={e%).
( Theorem 2 in [1])

Hence , from Lemma 2.2 we have L is
an I ,.cw — complex , and from Theorem 2.4
it follows that K is
I, m.cW — complex
Remarks 2.10

(1) If m =0 ,then

! If m=0, coming back to |,— complex of J.H.C.
Whitehead , [1] .

1
Tzt 1m

T

r
Tzt 1m -

an
n

AANY
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Kisa (z—1) — connected <
K isan I ,,.cw — complex
2 If m=0,then
K isa (z—1) — connected =
K isan Io,,.cw —complex

The converse in general is not true , (depend
on values of n &m) .
Example 2.11

Let K =e®UedUe?, where e?isa 0-cell
, €% is a 3-cell whose closure is a 3-sphere ,
53=e%Ue? | and e* is attached to 52 by a
map, f: de* = 57 of degree (2r + 1) {r = 0).

The complex K is not 3-connected ( since

m3(K)=Z5.51),  while K is  an
lyg.cw — comlpex , since
Ki=Kl=FK%=¢", whence ﬁn(f(”'i} =
0
Yn=1,23 and 1'4'[7r3(f(3}}= 0, for , let
g: 5% — de* be an essential map , then
feg:5%—= 5% is essential and hence represents
the nonzero element of w5 {537, [6] .
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