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Abstract

In this paper, we introduce and study a new subclass of univalent functions with
negative coefficient defined by Hadamard product. We obtain various important
properties and characteristics properties for this class. Further we obtain partial sums for
the same.
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1. Introduction
Let € denote the class of functions of the form

flz) ==z -I-Z a,z"
= (1.1)

which are analytic and univalent in the open unit disk U = {z: z € C.|z| < 1}, normalized
by f(0)= f'(0) — 1L = 0.See [4], denoted by T*(@)and K(¢),(0 <@ < 1) the subclasses of
function in €. That is starlike and convex functions of order ¢ respectively.
Analytically , f € T*(g) if and only if, f is of the form (1.1) and satisfies
{Zf '(2)
Re
f(z)
Similarly, fe K(g)if and only if, f is of the form (1.1) and satisfies
Re {1 + 2O
f'(2)

Also, let A denote the subclass of € consisting of functions of the form

}::q:r, (0=<@<1;ze ).

}:ﬁfp 0= <L;zeU).
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[= =}

F@=2-) @z, (a,20meN)

n=2 (1.2)
This class introduced and studied by Silverman [ 8],
etB (@) = RNT(g) CV(g) = R NK (@) The Classes B (@) and ¥ (@) possess some

interesting properties and have been extensively studied by Silverman [8] and others.
The Hadamard product (or Convolutlon) of two power series

f[z]—z—zlrx ™, g[z]—z—sz s

n=2 (1.3)
in 4 is defined (as usual) by

oo

(F* )@ =@ g =z ) a,b,="
n=? (1.4)
Motivated by Ravichandaran et al. [12] and Atshan et al. [3] and see [4],[9].
Now, we define a new subclass A" (g, @, k, & ) of the class A.
Definition (1.1): For 0 =@ =< 1Lk = Oand 0 =< A = % , we let A*(g, @, k, L) be the
subclass of the classA consisting of functions of the form (1.2) and satisfying the analytic
criterion

219 @), G0
e o

2(f*9) (2) o 2(f+9) @)
f*9(2) (fF9)@)

(1.5)

The main object of this paper is to study some geometric properties of the class A*(g, @, K,
M), like the coefficient bounds, extreme points, radii of starlikeness, convexity and close to

convexity for the class A*(g, @, k, A).Further, we obtain partial sums for this class.
Atshan and Buti [3], Dziok and Srivastava [5], Goodman [6], Ruscheweyh [7], Silverman [8],
Aouf and Magesh and others [2], studied the Univalent function for different classes.

2. Coefficients Inequalities
In the following theorem, we obtain necessary and sufficient condition for a function f to be in the

class A*(g, 0, k, ). We will mention some lemmas, useful for our work.
Lemma (2.1) [7]: Let ¢ = 0 and w be any complex number. Then
Re(w) = @ if andonly if lw— (1 +@)| < |w+ (1 — )|
Lemma (2.2)[7]:Letk =0,0< ¢ < 1and § ER Then
Re (w) = klw — 1|+ ¢ ifandonlyif Re(w(l + ke'¥)— kel?) = .
Where w be any complex number.
Theorem (2.3) Let / € 4 be given by (1.2). Then fe A*(g, ¢, k, A) if and only if

Dk + DA+ (= 1)2) — (k+9)ayh, < (1-9) -

(2.1)
The result is sharp for the function

B (1- o) -
& = e T DAt e DD — Gkt o), - "2

Proof:- Let f € A™(g, ¢, k, &) and |z| = 1.Then by definition and using Lemma (2.2) it is
enough to show that
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z(f=9)'(2) . 22 (f=9)"(2) 8y _ fﬂ
Re{{ oD +2 Fr )02 ](11—#:.& ) k.e =@
. [Z‘if*g]’{zﬁ £A22(F * 9)"(2) (14 ke®) —kE'ﬂ{f*g}{zJ] >0
F*0@) ’
feR (2.2)

For convenience, we let A(2) = z(f* 9)"(2) +Az*(f * 9)"(@)(1+ ke™®) — ke (f = g)(2),
B(z)= (f=g)(2)

That is, the equation (2.2) is equivalent to Re (*:Ez:) > a.

In view of Lemma (2.1), we only need to prove that
A(2)+ (1-@)B(2)|-|A(z) - (1 +@)B(z)| = 0.
Therefore |A(z) + (1 — @)B(z)| =

[= =}

((z— Z a,b,nz") — l{z a,b,n(n—1)z") (1+ ke®®) — ke®® (z —i aﬂbﬂz”)

n=2 n=12

[= =}

+(1-9)(z— ) apbyz™)

n=2

(z(1 4+ ke'®) — Z a,b,n z™)(1+ ke®) —AZ a,b,n (n—1)z"(1 + ke®®) — ke'z
n=z n=2

¥ kefﬂz ab 2"+ L(1— @)z —(1—g) {z a, b, z")

m=1 n=3

= a)

> (2— @]—Zaﬂbﬂ{n(1+k]{1+ (-1 —k+(1—0)

Also
A(2) = (1 +9)B(2)| = ]

((z— Z a, b_nz™) — ;«(i a,b,n(n—1)z"))(1+ke”) — ke (z— Z a b z™)

n=12

n=2
-

—(1+@)(z— Z a b z™)

n=z

<(1-(1+¢) —z ab,(n(L+K) +nln— DAL +1)) —k— (L + @),

(@) + 2 anb, ({1 + (1 + (n— 1)) k(1 + ).
It is easy to show that
14(z) + (1 - 9)B(2) |- |A2) - (1 + 0)B(2)

2 (2-9) = ) ayb, (1 +B)(1+ (= DN —k+(1- )

n=12

— ({cpj + Z ab (m(1+k)(1+ (-1 —k—(1+ cpj).

= 2(1=¢) 2 ) aub,(n(1+ K)(1+ (n — 1)A) — (k+ ¢))

n=12
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—(1—¢) —Z a,b, (n(1+K) 1+ m— 1)) - (k+¢)) = 0,

by the given condition (2.1).
Conversely, by Lemma (2.2), we have equation (2).

o [2F 7 9) @) +2Az2(F * g)"(2)] (1 + ke®) —"‘E‘g{f*g]{ﬂl -9 . BER,
(f =g)(z)
then,
R [[z(f = g)'(2) +22%(F = g)"(2)](1 + ke™®) — ke (f = g)(2) ]
e —@| =0
(f =g)(z)
_n [[ZU’ +g) (2)+ 223(F* 9)"(2)](1 + ke™®) — ke (F* g)(2) — o(f * g](Z]l
= Re =0,
(f=9)(=)

or equivalently, _ _ _
Re [(H—Ef:z apbgnz) (146 )T, apban (n—1)2") (1456 )-2e™® (-T2, 2, =™ ) —@(z-T5, apbpz") ]:| .

oo
z—Eﬂzﬂﬂﬂbﬂzﬂ

0,
_po [FA=9) —Eiy anbyz" [n(1 + ke®)(1 + (n— 1)) — (ke® + )]
- £ E::=2 aﬁbﬂz” -

—@) -2 ,a b z"1[n e'f " — —(ke'®

0,

z(1-X¥r_,a,b,z"" 1)
i _ id g _
Since e =1, hence Re(e™) = |e*| = 11 etting ¥ — 17 yields
(1—g)— 2 a,b, [n(1+ )1+ (n—1)1) —(k+¢)]
e = D.l
{:1 - ':::2 a’nbnj
and so by the mean value Theorem, we have

Re((1=¢) = ) a,b, (R(1+K)(1+ (2= DA) = (k+9))} 20,

so we have

[= =}

D b, (e + (A + (- DA — (k +@)] < (1~ )

mn=2
Finally, the result is sharp for the function
(1-9)
flz)=z- "

A+ A+ (n- DD - (k+ @b,
The proof is complete. ®
Corollary 2.4) Let £ € A*(g, 0, k, 1).Then
(1-9)
1+ )1+ (n—1)1) — (k+¢)]b, ) (2.3)
By taking A=0, in Theorem (2.3) we get the following Corollary.
Corollary (2.5) Let f(z) € A given by (1.2).Then f £ A*(g, 0, k, ) if and only if

Zaﬂbﬂ[n{1+k:]—(k+qu]£(1—¢lj.

mn=2

Rt

aﬂ

3. Growth Theorem and Distortion Theorem
Theorem (3.1) If f € A*(g, @, k,)) and b,, = b, then
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(1-9) ; (1-¢) s
Ck+ DA+ - (k4 cp})bf slfEl=r {2{k+ D14+ 1) — (kL @))b,

and
2(1- o) , 2(1—¢)
R+ DA+ED - (k+ cp]]bf =lif@l=1 (2(k+ D(1+1) —(k+ cp])b
(lz| =r<1).
The result is sharp for
f@)=z- —— 2
k+1DE+D) - (k+o))b, (3.1)

Proof:- Since

==

fR=z-) a2

n=a

==

we have
an Izl-I-Zc: ZI* <141 Z

f@l<|z-
n=12 n=2 (32)

Since for ® = 2, (2(k + 1](1 +A —(k+e))b, = (n(1+k)(1+n—1)1)— (k+ @)l
Using Theorem (2.3), we have

2+ 1)1+ D) —(k+ @b Z EZ L1+ )1+ (n—1)4) — (k+¢)]

=(1-9).

==

That 1s,

1-¢
Z_ " =R D+ - (k+@))by
Using the above equation in (3.3), we have

(1— ) 2
Ifzl=r+ (2k+1)(1+24) —(k +@)b, ’
And

(1— ) 2

&2 = T Da+H -k Tenb,
The result is sharp for
(1 - ‘P] 7

fle)=z- 2Ck+ D(1+4) —(k+oNb,
Similarly, since

fliz)=1- z a,nz" 1,

n=2

[= =}

we have,
Za nz"1 =‘i|1|+2na |z| ™1 “ii-l-zrz

If'(2)1=
n=7 n=17 (33)

Since for ™ = 2, (2(k+ 1)(1 + 11] —(k+o))b, = (m(A+k)(1+(n—1A) - (k+@)]b,
Using Theorem (2.3), we have

[= =}
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@+ D1+ D) — (k+ @) Z gz L1+ B+ (= DD = (k + )]

=(1-g)
That is

1—¢
Z? n _(2(k+ 1+ A) — (k+@))by

Using the above equation in (3.3), we have

IF()l <1+ 2(1 - 0) »
2k+1DA+D — (k+ o))b,
and
2(1 - @)

If'(z)=1- CHR+DA+1) — (k+ )b,
The result is sharp for

. 2(1-9)
fa)=1 Qk+ DA+ —(k+o))b, -
The proof is complete. ®

4. Extreme Point
Theorem (4.1) Let f; (z) =z,

(1—)
n -4 " (n=2
) MO0t DD Grap, - ®ZD wh
where (MEN0<¢@<Lk=0).

Then f € A*(g, 0, k, L), if and only if it can be expressed in the form

f@=) mf@.

where [Hn = 0 Zy=1 Ha=] or 1 = By T L= -
Proof:- Let f(z) can be expressed as in (4.2). Then

f2)= Z b £.(2)

4.2)

=Mz ‘l'z Enfr (2).

(1-9) N
_“1z+z Hn ( T F A+ -0 — (k+9)b, )-

(1—9) n
- “12"'2 “nz-z b T TOA T D) ko). )

(1_@3] n
_z(“”z“”) L GO+Ba+@-DD- Kk+e)b,

(1-¢)
(1 + 1+ (n— DA — (k + @)b, ™

]

=z —
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a. = (1_@3}

n (ﬂ('l+fc](1+{n—1]‘,1]_(k+¢]]]bﬂ#ﬂ;
therefore f € A*(g, 0, k, 1), since

b (n(1+k)(1+ (n—1)4) — (k+ @) .

1-¢)
Hence,
y (1-0) [RA+R0+R-DD) = (+ )b, ,
L5 @+ A+ (- DD - (k+ 9)]b, -9
:Z g, = 1—p, <1
n=2
So by Theorem (2.3), f E A*(g, o, k, \).
Conversely, we suppose f E A*(g, ¢, k, 1).Then by (2.1), we may set
(1—¢)
= . =2
=M DA+@-DA) -k + @b, (n=2)
we set,
1+k)1+ —1)A)— (k+ b
N S (R R D Rl ) LY
(1—e)
and
py=1 —Z B s
n=1
then
flz)=z-— Z a,z",
o n=2
B (1— o) N
-7 A+ 0+ (- DD -k +e)b, ‘7"
= ¢))bn 4.3)
Therefore,
. @R+ (= DD~ (k+ )b,
"= z— f.(z)).
Putting in (4.3), we get
- (1-g) Ml +K01+ (n—1)4) - (k+ ghb,,
FO=2"2, GE+RE+@m-DD - G+ @b, -9 (z —fa2)
=z ) pyzt ) @ =z(1— > ,I.Lﬂ)-l- Y ou fo@=zu 4 ) g, f,@
=2 ﬂ=:x'_-77 fi=2 fi=2 =2

=> n,f,0.
n=1

The proof is complete. ®
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5. Radii of Univalent Starlikeness, Convexity and Close to Convexity

Theorem (5.1) If fe A*(g, ¢, k, A) then f is starlike of order & (0 <& << 1) in the disc
lz| <= (@.2 8,k), where

1

1— &) [n(1 -1 (k+1) - (k b )n-1
(o 5) =g, [AZOLAT O DNGE DGt O,
(n—38)(1-o) (5.1)
Proof:- It is sufficient to show that
3"';} 1|<1-9, (0<6<1)
for |z| < r, (@A 6, k).
We have
zf' (2) |- Z(1— X, a nz"1) _lza- “.f.a, nz"1) .
f(2) Sl z— i Z(1—- 2y a,z™ 1)
(1-X7,anz""1)—(1-Z7,a,z""7)

(1—-X7,a,z™1)
|-z, =1z - e, (n— D=l
T A-ZazmY) | T (-, ezl

_ n—1
= 2[n Sj Eln |Z| = 1.
1—38 - (5.2)
Hence, by Theorem (2.3),(5.2) will be true if

If

(n=8) |y (PAFR+ (=)D = (e + o),

1-8 - (1—¢) J

and hence,

o] < {(1 —§)n(1l+(n—1)0)(k+1) —(k + cpj]bﬂ}m
- (n—38)(1—¢)

Setting |z| = (@, A, 4, k), we get the desired result. The proof is complete. ®
Theorem (5.2) If f &€ A*(g, 0, k, L), then f is convex of order § (0 = & < 1) in the disc

lz| < r5 (.2, 8, k), where
- {El— S[n(L+(n— DA (k+ 1) — (k -I-r;:l]]bn}ﬁ
" n(n—6)(1 - ) ’

Proof:- It is sufficient to show that

"J’:T;‘I:'gl—ﬂ, (06 <1)
For |z| <=, (@, A 6, k).
We have
zf"(2)|  |e(—Zisam(n—1)z"Y)| |-l an(n—1)z"t
f'(z) 1-27,a,nz"? 1-37 ,a,nz"t
= a n(n—1)z|"?
_En_‘ AT 2zl c1_8
1— 2 a,nlz"?

If

E:zﬂn n—a
2 ja:,',ﬁla'l""“_l =1

(1—4) (5.4)
Hence, by Theorem (2.3),(5.4) will be true if
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[n(1+ (n— DW(k+ 1) — (k+ @)]b,
(1 - o)

!

1-46

and hence,
1

Iz < {[1 —§)n(1+(n—1)(k+1) —(k+ cp]]bn}ﬂ—l
z| =
n(n—38)(1-g)
Setting |zl =, (@, X, 8, k), we get the desired result. The proof is complete. =

Theorem(5.3) Let a function F € A*(g, @, k, A). Then f is close to convex of order
§ (0= § < 1)in the disc |z| < r3 (.2, 8, k), where

i

1—-8)[n1l+(n—1)A)(k+ 1) —(k+@)]b, |1
(o810 = m&{i )[n(1 + (n = DN+ 1) — (k + )] } .
n(l—g) (5.5)
Proof:- It is sufficient to show that
lf'(z)—1l =1 -6, (0= 6<1)
for |Z| ETE EQJ,PL,IS, kj
We have,
If'(z)— 1l = Z = ‘—Z a,nz" 1| < Z a,n|z["t = 1-46,
If P N—L n—i
Z?‘} n|Z|n 1 {: 1
1— a) (5.6)

Hence, by Theorem (2.3), (5.6) will be true if
[(1+(n -1+ 1) —(k+o)]b,

T
R

1—6 B (1-@) '

and hence,

o] < (1-8)n1+n—1)2)(k+1) —(k+@)lb, }
n(l— @)

Setting |z| = r3(@. 2,6, k], we get the desired result. The proof is complete. ®

6. The Closure Theorem
Theorem(6.1) Let the function f;(z) € A*(g, @, k, 1) for every j = 1,2,---, 1. Then the function h(z)

defined by h(z) = X72, ¢; fi(z) and X7, ¢; = 1 ,¢; = 0, in the class A*(g, ¢,k \).
Proof:-By definition of h(z), we have

h[z]=|Zc}-‘z—Z c a, b, ;|z"
j=1 n=2z|j=

Further, since f;(z) are in the class A*(g, @, k, L) foreveryj =12, -1

Hence we can see that
S [(n(A+ KA+ (-1 —(k+ o)

(6.1)

=1 Cj Gy 0y 515
:ZCJ_L [(n(1+ K1+ (n— 1D — (k+ 9)]a,;b,;

= (1—@1’]2} =, 6= (1=¢),since X7, c; = 1.
This proves that (Z) € A*(g, ¢, k, 1). The proof is complete. ®
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7. Partial Sums
Let f € A be a function of the form (1.2). Motivated by Silverman [10] and Silvia [11]
See also [2], [1], we define the partial sums f,,defined by

fu(z) =z —Z a,z" (meE N).
n=2 (7.1)
Theorem (7.1) Let f € A*(g, ¢, k, A) be given by (1.2) and define a partial sums

£.(z) and £,.(z) by
fizd=z and f,=2)==z-E_.a,z" , (meN\{1}). (7.2)
Suppose also that

Where
i b =23 L,
d”.rt = {[’.rt[l +E(1+(n—1)4) —(k+ @) )by fz:;_m_l_l mfz mea ’
(1-9) o (7.3)
then f € A*(g, ¢, k, A).Furthermore,
=z i
fe (f[ ) ) =1- R
f,(2) S (7.4)
and
Re (f tzj) - L _
flz2))] 1+d,..y (7.5)
Proof:- For the coefficients d,, given by (7.3), it has not difficult to verify that
dygyy >dy =1 . (7.6)
Therefor we have
Z%ermﬂ Z a, -—~:Zd a, <1.
n=7 n=m+1 (77)
By using the hypothesis (7.3), by setting g,(z) = d 12 (1 - }
D), g4 'm+1 ;-m,:z} P )
=14 m+1zn =m+1dn Z n !
1-r=,a,z™t '
then it suffices show that Re(g,(z)) = 0(z € U),
and applying(7.7), we find that
Lzi-1
‘ 'z}+1‘_ . ZeD)
We applying (7.7), we find that
-1 d -
94(2) ‘ < it 1 Zm=m1 O <1 . (ze V)
g:(z) +1 2-2%7,a, —d, X a4,
Which readily yields the assertion (7.4) of Theorem (7.1),in order to see that
f@=z— (7.8)
gives sharp result, we observe that for z = re™™ that
f(z) rmt 1 _
=1— = 1 — asr — 1.
f,(2) Apm+1 Ay +1

Similarly, if we take
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_ £ dus
0=+ do (G-

and making use of (7.7), we deduce that
‘E:[Zj_l‘ - (1+d,.,) X0 0,
g.(2)+1| " 2-2X7,a, —(1-d,e) X3 i1 0,
Which leads us immediately to the assertion (7.5) of Theorem (7.1),the bound in (7.5) is sharp
for each m & N with the extremal function f(z) given by (7.8). The proof is complete. ®

=1
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