
European Journal of Scientific Research 

ISSN 1450-216X / 1450-202X Vol. 142 No 1 September, 2016, pp.5-11 

http://www.europeanjournalofscientificresearch.com 

 

Subordination Results for Certain Subclass of 

Univalent Functions 
 

 

Waggas Galib Atshan 

Department of Mathematics  

College of Computer Science and Information Technology 

University of Al-Qadisiyah, Diwaniya, Iraq 

E-mail: Waggas.galib@qu.edu.iq; waggashnd@gmail.com 

 

Khudair O. Hussain 

Department of Mathematics  

College of Computer Science and Information Technology 

University of Al-Qadisiyah, Diwaniya, Iraq 

E-mail: khudair.hussain@qu.edu.iq, khudair_o.hussain@yahoo.com 
 

 

Abstract 

 

In this paper, we consider
��������′′������′����������′���	����� , �0 ≤  < 1�of univalent functions � ∈ � such that 

�� ��1 + ��������� + �������1 + ������� − ���� � > � 

be the class of -convex functions of order ��0 ≤ � < 1�, and analogous to the class ��∗�∅�, for� ∈ �, we define the class "�#, � of univalent functions � ∈ �, then, obtaining 

some subordination results on functions in this class. 
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Introduction 
Let � be the class of functions � normalized by 

 (1) 

which are analytic in the open unit disk% = '� ∈ ℂ: |�| < 1+and let S be the subclass of � consisting 

of functions which are also univalent in U. Let ∅��� be an analytic function with positive real part on % 

that satisfies ∅�0� = 1, ∅��0� > 0and which maps the unit disk% onto a region starlike with respect to 

1 and symmetric with respect to the real axis. 

Ma and Minda [2] introduced and studied the class ,∗�∅� consists of functions � ∈ , for which ���������� ≺ ∅����� ∈ %�. 
Following Ma and Minda [2], Ravichandran [6] defined a more general class ,/∗�∅� of starlike 

functions of complex order consists of functions� ∈ , for which  

���� = � + 0 12
∞

2=2 �2 ,  
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1 + 1# 5���������� − 16 ≺ ∅����� ∈ %�,   where b ≠ 0 is a complex number. 
The class �/�∅�consists of functions� ∈ � satisfying  

 (1.2) 

 (1.3) 

The function � ∈ � is said to be starlike [1] of order ��0 ≤ � < 1�, if and this class is denoted 

by ,∗���. 

Similarly the function � ∈ � is said to be convex [1] of order � �0 ≤ � < 1�, if  

 (1.4) 

and this class is denoted by ��α�.Let � and I be analytic functions  in the open unit disk %. Then  I is 

said to be subordinate to�, written I ≺ �or I��� ≺ ����, if there exists a Schwarz functionJ, which is 

analytic in % with J�0� = 0 and |J���| < 1 �� ∈ %�, such that I��� = �KJ���L  �� ∈ %�. 

Furthermore, if the function ���� is univalent in %, we have the following equivalence relationship  I��� ≺ ������ ∈ %� ⇔ I�0� = ��0� and I�%� ⊂ ��%�. 
The general theory of differential subordinations was introduced by Miller and Mocanu [3,4].In 

this paper for functions � ∈ � given as in (1.1) we consider 
��������′′������′����������′���	����� ,   �0 ≤  < 1� such that 

�� P��������′′������′����������′���	����� Q > � be the class of -convex functions of order �0 ≤ � < 1�. 
Taking  = 0, it reduce to the class 1 + ��RR����R���  with  

 
of convex univalent functions of order �  [1], and then analogous to the class �/�∅�, for � ∈ �, we 

define the class ℒ[#, ]�∅�of univalent functions � ∈ � as follows: 

Definition (1.1) Let# ≠ 0 be a complex number and let ∅��� be analytic function with positive 

real part on % that satisfies ∅�0� = 1, ∅��0� > 0 and which maps the unit disk% onto a region starlike 

with respect to 1 and symmetric with respect to the real axis.Let ℒ[#, ]�∅� be the class of functions � ∈ �, ����� ≠ 0 satisfying  

 (1.5) 

Clearlyℒ[#, 0]�∅� ≡ �/�W�. 
To prove our main results the following lemmas are needed. 

Lemma (1.1) [Miller and A. S. S. Mocanu[5]:Let2, X ∈ ℂ, with 2 ≠ 0 and let ℎ be convex 

function in the open unit disk%, with 

 (1.6) 

if[ is analytic in % with [�0� = ℎ�0� and  

 (1.7) 

then ≺ ℎ. 

Lemma (1.2) [5]:Let ℎ be convex function in the open unit disk%, ℎ�0� = 1. Define \��� by 

 (1.8) 

1 + 1# �� ′′ ���� ′ ��� ≺ W���.  
�� 5�� ′ ������� 6 > �         �� ∈ %�,  

�� 51 + �� ′′ ���� ′ ��� 6 > �         �� ∈ %�,  

�� 51 + ��′′ ����′ ��� 6 > �         �0 ≤ � < 1�,  

1 + 1# 5�1 + ��2� ′′ ��� + �� ′ ����1 + ��� ′ ��� − ���� − 16 ≺ W���,    �0 ≤  < 1, � ∈ %�.  

���2 ℎ��� + X� > 0,  
[��� + �[′ ���2[��� + X ≺ ℎ���, 

   \��� = � exp 5^ ℎ�_� − 1_ `_�
0 6
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Let a��� = 1 + b�� + b��� + ⋯ be analyticin %. Then  

 (1.9) 

if and only if for all |d| ≤ 1, |e| ≤ 1, we have  

 (1.10) 

 

 

Main Results 
Theorem (2.1):A function � ∈ ℒ[#, ]�∅� for � ≠ 0 if and only if  

 (2.1) 

whereJ��� is analytic in % satisfying J�0� = 0, |J���| ≤ 1. 
Proof: Let� ∈ ℒ[#, ]�∅�.Then by Definition (1.1), we get 

 

 (2.2) 

 

Therefore there is a function J��� analytic in % with J�0� = 0, |J���| ≤ 1 such that  

 

 (2.3) 

 

Then  

 

 
 

 (2.4) 

 

Integration both sides (2.4) from 0 to � gives 

 
 

 
 

then,  

 
 

1 + �a′ ���a��� ≺ ℎ���
a�e��   a�d�� ≺ d\�e��e\�d��.

5�1 + ��� ′ ��� − ����� 61# = exp f^ ∅KJ�g�L − 1g `g�
0

h

1 + 1# 5�1 + ��2� ′′ ��� + �� ′ ����1 + ��� ′ ��� − ���� − 16 ≺ W���.

1 + 1# 5�1 + ��2� ′′ ��� + �� ′ ����1 + ��� ′ ��� − ���� − 16 = WKJ���L

1# 5�1 + ��2�′′ ��� + ��′ ����1 + ���′ ��� − ���� − 16 = WKJ���L − 1 

1# 5�1 + ��� ′′ ��� + � ′ ����1 + ��� ′ ��� − ���� − 1�6 = WKJ���L − 1�
1# ilnK�1 + ��� ′ ��� − ����L − ln �j = ^ ∅KJ�g�L − 1g `g�

0
 

ln 5�1 + ��� ′ ��� − ����� 61# = ^ ∅KJ�g�L − 1g `g�
0

, 

5�1 + ��� ′ ��� − ����� 61# = exp f^ ∅KJ�g�L − 1g `g�
0

h
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Conversely, suppose that  

 

 (2.5) 

 

Now differentiating (2.5)both sides with respect to �, we obtain 

 

 
 

 (2.6) 

 

Then 

 

 (2.7) 

Hence  

 

 
 

 
 

then,  

 (2.8) 

 

Therefore� ∈ ℒ[#, ]�∅�. 
This complete the proof of Theorem (2.1). 

Taking  = 0 in Theorem (2.1), then we have the following corollary. 

Corollary (2.2): A function � ∈ ℒ[#, ]�∅� for � ≠ 0 if and only if  

 (2.9) 

whereJ��� is analytic in % satisfying J�0� = 0 and |J���| < 1. 
In the next theorem, we obtain a necessary and sufficient conditions for a function belong to the 

class  ℒ[#, ]�∅�. 
Theorem (2.3):Let ∅��� and \��� be as in Lemma (1.2), the function � ∈ ℒ[#, ]�∅� if and 

only if for all |g| ≤ 1 and |e| ≤ 1,we have 

 

5�1 + ��� ′ ��� − ����� 61# = exp f^ ∅KJ�g�L − 1g `g�
0

h

1# 5�1 + ��� ′ ��� − ����� 61#−1 kl�K�1 + ���′′ ��� + �1 + ��′ ��� − �′ ���L − K�1 + ��� ′ ��� − ����Ll�2 m 

= exp f^ ∅KJ�g�L − 1g `g�
0

h × op∅�J�g�� − 1� qr

1# p ��1 + ��� ′ ��� − ����q fs�1 + ��2� ′′ ��� + ��′ ��� − K�1 + ��� ′ ��� − �����Lt�2 h 

= ∅KJ���L − 1�  . 

1# k �1 + ��2� ′′ ��� + �� ′ ����K�1 + ��� ′ ��� − ����L − 1�m = ∅KJ���L − 1�  

1 + 1# k�1 + ��2� ′′ ��� + �� ′ ���K�1 + ��� ′ ��� − ����L − 1m = ∅KJ���L, 

1 + 1# 5�1 + ��2� ′′ ��� + �� ′ ����1 + ��� ′ ��� − ���� − 16 ≺ W���.

�� ′ ����1# = exp f^ ∅KJ���L − 1g `g�
0

h, 
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 (2.9) 

 

Proof: Let � ∈ ℒ[#, ]�∅�. Define the function [ by 

 (2.11) 

Differentiating (2.11)both sides with respect to �, we obtain 

 

 (2.12) 

Dividing (2.12) by (2.11) gives  

 (2.13) 

 (2.14) 

By Definition (1.1) and applying Lemma (1.2), we get that 

 

 (2.15) 

 

if and only if for all |d| ≤ 1 and |e| ≤ 1, we have 

 

 (2.16) 

 

and this complete the proof of the theorem. 

If we take  = 0 in Theorem (2.3). Then, we have the following corollary.  

Corollary (2.4) :Let ∅��� and F(z) be as in Lemma (1.2). Then the function � ∈ ℒ[#, ]�∅� if 

and only if for all |d| ≤ 1 and |e| ≤ 1, we have 

 

 (2.17) 

 

Theorem (2.5):Let ℎ be a convex in the open unit disk %, with ���ℎ���� > 0, and [ is analytic 

in % with [�0� = ℎ�0�, if � ∈ � satisfies the subordination 

 

 (2.18) 

 

Then  

 

5e[� + 1��d� ′ �d�� − ��d��]d[� + 1��e� ′ �e�� − ��e��]6−1# ≺ d\�e��e\�d��

[��� = p ��1 + ��� ′ ��� − ����q−1# ,   
[′ ��� = − 1# v�1 + ��� ′ ��� − ���� − �K�1 + ��� ′′ ��� + �1 + ��� ′ ��� − � ′ ���LK�1 + ��� ′ ��� − ����L2 w × 

p ��1 + ��� ′ ��� − ����q−1#−1  
�[′ ���[��� = 1# k�1 + ��� ′′ ��� + �� ′ ����1 + ��� ′ ��� − ���� − 1m
1 + �[′ ���[��� = 1 + 1# k�1 + ��� ′′ ��� + �� ′ ����1 + ��� ′ ��� − ���� − 1m ≺ ∅���.

    1 + �[′ ���[��� = 1 + 1# k�1 + ��� ′′ ��� + �� ′ ����1 + ��� ′ ��� − ���� − 1m ≺ ∅���,

[�e��[�d�� = 5e[� + 1��d� ′ �d�� − ��d��]d[� + 1��e� ′ �e�� − ��e��]6−1# ≺ d\�e��e\�d��

5� ′ �d���′ �e��6−1# ≺ d\�e��e\�d��

� + 1��2� ′′′ ��� + � + 2��� ′′ ���� + 1��� ′′ ��� + � ′ ��� + 1 ≺ ℎ���.
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 (2.19) 

 

Proof: Define the function [ by 

 

 (2.20) 

 

Differentiating (2.1) with respect to � we obtain 

 

 (2.21) 

 

so 

 

 (2.22) 

 

Therefore by Lemma (1.1) and if, we setting 2 = 1, X = 0, we get [��� ≺ ℎ��� and by using 

(2.20), we obtain the result. 

If we take  = 0 in the Theorem (2.5), then we have the following corollary: 

Corollary (2.6):Let ℎ be a convex in open unit disk %, with ��Kℎ���L > 0, if [ is analytic in % 

with [�0� = ℎ�0�, if  � ∈ � satisfies the subordination  

 

 
 

Then  

 

 
 

Theorem 2 as We give two examples for Theorem (2.5) as follows: 

Example(2.7): Let ℎ���=
����	� , � ∈ � satisfies the subordination 

 

 
 

Then 

 

 
 

Example(2.8):Let ℎ���=�� , � ∈ � satisfies the subordination 

 

� + 1��2� ′′ ��� + �� ′ ���� + 1��� ′ ��� − ���� ≺ ℎ���

[��� = � + 1��2� ′′ ��� + �� ′ ���� + 1���′��� − ����

�[′ ���[��� = � + 1��2�′′′��� + � + 2���′′���� + 1��� ′ ��� + � ′ ��� + 1 − � + 1��2�′′��� + ��′���� + 1���′��� − ����

[��� + �[′ ���[��� = � + 1��2� ′′′ ��� + � + 2��� ′′ ���� + 1��� ′′ ��� + � ′ ��� + 1.

�2� ′′′ ��� + 2�� ′′ ����� ′′ ��� + � ′ ��� + 1 ≺ ℎ���. 

�� ′′ ���� ′ ��� + 1 ≺ ℎ���. 

� + 1��2� ′′′ ��� + � + 2��� ′′ ���� + 1��� ′′ ��� + � ′ ��� + 1 ≺ 1 + �1 − �. 

 
�+1�� 2� ′′ ���+�� ′ ����+1��� ′ ���−� ��� ≺ 1+�1−�. 
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Then 
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