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Abstract 

 

In this paper, we define a new subclass ( , , , )pH A Bβ γ ν   of multivalent functions in the 

open unit disk U. We obtain some interesting properties, like, coefficient estimates and 

closure theorems. Also we discuss integral representation, convolution properties and integral 

mean related with fractional integral. 
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1.  Introduction 

Let pAβ  be the class of functions of the form:- 
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Which are analytic and multivalent in the open unit disk { }: 1U z z= ∈ <�  

Let pH β  be denote the subclass of pAβ  containing of functions of the form: 
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Which are analytic and multivalent in the open unit disk U. 

Definition 1: Let pf H β∈  be given by (2). Then, the class ( , , , )pH A Bβ γ ν  is defined by  

}

''( )
'''

''( )
'''( )

( ) ( 3)

( , , , ) : ,0 1, 1,0 1,0

( 2 )

1 0 1

z

p p z
z

f
f z p

zH A B f H A
f

f A B
z

B and

β

β

β

β

β β
β

γ ν ν γ β

γ γ

ν

 
− + −  

= ∈ < ≤ < > < ≤ 
 + + +
  

≤ < < <

 (3) 



On a New Subclass of Multivalent Functions with Positive Coefficients 29 

Such type of study was carried out by several different authors for another classes, like, Atshan 

and Wanas [3], Atshan and Kulkarni [2], Najafzadeh et al.[9],Aouf [1], Khairnar and Rajas [6] 

,Rajabikafshgar and Latha [10] and Bulut [4]. 

 

 

2.  Coefficient Estimates 

The following theorem gives a necessary and sufficient condition for a function f to be in the class 

( , , , )pH A Bβ γ ν  

Theorem 1: Let pf H β∈ . Then ( , , , )pH A Bβ γ ν  if and only if 
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Where 0 1, 1,0 1,0 1A Bγ β≤ < > < ≤ ≤ <  and p N∈ . 

The result is sharp for the function 
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Proof: Suppose that the inequality (4) holds true and 1z = .Then, we have 
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By hypothesis 

Hence, by maximum modulus principle, � ∈  ��� ��, 
, �, � . 

Conversely, suppose that � ∈  ��� ��, 
, �, � .Then from (3), we have 
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Since Re (z) z≤ for all z (z U∈ ) we get  
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We choose the value of z on the real axis so that
'''
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f z
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Letting z → 1
-
, through real values, we obtain inequality (4).Finally, sharpness follows, if we take  
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Corollary 1: Let f ∈ ( , , , )pH A Bβ γ ν . Then  
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3.  Closure Theorems 
Theorem 2: Let the functions if  defined by   
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Be in the class ( , , , )pH A Bβ γ ν  for every i = 1,2,…,ℓ. Then the function h1 defined by  
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( 1)( 2)( ( 1)),p p A B pν β β γ β≤ + − + − + + + −  

Therefore by Theorem 1, we have 1h ∈ ( , , , )pH A Bβ γ ν  

This completes the proof of the theorem. 

Theorem 3: Let the function  defined by (7) be in the class ( , , , )pH A Bβ γ ν   
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4.  Integral Representation 
In the following theorem, we obtain integral representation for the function � �́zβ
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5.  Convolution Properties 
Theorem 5: Let the function f1 (j=1,2) defined by 
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≤ �2�� +  − 12�� +  − 22# − � + ��
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6.  Integral Mean Inequalities for the Fractional Integral  
Definition 2 [5]: The fractional integral of order λ (λ > 0) is defined for a function   by  
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For P  > 0 and z = r *�O (0 

˂
 r 

˂
 1), we must show that  

(2Q
0 Z1 + � K�� + J + S + 1K�� + 1

∞

R=�+1  �R − SS +1  ��R�R �R −�   Z
P

0O. 
 ≤ (2Q

0 21 + ��� + � − 1�� + � − 2�
 + � + ��� + � − 1K� + 1K�� + J + S + 1��� +  − 1�� +  − 2� − � + ��
 + � + ���� +  − 1K�� + 1K� + J + S + 1 � −� 2P 0O. 
 

By applying Littlewood̕ s subordination theorem, it would suffice to show that 

1 + � K�� + J + S + 1K�� + 1
∞

R =�+1  �R − SS+1  ��R�R �R−�  
 ≺ 1 + ��� + � − 1�� + � − 2�
 + � + ��� + � − 1K� + 1K�� + J + S + 1��� +  − 1�� +  − 2� − � + ��
 + � + ���� +  − 1K�� + 1K� + J + S + 1 � −�  

 
By setting  

1 + � K�� + J + S + 1K�� + 1
∞

R =�+1  �R − SS +1  ��R�R �R −�   
 = 1 + ��� + � − 1�� + � − 2�
 + � + ��� + � − 1K� + 1K�� + J + S + 1��� +  − 1�� +  − 2� − � + ��
 + � + ���� +  − 1K�� + 1K� + J + S + 1 �\�� −� , 

 

We find that 

�\�� −�  = ��� +  − 1�� +  − 2# − � + ��
 + � + ���� +  − 1$K� + J + S + 1��� + � − 1�� + � − 2�
 + � + ��� + � − 1K� + 1 × 

 

�∞R=�+1  �R − SS+1  ��R�R �R−�  , 
 

Which readily yields w(0) = 0 .For such a function , we obtain 
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│\��│ −�  = ��� +  − 1�� +  − 2# − � + ��
 + � + ���� +  − 1$K� + J + S + 1��� + � − 1�� + � − 2�
 + � + ��� + � − 1K� + 1 × 

 

�∞R =�+1  �R − SS+1  ��R�R │�│R−�   
  ≤ ��� +  − 1�� +  − 2# − � + ��
 + � + ���� +  − 1$K� + J + S + 1��� + � − 1�� + � − 2�
 + � + ��� + � − 1K� + 1  × 

 

��� + 1│�│ �∞R =�+1  �R − SS+1  �R   
 = │�│��� +  − 1�� +  − 2# − � + ��
 + � + ���� +  − 1$K� + J + S + 1K�� − S + 1��� + � − 1�� + � − 2#
 + � + ��� + � − 1$K� + 1K�� + J + S + 2

 

× �∞R=�+1
 �R − SS+1  �R ≤ │z ˂│  1.

 
 

This completes the proof of the theorem. 

By taking η = 0 in the Theorem 8, we have the following corollary:- 

Corollary 2: Let  � ∈  ��� ��, 
, �, � and suppose that  fnis defined by (17). 

Also let 

� R �R
∞

R =�+1 ≤ ��� + � − 1�� + � − 2�
 + � + ��� + � − 1K� + 1K� + 1K�� + J + 2��� +  − 1�� +  − 2# − � + ��
 + � + ���� +  − 1$K� + J + 1K��  ,
 

( n ≥ p+1). 

If there exists an analytic function w defined by  

�\�� −�  = ��� +  − 1�� +  − 2# − � + ��
 + � + ���� +  − 1$K� + J + 1��� + � − 1�� + � − 2�
 + � + ��� + � − 1K� + 1
 

× �∞R=�+1  R ��R �R �R−�, 
 

Where  

��R = K�RK�R + J + 1 , �J > 0, R ≥ � + 1
 

Then, for z=r  and 0 

˂
 r 

˂
 1 

( │I�−J ����│P   2Q
0 0O ≤ ( │I�−J � ���│P   2Q

0 0O, �J > 0, P > 0. 
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