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Abstract 

     In this paper we introduce a new tool in algebraic topology which is called  

 (analogous terminology of J.H.C. Whitehead in [1] ) . 

 By studying effect of this complex on the spectral sequences , we obtained some 
results , such as ; 

1-   Any complex is an   

2-   Let   are two cw-complexes , if       , then 

  . 

 3-   If   is  , then          

 . 

 4-   Let    be a cw-complex , if   is a   ,  then   is a   

 , and the converse is not true . 

 
Key words : cw-complexes , homotopy and homology group , new exact sequence  , 

spectral sequences , . 
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Introduction 

     There are many tools in algebraic topology , ( 
see [2] ) . In this paper we introduce a new tool 
in algebraic topology  which is called  

  and study the effect of this 

notion on the spectral sequences . 
         In this work  a complex will mean a pair  

 , where  is a connected  cw-complex 

and   is a 0-cell , which is to be taken as 
base point for all the homotopy groups which 
we associate with   . Nevertheless we shall 

denote complexes by    etc. . 
     This work contains two sections ; in first 
section , we  introduce  the  spectral sequence 
and definition of . In second 

section , we establish some results about our 
work , some of these results are purely algebraic 
and others depend on the topology of space , for 
examples ; 

1-    If    , then    

2-   If   , then for 

each  we have   

 . 
 3-   If   is a   , then  is 
an  , and the converse is not 

true . 
Section 1   

        In this section we introduce the main 
definition  . 

        Let    be a complex . Consider the 
following sequence  which is known to be exact 
, see [3] ; 
 

 

 
 
Definition 1.1  

         We say that a complex  is an 

 if   

 for each  . 
Remarks 1.2 

     For each integers    and     ,  let  
,

,     ,  and   

 

   ( see  [4] )  . 

which forms a first exact couple ,   

 

where  
       
             
             

And

 
  

 
 
 
 

 

 
     From this exact couple, we obtain a second 
exact couple, by taking 

       and 

                  

where       .   

     Hence we have a second exact couple ; 

   

 
where 
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     The process of derivation can be iterated 
indefinitely, yielding an infinite sequence of 
exact couples ; 

  
 
1 such that   

is the 
derived couple of . 
     The endomorphism        has the 

property that  , so that     is a 
chain complex under    , whose homology 
group is  . 
     In this way we obtain a spectral sequence, 
(for details see [5]) . 
     A morphism   between two 
exact couples , we mean a family of 

homomorphisms      showing in the 
following diagram 

 
 

                                  

 

 
 

                                 
 

such that 

                 
                   
                  

          So that    is a chain morphism and 
induces a morphism   , and   

defined maps between the derived couples , such 
that ;   

 
 . 

 
 .  

 

                                                 
1 I mean " the new exact sequence" NES , for 
details see [3] . 

. 
           Now, let  

  are 
two morphisms , the composition of morphisms 
can be given by ;  

 .  

     We shall describe   is an 
isomorphism , if and only if ,   are 

isomorphisms . We shall describe   as 
isomorphic to   and write   , if and 
only if , there is an isomorphism  . 

 

Section 2  (Results and Conclusions)         

Lemma 2.1 

    Any complex is an  

. 

Proof  

     Since   

 
    

 
 

Lemma 2.2 

  If    is an  . 

Proof  

         Since    

 

 
 

Lemma 2.3 

     Let    be a complex , and   

 . 

Then 
     

. 

Proof  

           We know that       . 

Then       

 
    

Theorem 2.4 

     If      (   of the same homotopy type 
) , then 
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Proof 

     Since    then there are two maps 

       such that  
 

Hence ,  induce a homomorphisms  

 

 

And     induce an automorphism of 

  for each   . 

Thus    is an automorphism , thus    

maps     onto     , 

that is  

 . 

              Now , if    is an  , 

it follows that 
  

  Therefore     is an  . 

             Conversely,  induce an 

automorphism   for each   . 

Thus      maps      onto   

  , that is  

    . 

              Now , if    is an  , 

it follows that 

      Therefore  is an        

 

Theorem 2.5 

   If       
 , then 

 

 

Proof 

             Since    then there are two 
cellular maps 

     such that  
 

Hence ,  induce homomorphisms  

 We may take the homotopy joining  

 to be cellular . Hence    

 induce an 

automorphism  of     for each  

 . Thus    is an 

automorphism , thus      maps    

     onto   

 ,  that is      

              Now , if    is a , it 

follows that 

Therefore     is a  . 

           Conversely ,    

induce an automorphism   for each  

 . Thus    maps 

 onto     , 

that is   

      Now , if    is a , it 

follows that 

  Therefore   is an                 

      The following corollary is a direct 
consequence from  Theorem 2.5 , Lemma 2.3 
and Remark 1.2   
 

Corollary 2.6 

            If      , then     

  for each   

  . 
 

Theorem 2.7 

     If   , then for 

each      we have   

Proof 

          Let    be a complex . 
First , consider the following sequence  which is 
known to be exact , see [3] ; 

 
     By using our symbols in Remark 1.2   
Since    is an  and   
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then     

.            Second , consider the second exact 
couple ; 

 
   Since  

. 
          It follows from exactness , that      

 . 

and         . 

Therefore   is onto . 

Final , consider the r-th exact couple ;  

 
     Since  

. 
         It follows from exactness , that      

 . 

and         . 

Therefore   is onto . 

         So on              
         The following corollary is a direct 
consequence from  Theorem 2.4  and  Theorem 
2.7   
Corollary 2.8 

          If   

 

then  

 
 . 

Lemma 2.9  
         Let  be a  , then     

is a   .    

Proof  

    Suppose that   is an , 

that is   .  

So there is a  singleton complex     

such that     . 
( Theorem 2 in [1] ) 
         Hence , from  Lemma 2.2  we have    is 

an , and from Theorem 2.4  

it follows that   is an  
 

Remarks  2.10  

(1)       If    , then 
1
 If   m=0 , coming back to  of J.H.C. 

Whitehead , [1] . 

.2   If    , then 

      The converse in general  is not true , (depend 
on values of  ) . 
Example 2.11  

     Let   , where   is a 0-cell 

,  is a 3-cell whose closure is a 3-sphere , 

 , and   is attached to  by a 

map,  , of degree  . 

   The complex  is not 3-connected ( since  

), while  is an  

 , since  

  and   , for , let  

 be an essential map , then 

 is essential and hence represents 

the nonzero element of  , [6] . 
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