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Abstract 

 

In this paper , we have introduced a class ( ), , , , ,v
T n

ϑ µ τ α β  of analytic and univalent 

functions as defined by making use of the generalized Ruscheweyh derivatives in the unit 

disk U .Here we obtain coefficient inequality, subordination property. We also introduce 

the subclass ( ), , 1, , ,
m

v

cT
ϑ µ τ α β  consisting of functions with negative and fixed finitely many 

coefficients. We discuss some interesting properties of the class ( ), , 1, , ,
m

v

cT
ϑ µ τ α β  
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1.  Introduction 

Let W  denote the class of functions analytic in the unit disk { : 1}U z z= ∈ <C  and let ( )T n  denote 

the subclass of W  consisting of functions of the form: 

( ) { }( )
1

          , 0, 1, 2,3, ,                     k

k k

k n

f z z a z a n
∞

= +

= − ≥ ∈ = …∑ N  (1). 

which are analytic and univalent in the unit disk  U  . Then the function ( )f T n∈  is said to be in the 

class ( , )S n ρ  if and only if 

( )
( )

( )
'

            , ,0 1 .                       
zf z

Re z U
f z

ρ ρ
  

> ∈ ≤ < 
  

 (2). 

function ( ),f S n ρ∈  is called starlike function of order ρ  

A function ( )f T n∈  is said to be in the class ( , )C n ρ  if and only if 

( )
( )

( )'
                    1  , , 0 1 .             

zf z
Re z U

f z
ρ ρ

″  
+ > ∈ ≤ < 

  
 (3). 
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A function ( , )f C n ρ∈  is called convex function of order ρ . 

It is observed that ( , )f C n ρ∈ if and only if 

( )' , ,zf S n nρ∈ ∀ ∈N [2]. (4). 

A function ( )f T n∈  is said to be in the class ( , )K n ρ  if there is a convex function g  such that 

( )
( )

( )
'

'
                    ,  ,0 1 .             

f z
Re z U

g z
ρ ρ

  
> ∀ ∈ ≤ < 

  
 (5). 

A function ( , )f K n ρ∈  is called close-to-convex of order ρ . We shall need the fractional 

derivative operator ([13], [14]) in this paper. 

Let , ,a b c ∈C  with 0, 1, 2,c ≠ − − … The Gaussain hypergeometric function 2F1 is defined by 

2 1 2 1

0

( ) ( )
( , ; ; )

( ) !

n

n n

n n

a b z
F F a b c z

c n

∞

=

≡ =∑
 (6).

 

Where ( )nλ is the Pochhammer symbol defined, in terms of the Gamma function, by 

( ) ( )
( )
( 0)

                                     ( ) 1 .( )
1 1( )

                                                   

n

n
Г n n

nГ

λ
λ

λ λ λλ

=
+  ∈= =  + … + −



N . 

Definition1. Let 0 1ϑ≤ <  and ,vµ ∈R .Then, in terms of familiar (Gauss’s) hypergeometric 

function 2F1, the generalized fractional derivative operator , ,

0,

v

zJ
ϑ µ  of a function  is defined by: 

( )
( ) ( )

( )

120
, ,

0,

, ,

0,

1
{ ,1 ;1 ;1  }                (0 1)

(1 )
       

                                                                                      

z

v

z
n

n v

zn

d
z z f F v d

Г dz z
J f z

d
J f z

dz

ϑϑ µ

ϑ µ

ϑ µ

ε
ε ε µ ϑ ϑ ε ϑ

ϑ

−−

−

 
− − − − − ≤ < 

−  
=

∫

( )

    (7)

           1, ,n n nϑ





 ≤ < +

Nε

 (7). 

Where the function  is analytic in a simply-connected region of the z-plane containing the 

origin, with the order 

( ) ( ) ( )                                     ,             0 ,                           f z O z z= →
ε

 (8). 

for { }max 0, 1vµ> − −ε  and the multiplicity of ( )z ϑε −−  is removed by required log( )z ε− to be real 

when ( ) 0.z ε− >  

The fractional derivative of order ϑ of a function f  is defined by 

( ){ }
0

1 ( )
                                                        , 0 1,                    

(1 ) ( )

z

z

d f
D f z d

Г dz z

ϑ

ϑ

ε
ε ϑ

ϑ ε
= ≤ <

− −∫  (9). 

Where f is chosen as in (7), and the multiplicity of ( )z ϑε −− is removed by required log( )z ε− to 

be real when ( ) 0.z ε− > y 

By comparing (7) and (9), we find 

( ) ( ){ } ( ), ,

0,                                                                        , 0 1 .    v

z zJ f z D f zϑ ϑ ϑ ϑ= ≤ <  (10). 

In terms of gamma function, we have 

( )
( )

, ,

0,

1 (1 )
  ,                                     

1 (1 )

v k k

z

Г k Г v k
J z z

Г k Г v k

ϑ µ µµ

µ ϑ
−+ − + +

=
− + − + +

. 

{ }( )0 1, ,   max 0, 1 .                          v and k vϑ µ µ≤ < ∈ > − −R  (11). 

Definition2. Let ( )f T n∈ be given by (1). Then the class ( ), , , , ,v
T n

ϑ µ τ α β is defined by 



342 Waggas Galib Atshan and Ahmed Sallal Joudah 

( ) ( )

( )( )
( )( )

( )( )
( )( )

( )( )
( )( )

,

1

'
,

1, ,

, ,

1 1

' '
, ,

1 1

, , , { :         

2 1

v

z f z

f z
T n f T n

z f z z f z

f z f z

ϑ µ

ϑ µ

ϑ µ

ϑ µ ϑ µ

ϑ µ ϑ µ

τ α β β

τ α

″

″ ″
= ∈ <

 
 − + −
 
 

J

J

J J

J J

. 

1 1
     , ,0 1, 1,0   1  },                     

2 2
z U andβ τ α ϑ

τ

 
∈ < ≤ ≤ ≤ ≤ < > − 

 
 (12). 

Where ,

1 ( )f z
ϑ µ
J is a generalized Ruscheweyh derivative defined by Goyal and Goyal [3, p.442] 

as 

( )
( )

( ) ( )
( )( ), , , 1

1 0,

2
                                        

2 1

v

z

Г v
f z zJ z f z

Г v Г

ϑ µ ϑ µ µµ ϑ

µ
−− + +

=
+ +

J  

( ),

1

1

              ,                         k

k

k n

z a C k z
ϑ µ

∞

= +

= − ∑  (13). 

where 

( )
( ) ( )

( ) ( ) ( )
,

1

2 ( 1)
      .                                 

1 2 (1 )

Г k Г v Г k v
C k

Г k Г k v Г v Г

ϑ µ µ µ ϑ

µ ϑ µ

+ + + − + +
=

+ + + − + +
 (14). 

For , 1vµ ϑ γ= = =  the generalized Ruscheweyh derivatives reduce to ordinary Ruscheweyh 

derivatives of f of order γ  [ 9 ]: 

( )
( )

( )( )1

1

    ( ) ,                                 
1

k

k k

k n

z
D f z D z f z z a C z

Г

γ γ γ γ
γ

∞
−

= +

= = −
+

∑  (15). 

where 

( )
( )( )1 2 ( 1)

              .                         
( 1)!

k

k
C

k

γ γ γ
γ

+ + … + −
=

−
 (16). 

The class ( ), , , , ,vT nϑ µ τ α β contains well-known classes of analytic functions, for example, 

(i) If 0, 1, 1v nµ ϑ= = = = we get the class ),,,1(1.0,0 βατT  studied by Aqlan and Kulkarni [1]. 

(ii) If 
1

0, 1, , 0,
2

vµ ϑ ρ β α τ= = = = = =  we get the class of convex functions 

of order p, ( )( ), .C n ρ  

The same properties have been found for other classes in [4],[11] and [12]. 

 

 

2.  Coefficient Inequality 
The following theorem gives a necessary and sufficient condition for function to be in the class 

( ), , , , ,vT nϑ µ τ α β  

Theorem 1. 

Let ( )f T n∈ Then ( ), , , , ,vf T nϑ µ τ α β∈ if and only if 

( )( ) ( ) ( ) ( ),

1

1

     [ 1 1 2 2 1 ] 2 1 ,                         k

k n

k k C k a
ϑ µβ βτ βτ α βτ α

∞

= +

− − + + − ≤ −∑  (17). 

Where ( ),

1

1 1
0 1, 1,0  , 1,   

2 2
n and C k

ϑ µβ τ α ϑ
τ

< ≤ ≤ ≤ ≤ < > − ∈N   given by (14). The result (17) is sharp 

for the function 
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( )
( )

( )( ) ( )( ) ( ),

1

2 1
  , 1.

 1 1 2 2 1

k
f z z z k n

k k C k
ϑ µ

βτ α

β βτ βτ α

−
= − ≥ +

− − + + −
. 

proof . For 1z = we have 

( ) ( ) ( )( ) ( )( ) ( )( )
'

, , , ,

1 1 1 1( ) 2 1                           z f z f z z f z z f z
ϑ µ ϑ µ ϑ µ ϑ µβ τ α

″ ″ ″ − − + −
  

J J J J  

[ ]

[ ]

, 1

1

1

, 1

1

1

,

1

1

,

1

1

,

1

1

( 1) ( )

2 (1 ) 2 ( ) ( 1) ( )

( 1) ( ) 2 (1 )

2 ( ) ( 1) ( )

[( 1)(1 2 ) 2 (1 )] ( ) 2 (1 ) 0

k

k

k n

k

k

k n

k

k n

k

k n

k

k n

k k C k a z

k k k C k a z

k k C k a

k k k k C k a

k k a C k a a

ϑ µ

ϑ µ

ϑ µ

ϑ µ

ϑ µ

β τ α τ α

τβ α

β τ α

β βτ βτ βτ

∞
−

= +

∞
−

= +

∞

= +

∞

= +

∞

= +

− −

− − − − − −

≤ − − −

+ − − −

= − − + + − − − ≤

∑

∑

∑

∑

∑

 

By hypothesis. 

Thus by maximum modulus Theorem ( ), , , , ,vf T nϑ µ τ α β∈ Conversely, assume that 

( )( )
( )( )

( )( )
( )( )

( )( )
( )( )

( )( )
( ) ( )( ) ( )( ) ( )( )

,

1

'
, ,

1 1

'
, , ,, ,

1 1 11 1

' '
, ,

1 1

  
2 1 2

2 1  

z f z

f z z f z

f z f z z f zz f z z f z

f z f z

ϑ µ

ϑ µ ϑ µ

ϑ µ ϑ µ ϑ µϑ µ ϑ µ

ϑ µ ϑ µ

τ α τ
τ α

″

″

″ ″″ ″
=

  − + −
 − + −
 
 

J

J J

J J JJ J

J J

 

, 1

1

1

, 1 , 1

1 1

1 1

( 1) ( )

2 (1 ) 1 ( ) ( 1)[1 2 ] ( )

k

k

k n

k k

k k

k n k n

k k C k a z

a k C k a z k k C k a z

ϑ µ

ϑ µ ϑ µ

β

τ τ

∞
−

= +

∞ ∞
− −

= + = +

− −

= <
 

− − + − − 
 

∑

∑ ∑
 

Since ( )Re z z≤ or all z ,we have

 
, 1

1

1

, 1 , 1

1 1

1 1

( 1) ( )

Re

2 (1 ) 1 ( ) ( 1)[1 2 ] ( )

k

k

k n

k k

k k

k n k n

k k C k a z

a k C k a z k k C k a z

ϑ µ

ϑ µ ϑ µ

β

τ τ

∞
−

= +

∞ ∞
− −

= + = +

 
− 

 
< 

  − − + − −    

∑

∑ ∑
 (18) 

We can choose value of z n the real axis so that ( )( )
'

,

1 f zϑ µ
J  is real. 

Let 1z
−→ through real values, so we can write (18) as 

( )( ) ( )( ) ( ) ( ),

1

1

1 1 2 2 1  2 1 .        k

k n

k k C k a
ϑ µβ βτ βτ α βτ α

∞

= +

− − + + − ≤ −∑  

Finally , sharpness follows if we take 



344 Waggas Galib Atshan and Ahmed Sallal Joudah 

( )
( )

( )( ) ( )( ) ( ),

1

2 1
, 1, 2, . (19)

 1 1 2 2 1

k
f z z z k n n

k k C k
ϑ µ

βτ α

β βτ βτ α

−
= − = + + …

− − + + −
                  (19) 

The proof is complete. 

Corollary 1. Let ( ), , , , ,vf T nϑ µ τ α β∈ Then 

( )
( )( ) ( )( ) ( ),

1

2 1
      , 1, 2,   .                          

 1 1 2 2 1
ka k n n

k k C k
ϑ µ

βτ α

β βτ βτ α

−
≤ = + + …

− − + + −
. (20) 

The equality in (20) is attained for the function f iven by (19). 

 

 

3.  Subordination Property 
Definition3. Let f nd g e analytic in U then  g is said to be subordinate to  f  written  g f≺  

( ) ( )g z f z≺  if there exists a Shwarz function  w , which is analytic in U ith ( )0 0w = and 

( ) 1  ( )w z z U< ∈  such that ( ) ( )( )   ( )g z f w z z U= ∈ indeed it is known that 

( ) ( ) ( ) ( ) ( ) ( ) ( )  0 0    .g z f z z U g f and g U f U∈ ⇒ = ⊂≺ . 

particular, if the function  f is univalent in U we have the following equivalence ([ 5 ], [ 6 ]): 

( ) ( ) ( ) ( ) ( ) ( ) ( )  0 0    .g z f z z U g f and g U f U∈ ⇔ = ⊂≺ . 

Theorem 2. 

For  1 n =  let ( ), , 1, , ,v
f T

ϑ µ τ α β∈ nd g e an arbitrary element of (1)T such that g f≺ defined in 

Definition 3, and if 

( )

0

( ( )1
                                        

!

k

k k

z

d f w z
g

k dz
=

 
=  

 
 (21) 

also if 

( )( ) ( )( )
( )2

1

1 1 2 2 1

                     2 1 .                
k

k

k k g

g

β βτ βτ α

βτ α

∞

=

− − + + −

≤ −
∑

 (22) 

Then ( ), , 1, , ,v
g T

ϑ µ τ α β∈ Proof. Since g f≺ by definition of subordination there is analytic 

function ( )w z uch that ( )w z z≤ nd ( ) ( )( )g z f w z= But g s the composition of two analytic functions 

in the unit disk , therefore we can expend this function in terms of Taylor series at origin as below 

( )
0

 ,
k

k

k

g z g z
∞

=

=∑ . 

Where kg s defined in (21). Hence 

( ) ( )
( )

' '

'

0 1

( 0 ) 0 (0)
0 , 0 .

0! 1!

f w w f
g g w= = = =  

Therefore , we can write 

( ) 1

2

k

k

k

g z g z g z
∞

=

= −∑  

and 

( ) ( ), ,

1 1 1

2

          ,
k

k

k

g z g z C k g z
ϑ µ ϑ µ

∞

=

= −∑J  

we must prove ( ), , 1, , ,v
g T

ϑ µ τ α β∈ in other words , we show that 
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( )( )
( ) ( )( ) ( )( ) ( )( )

,

1

'
, , ,

1 1 1

 .
2 1 2

z g z

g z g z z g z

ϑ µ

ϑ µ ϑ µ ϑ µ
β

τ α τ

″

″ ″
<

− + −

J

J J J

 

or 

( )

( ) ( ) ( ) ( )

, 1

1

2

, 1 , 1

1 1 1

2 2

k(k 1) 

 .      

2 1 k k k 1 [1 2τ] 

k

k

k

k k

k k

k k

C k g z

g C k g z C k g z

ϑ µ

ϑ µ ϑ µ

β

τ α

∞
−

=

∞ ∞
− −

= =

− −

<
 

− − + − − 
 

∑

∑ ∑
 

Since ( )Re z z≤ or all z e have

 ( )

( ) ( ) ( ) ( )

, 1

1

2

, 1 , 1

1 1 1

2 2

k(k 1) 

 .    (23)  

2 1 k k k 1 [1 2τ] 

k

k

k

k k

k k

k k

C k g z

Re

g C k g z C k g z

ϑ µ

ϑ µ ϑ µ

β

τ α

∞
−

=

∞ ∞
− −

= =

 
− 

 
< 

  − − + − −    

∑

∑ ∑
 (23) 

We can choose value of z n the real axis so that ( )( )
'

,

1 g zϑ µ
J s real. 

Let 1z
−→ through real values, so we can write (23) as 

( )( ) ( ) ( ) ( ),

1 1

2

[ 1 1 2 2 1 ] 2 1 .k

k

k k C k g g
ϑ µβ βτ βτ α βτ α

∞

=

− − + + − ≤ −∑  

The proof is complete. 

 

 

 

4.  Some Properties of a Subclass 

( ), , 1, , ,ϑ

m

µ v

c
T τ α β e introduce the class ( ), , 1, , ,

m

v

cT
ϑ µ τ α β he subclass of ( ), , 1, , ,v

T
ϑ µ τ α β  where 

( ) ( )

( )( )
( )( )

( )( )
( )( )

( )( )
( )( )

,

1

'
,

1, ,

, ,

1 1

' '
, ,

1 1

1, , ,  1 :    ,

2 1

v

z f z

f z
T f T

z f z z f z

f z f z

ϑ µ

ϑ µ

ϑ µ

ϑ µ ϑ µ

ϑ µ ϑ µ

τ α β β

τ α

″

″ ″

 
 
 
 

= ∈ < 
  
 − + − 
    

J

J

J J

J J

 

consisting of functions with negative and fixed finitely many coefficients of the form: 

( )
( ) ( )( ) ,

2 11

2 (1 )
               ,                    (24)

1 1 2 2 (1 ) ( )

m
і kі

k

і k m

c
f z z z a z

і і C і
ϑ µ

βτ α

β βτ βτ α

∞

= = +

−
= − −

− − + + −
∑ ∑  (24) 

Where 2,3, ,  0
k

m a= … ≥ or 1, 2, ,  0 1
і

k m m c= + + … ≤ ≤  for 2,3, ,і m= … and 

2

1.          
m

і

і

o c
=

≤ ≤∑  

The different cases were studied earlier by many authors e.g. [ 7 ], [ 8 ], [ 10 ]. 

We need the following lemma which has been proved in general case in Theorem 1. 

Lemma 1. Let 

( ) ( )
2

 1  .k

k

k

f z z a z T
∞

=

= − ∈∑  

Then ( ), , 1, , ,v
f T

ϑ µ τ α β∈ f and only if 
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( )( )( )
( ),

1

2

1 1 2 2 (1 )
 1 .

2 (1 )
k

k

k k
C k aϑ µ

β βτ βτ α

βτ α

∞

=

− − + + −
≤

−
∑  

The following theorem gives a necessary and sufficient condition for a function to be in 

( ), , 1, , ,
m

v

cT
ϑ µ τ α β  

Theorem 3. 

Let f  be defined by (24). Then ( ), , 1, , ,
m

v

cf T
ϑ µ τ α β∈ f and only if 

( ) ( )( )
( ),

1

1 2

1 1 2 2 (1 )
     1   .                               

2 (1 )

m

k і

k m і

k k
C k a c

ϑ µ
β βτ βτ α

βτ α

∞

= + =

− − + + −
≤ −

−
∑ ∑  (25) 

Proof. By letting 

( )( )( ) ( ),

1

2 (1 )
  ,

1 1 2 2 (1 )  

і

і

c
a

і і C і
ϑ µ

βτ α

β βτ βτ α

−
=

− − + + −
. 

Since ( ) ( ), , , ,1, , , 1, , ,
m

v v

cT T
ϑ µ ϑ µτ α β τ α β⊂ o ( ), , 1, , ,

m

v

cf T
ϑ µ τ α β∈ f and only if 

( ) ( )( )
( )

( )( )( )
( ), ,

1 1

2 1

1 1 2 2 (1 ) 1 1 2 2 (1 )
                    1                   

2 (1 ) 2 (1 )

m

і k

і k m

і і k k
a C і a C k

ϑ µ ϑ µ
β βτ βτ α β βτ βτ α

βτ α βτ α

∞

= = +

− − + + − − − + + −
+ ≤

− −
∑ ∑

( )( )( )
( ),

1

1 2

1 1 2 2 (1 )
         1       

2 (1 )

m

k і

k m і

k k
a C k cϑ µ

β βτ βτ α

βτ α

∞

= + =

− − + + −
≤ −

−
∑ ∑  

d this complete the proof. 

Corollary 2. 

Let f efined by (24) be in the class ( ), , 1, , ,
m

v

cT
ϑ µ τ α β then for 1k m≥ + we have 

( )

( ) ( )( ) ( )
2

,

1

2 1 1

   .
1 1 2 2 (1 )  

m

i

i

k

c

a
k k C k

ϑ µ

βτ α

β βτ βτ α

=

 
− − 

 ≤
− − + + −

∑
 

is result is sharp due to the function f defined by 

( )
( )

( )( ) ( )( ) ( )

( )

( )( ) ( )( ) ( )
2

, ,
2 1 1

2 1 1
2 1

            .                 
1 1 2 2 1 1 1 2 2 1  

m

im
і iі k

і

c
c

f z z z z
і і C і k k C k

ϑ µ ϑ µ

βτ α
βτ α

β βτ βτ α β βτ βτ α

=

=

 
− − −  = − −

− − + + − − − + + −

∑
∑  

Theorem 4. 

Let 

( )
( )

( )( )( ) ( ) ,,
2 11

2 1
               ,                26

1 1 2 2 (1 )

m
і і k

j k j

і k m

c
f z z z a z

і і C і
ϑ µ

βτ α

β βτ βτ α

∞

= = +

−
= − −

− − + + −
∑ ∑  (26) 

for 1, 2, ,j = … � be in the class ( ), , 1, , ,
m

v

cT
ϑ µ τ α β Then the function 

( ) ( )
1

j j

j

F z f zη
=

=∑
�

. 

is also in ( ), , 1, , ,
m

v

cT
ϑ µ τ α β where 

1 2

       1 , 0 1 ,0 1.   
m

j і і

j і

c cη
= =

= ≤ ≤ ≤ ≤∑ ∑
�

. 

Proof. By Theorem 3 for every 1, 2, ,j = … � , we have 

( )( )( ) ( ),

1

,

1 2

1 1 2 2 (1 )  
1    .   

2 (1 )

m

k j і

k m і

k k C k
a c

ϑ µβ βτ βτ α

βτ α

∞

= + =

− − + + −
≤ −

−
∑ ∑ . 

But 
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( ) ( )
( )

( )( )( ) ( ) ,,
1 2 1 11

2 1
                 . 

1 1 2 2 (1 )

m
і і k

j j j k j

j і k m j

c
F z f z z z a z

і і C і
ϑ µ

βτ α
η η

β βτ βτ α

∞

= = = + =

 −
= = − −   − − + + −  
∑ ∑ ∑ ∑
� �

 

So, 

( )( ) ( )( ) ( )
( )

,

1

,

1 1

1 1 2 2 1  
                                        

2 1
j k j

k m j

k k C k
a

ϑ µβ βτ βτ α
η

βτ α

∞

= + =

− − + + −  
  −  

∑ ∑
�

. 

( )( ) ( )( )
( )

1

1 1

1 2 2

1 1 2 2 1  
    

2 1

1 1

j k m

m m

i j i

j i i

k k C k

c n c

β βτ βτ α

βτ α

∞

= = +

= = =

 − − + + −
 
 − 

 
≤ − = − 

 

∑ ∑

∑ ∑ ∑

�

�
 

and the proof is complete. 

Remark 1. Let 1 2, f f e in the class ( ), , 1, , ,
m

v

cT
ϑ µ τ α β Then the function 

( ) ( ) ( )1 2

1
 [ ]

2
H z f z f z= + is also in the class ( ), , 1, , , .

m

v

cT
ϑ µ τ α β  

Remark 2. The class ( ), , 1, , ,
m

v

cT
ϑ µ τ α β s a convex set. 

In the next theorem , we will prove the arithmetic mean property. 

Theorem 5. 

Let  , ( 1,2, , )
j

f j = … � defined by (26) be in the class ( ), , 1, , ,
m

v

cT
ϑ µ τ α β Then the function 

( )
( )

( ) ( )( ) ( ),
2 11

2 1
 ,      ( 0)

1 1 2 2 (1 )

m
і і k

k k

і k m

c
Q z z z b z b

і і C і
ϑ µ

βτ α

β βτ βτ α

∞

= = +

−
= − − ≥

− − + + −
∑ ∑ . 

also in the class ( ), , 1, , ,
m

v

cT
ϑ µ τ α β where 

,

1

1
 .                                      

k k j

j

b a
=

= ∑
�

�
 

Proof. We have 

( )( ) ( )( )
( )

( ),

1

1

1 1 2 2 1
                                     

2 1
k

k m

k k
b C k

ϑ µ
β βτ βτ α

βτ α

∞

= +

− − + + −

−
∑  

( )( ) ( )( )
( )

( )

( )( ) ( )( )
( )

( )

,

, 1

11

,

, 1

1 1

1 1 2 2 1 1
  

2 1

1 1 2 2 11

2 1

k j

jk m

k j

j k m

k k
a C k

k k
a C k

ϑ µ

ϑ µ

β βτ βτ α

βτ α

β βτ βτ α

βτ α

∞

== +

∞

= = +

− − + + −  
=  

−  

 − − + + −
=  

 − 

∑∑

∑ ∑

�

�

�

�

 

by (Theorem 3) 

1 2 2

1
  1  1   ,                                

m m

і і

j і і

c c
= = =

 
≤ − = − 

 
∑ ∑ ∑
�

�
 

and the proof is complete. 

Definition 4. 

Let f nd g belong to ( )T n Then the weighted mean ( )
j

h z f f and g s given by 
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( ) ( ) ( ) ( ) ( )
1

1 1  
2

j
h z j f z j g z = − + +  here 1 1j− ≤ ≤  

Theorem 6. 

Let f nd g be in the class ( ), , 1, , ,
m

v

cT
ϑ µ τ α β Then the weighted mean of f and g is also in the 

class ( ), , 1, , ,
m

v

cT
ϑ µ τ α β Proof. By using Definition 4 , we obtain 

( ) ( )
( )( )( )

( )
( )( )( ), ,

2 1 2 11 1

2 (1 ) 2 (1 )1
1  1      

2 1 1 2 2 (1 ) ( ) 1 1 2 2 (1 ) ( )

m m
і k і kі і

j k k

і k m і k m

c c
h z j z z a z j z z bz

і і C і і і C і
ϑ µ ϑµ

βτ α βτ α

β βτ βτ α β βτ βτ α

∞ ∞

= = + = = +

    − −
 = − − − + + − −   

   − − + + − − − + + −     
∑ ∑ ∑ ∑  

( )( )( )
[ ]

,
2 11

2 (1 ) 1
(1 ) (1 )      

21 1 2 2 (1 ) ( )

m
і kі

k k

і k m

c
z z j j b z

і і C і
ϑµ

βτ α
α

β βτ βτ α

∞

= = +

 −
= − − − + + 
 − − + + − 
∑ ∑  

Since f nd g re in the class ( ), , 1, , ,
m

v

cT
ϑ µ τ α β sing Theorem 4 ,we have 

( )( ) ( )( ) ( )
( )

( ) ( )
,

1

1

1 1 2 2 1  1
1 1   

2 1 2
k k

k m

k k C k
j a j b

ϑ µβ βτ βτ α

βτ α

∞

= +

− − + + −
 − + + −

∑ . 

( )( ) ( )( ) ( )

( )
( )

( )( ) ( )( ) ( )

( )
( )

( )

,

1

1

,

1

1

2 2 2

1 1 2 2 1  1
1

2 2 1

1 1 2 2 1  1
 1
2 2 1

1 1
  1 1  (1 ) 1
2 2

k

k m

k

k m

m m m

i i i

i i i

k k C k
j a

k k C k
j b

j c j c c

ϑ µ

ϑ µ

β βτ βτ α

βτ α

β βτ βτ α

βτ α

∞

= +

∞

= +

= = =

− − + + −
= −

−

− − + + −
−

−

   
− − + + − =   

  
≤



+

∑

∑

∑ ∑ ∑

 

and again by Theorem 4 , ( ) ( ), , 1, , ,
m

v

j ch z T
ϑ µ τ α β∈  

Now , we obtain the extreme points of the class ( ), , 1, , ,
m

v

cT
ϑ µ τ α β ut we need the following 

theorem to prove. 

Theorem 7. 

Let 

( )
( )

( )( )( ) ( ),
2 1

2 1
                                        

1 1 2 2 (1 )

m
і і

m

і

c
f z z z

і і C і
ϑ µ

βτ α

β βτ βτ α=

−
= −

− − + + −
∑  (27) 

and for 1k m≥ + . 

( )
( )

( )( )( ) ( )

( )

( ) ( )

,
2 1

2

,

1

2 1
                                        

1 1 2 2 (1 )

2 1

( 1) (1 2 ) 2 (1 )

1

m
і і

m

і

m

і i

і k

c
f z z z

і і C і

c c

z
kk k C

ϑ µ

ϑ µ

βτ α

β βτ βτ α

βτ α

β βτ βτ α

=

=

−
= −

− − + + −

−

−
− − + +

 
 


−

−


∑

∑
 

Then the function Y s in the class ( ), , 1, , ,
m

v

cT
ϑ µ τ α β f and only if it can be expressed in the form 

( ) ( )Y   ,         k k

k m

z f zσ
∞

=

=∑ . 

Where 0  ( )k k mσ ≥ ≥  and 

1 .                        k

k m

σ
∞

=

=∑  

Proof. Let 
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( ) ( )Y   .k k

k m

z f zσ
∞

=

=∑  

Then 

( ) ( ) ( )
1

Y                                        m m k k

k m

z f z f zσ σ
∞

= +

= + ∑  

( )
( ) ( )

( )
( ) ( )

( )

( ) ( )

,
2 11

,
1 2 1

2

,
1 1

2 1

( 1) (1 2 ) 2 (1 )

2 1

( 1) (1 2 ) 2 (1 )

2 1 1

( 1) (1 2 ) 2 (1 )

m
і i

m m k

i k m

m
і i

k

k m i

m

і

i

k

k m

i

i

c
z z z

i i C

c
z

i i C

c

z
k kk C

ϑ µ

ϑ µ

ϑ µ

βτ α
σ σ σ

β βτ βτ α

βτ α
σ

β βτ βτ α

βτ α

σ
β βτ βτ α

∞

= = +

∞

= + =

∞
=

= +

−
= − +

− − + + −

 −
−   − − + + − 

 
− − 

 −
− − + + −

∑ ∑

∑ ∑

∑
∑

( )
( ) ( )

( )

( ) ( )

( )
( )

,
1 1 2 1

2

,
1 1

,

1

2 1

( 1) (1 2 ) 2 (1 )

2 1 1

( 1) (1 2 ) 2 (1 )

2 1

( 1) (1 2 ) 2 (1 )

k

m
і i

m k m k

k m k m i

m

і

i k

k

k m

і

c
z z

i i C

c

z
k k C

c
z

i C

k

i

i
ϑ µ

ϑ µ

ϑ µ

βτ α
σ σ σ σ

β βτ βτ α

βτ α

σ
β βτ βτ α

βτ α

β βτ βτ α

∞ ∞

= + = + =

∞
=

= +

 
 
 
 
 
 

−   
= + − +   

− − + + −   

 
− − 

 −
− − + + −

−
= −

− − + + −

∑ ∑ ∑

∑
∑

( )

( )

( ) ( )

2

2

,
1 1

2 1 1

( 1) (1 2 ) 2 (1 )

m
i

i

m

і k

i k

k m

z

c

z
k k

i

kC
ϑ µ

βτ α σ

β βτ βτ α

=

∞
=

= +

 
− − 

 −
− − + + −

∑

∑
∑

 

Finally , we have 

( )( )( )( ) ( ) ( )

( )( )( ) ( ) ( )

,

1

,
1 1

1 1 2 2 (1 ) 1 2 1  
                      

1 1 2 2 (1 )  2 1

k

k m

k k C k

k k C k

ϑ µ

ϑ µ

β βτ βτ α βτ α σ

β βτ βτ α βτ α

∞

= +

− − + + − − −

− − + + − −
∑  

( )
2 1 2 2

1   1  1 1  .          
m m m

і k і m і

і k m і і

c c cσ σ
∞

= = + = =

   
= − = − − ≤ −   
   
∑ ∑ ∑ ∑  

Thus ( ), ,Y 1, , ,
m

v

cT
ϑ µ τ α β∈ Conversely , assume ( ), ,Y 1, , ,

m

v

cT
ϑ µ τ α β∈ so 

( )
( )

( )( )( ) ( ),
2 11

2 1
      Y  .           

1 1 2 2 (1 )

m
і і k

k

і k m

c
z z z a z

і і C і
ϑ µ

βτ α

β βτ βτ α

∞

= = +

−
= − −

− − + + −
∑ ∑

 
By putting 

( )( )( ) ( )

( )
( )

,

1

2

1 1 2 2 (1 )  
 , 1 ,           

2 1 1

k km

i

i

k k C k
a k m

c

ϑ µβ βτ βτ α
σ

βτ α
=

− − + + −
= ≥ +

 
− − 

 
∑

 

We have 0  kσ ≥ nd if we set 

1

1   ,                                    m k

k m

σ σ
∞

= +

= − ∑  
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We get , 

( )
( )

( )( ) ( )( )

( )

( )( )( ) ( )
2

, ,
2 11 1

2 1 1  
2 1

 Y                              
1 1 2 2 1 ( ) 1 1 2 2 (1 )  

m

i km
і iі k

і k m

c
c

z z z z
і і C і k k C k

ϑ µ ϑ µ

βτ α σ
βτ α

β βτ βτ α β βτ βτ α

∞
=

= = +

 
− − −  = − −

− − + + − − − + + −

∑
∑ ∑  

( )
( )

( )( ) ( )( )

( )

( )

m ,
1 2 1

m

1

m

1 1

2 1
 f ( )      

1 1 2 2 1 ( )

   f  ( ) ( ))     

1  f     ( )     ( )       

і і

k k

k m i

m k k

k m

k k k k k

k m m

m

k k m

c
z z z f z

і і C і

z f z f z

z f z f z

ϑ µ

βτ α
σ

β βτ βτ α

σ

σ σ σ

= + =

= +

∞

∞

∞

= + = =

∞ ∞

+

 −
= − − − 

 − − + + − 

= − −

 
= − + = 
 

∑ ∑

∑

∑ ∑ ∑

 

Corollary 3. 

The extreme points of the class ( ), , 1, , ,
m

v

cT
ϑ µ τ α β re the functions   ( )kf k m≥ efined by (27),(28). 

Now , we obtain the radii of starlikeness and convexity for the elements of the class 

( ), , 1, , ,
m

v

cT
ϑ µ τ α β  

Theorem 8. 

Let the function f efined by (24) be in the class ( ), , 1, , ,
m

v

cT
ϑ µ τ α β Then f s starlike of order 

 (0 1)η η≤ < n z r<  where r s the largest value such that 

( ) ( )( ) ( ) ( ) ( )( ) ( )
21 1

, ,
2 1 1

1
1

     .
2 (1 )1 1 2 2 (1 ) 1 1 2 2 (1 )  

m

im
iі kі

і

c
c

r r
і і C і k k C k

ϑ µ ϑ µ βτ αβ βτ βτ α β βτ βτ α
=− −

=

 
− 

 + ≤
−− − + + − − − + + −

∑
∑  

Proof. It is sufficient to show that 
'( )

                          1 1  .          
( )

zf z

f z
η− < −  (29) 

Thus ,we have 

( )( )( ) ( )

( )( )( ) ( )

1 1

,'
2 11

1 1

,
2 11

( 1)2 (1 )
( 1)

1 1 2 2 (1 )( )
1         

2 (1 )( )
1

1 1 2 2 (1 )

m
і k

і

k

i k m

m
і k

і

k

i k m

і c
z k a z

і і C іzf z

cf z
z a z

і і C і

ϑ µ

ϑ µ

βτ α

β βτ βτ α

βτ α

β βτ βτ α

∞
− −

= = +

∞
− −

= = +

− −
+ −

− − + + −
− ≤

−
− −

− − + + −

∑ ∑

∑ ∑
 

( ) ( )( ) ( ) ( )( )( ) ( )

( )( )( ) ( ) ( ) ( )

21 1

, ,
2 11 1

21

,
2 1

2 (1 ) 1
( 1)2 (1 )

( 1)
1 1 2 2 (1 ) 1 1 2 2 (1 )

2 (1 ) 1
2 (1 )

1
1 1 2 2 (1 ) 1 1 2

m

im
iі kі

i k m

m

im
iіі

i

c
і c

r k r
і і C і k k C k

c
c

r
і і C і k k

ϑ µ ϑ µ

ϑ µ

βτ α
βτ α

β βτ βτ α β βτ βτ α

βτ α
βτ α

β βτ βτ α β βτ

∞
=− −

= = +

=−

=

 
− − 

− −  + −
− − + + − − − + + −

≤
 

− − 
−  − −

− − + + − − − + +

∑
∑ ∑

∑
∑ ( ) ( )

1

,
1 1

        

2 (1 )

k

k m

r
C kϑ µβτ α

∞
−

= + −
∑

Therefore (29) holds true if the last term of above relationship is less than 1 η− r equivalently 

( )( )( ) ( ) ( )( )( ) ( )
21 1

, ,
2 1 1

( )2 (1 ) 1
( )2 (1 )

         1.                    
1 1 2 2 (1 ) (1 ) 1 1 2 2 (1 )  (1 )

m

im
iі kі

і

k c
і c

r r
і і C і k k C kϑ µ ϑ µ

η βτ α
η βτ α

β βτ βτ α η β βτ βτ α η
=− −

=

 
− − − 

− −  + ≤
− − + + − − − − + + − −

∑
∑  

Finally ,we find 
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( )( )( ) ( ) ( )( )( ) ( )
21 1

, ,
2 1 1

1
1

         
2 (1 )1 1 2 2 (1 ) 1 1 2 2 (1 )  

m

im
iі kі

і

c
c

r r
і і C і k k C k

ϑµ ϑµ βτ αβ βτ βτ α β βτ βτ α

=− −

=

 
− 

 + ≤
−− − + + − − − + + −

∑
∑  

and this completes the proof. 

Making use of (4), we obtain the following corollary: 

Corollary 4. 

Let ( ), , 1, , ,
m

v

cf T
ϑ µ τ α β∈ Then f s convex of order  (0 1)η η≤ < n z r<  where r s the largest 

value for which 

( )( )( ) ( ) ( ) ( )( ) ( )
21 1

, ,
2 1 1

  1
  1

    .
2 (1 )1 1 2 2 (1 ) 1 1 2 2 (1 )  

m

im
iі kі

і

k c
іc

r r
і і C і k k C kϑ µ ϑ µ βτ αβ βτ βτ α β βτ βτ α

=− −

=

 
− 

 + <
−− − + + − − − + + −

∑
∑  

Theorem 9. 

Let ( ), , 1, , ,
m

v

cf T
ϑ µ τ α β∈ nd 

( ) ( )( ) ( )
( )

2

,

1

2 (1 ) 
  ,    2 .

1 1 2 2 (1 )

і

і

c
d і m

і і C і
ϑ µ

βτ α

β βτ βτ α

−
= ≤ ≤

− − + + −
 

Then the function 

( )
( )

( ) ( )( ) ( ),
2 11

2 1
        

1 1 2 2 (1 )

m
і і k

k

і k m

d
h z z z a z

і і C і
ϑ µ

βτ α

β βτ βτ α

∞

= = +

−
= − −

− − + + −
∑ ∑  

also in the class ( ), , 1, , ,
m

v

cT
ϑ µ τ α β  

Proof. It can be verified that ( )( ) ( ),

11 (1 2 (1 ) 1 ;  2,3, ,  .і і C і і mϑ µβ βτ α− − + − > = … herefore 

( )( )( ) ( )

2

,

1

2 (1 ) 
0 1 .

1 1 2 2 (1 )

і

і і

c
d c

і і C і
ϑ µ

βτ α

β βτ βτ α

−
≤ = < ≤

− − + + −
 

2 2

0  1 .
m m

і і

і і

d c
= =

≤ ≤ ≤∑ ∑  

Thus 

( ) ( )( ) ( )

( )

( )( )( ) ( )

( )

, ,

1 1

1 1

2 2

1 1 2 2 (1 )  1 1 2 2 (1 )  
1

2 1 1 2 1 1

k km m
k m k m

i i

i i

k k C k k k C k
a a

d c

ϑ µ ϑ µβ βτ βτ α β βτ βτ α

βτ α βτ α

∞ ∞

= + = +

= =

− − + + − − − + + −
≤ ≤

   
− − − −   

   

∑ ∑
∑ ∑

. 

and this completes the proof. 
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