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Abstract 
 

In the present paper, we introduce the subclass k − m
pUCV (λ, γ, β, δ, q) by using the differential operator. 

The aim of this paper is to study some interesting properties of this subclass of k-uniformly starlike and 
convex functions by using higher order derivatives of Taylor series expansion of some p-valent functions 
with negative coefficients defined by integral operator, we have obtained the necessary and sufficient 
condition for f(z) to be in the class k − m

pUCV  (λ, γ, β, δ, q). We have also obtained the results leading to 
linear combination, quasi-Hadamard products, distortion theorem, integral representation and extreme 
points. 
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1. Introduction 

Let S(m, p) denote the class of functions f (z) which are analytic and p-valent in the unit disk U = { C∈z : 

|z| < 1},  
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A function f ∈  S(m, p) is said to be in k − USTp(γ), the class of k-uniformly p-valent starlike functions of 

order γ, 0 ≤ γ < p, if f satisfies the condition  
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Replacing  f  in (2) by fz ′  we obtain the condition 
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required for the function f to be in the subclass k − UCVp(γ) of k-uniformly p-valent convex functions of 

order γ. 

For p = 1, uniformly starlike and convex functions were introduced by Kanas, Wiśniowska [9] and 

Silverman [10] and then studied by various authors like Goodman [6].  

Definition 1 :  Let f (z) be given by (1), is said to be a member of the k− m
pUCV  (λ, γ, β, δ, q) if and only if 

it satisfies the inequality: 
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where 0 ≤ γ < p − q, p > q,m ∈N, q 0N∈ = {0, 1, 2, · · }, 0 ≤ λ ≤ 1, k ≥ 0, β ≥ 0, δ > −1, and β
δQ  is the 

generalized Jung-Kim-Srivastava integral operator [8] , defined by  
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and for β = 0, we have 0
δQ f (z) = f (z). For each f(z) ∈  S(m, p), we have  
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where p > j,m,p ∈N and  j 0N∈ . 

Now, for β = 0, we have 
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By specializing the parameters λ, k, γ, β, δ, q, we obtain following different subclasses studied by various 

authors: 

(1)  If k = 0, β = 0, the family k − m
pUCV  (λ, γ, β, δ, q) reduces to the class  m

pSC  (q, λ, γ) which was   

studied by [7]. 

(2)  If k = 0, q = 0, β = 0, we obtain the class S(m, p, λ, γ), which is introduced by [2]. 

(3)  If k = 0, λ = 0, β = 0, we get the classes mS (p, q, γ) and mC (p, q, γ), studied by [5]. 

(4)  If k = q = 0, β = 0, p = 1, we obtain the class p(m, λ, γ), studied by [1]. 

(5)  If λ = 0, q = 0, β = 0, p = 1, then the class k − mUCV1  (0, γ, 0, δ, 0) ≡ k − UST(γ),  studied by [4]. 

(6)  If λ = 0, q = 0, γ = 0, β = 0, p = 1, that is k − UST introduced by [9]. 

(7)  If λ = 1, q = 0, γ = 0, β = 0, p = 1, that is k − UCV introduced and studied by [9]. 

(8)  If β = 0, then the class k − m
pUCV   (λ, γ, 0, δ, q) was studied by [3]. 

In this paper, we first derive the coefficient inequality for the class k− m
pUCV  (λ, γ, β, δ, q). 

2. Coefficient Bounds 

Theorem 1 : The function f(z), defined by (1), be in the class k− m
pUCV  (λ, γ, β, δ, q) if and only if 
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where p,m ∈N and q 0N∈ , n ≥ m + p, k ≥ 0, 0 ≤ γ < p − q, p > q, 0 ≤ λ ≤ 1, β ≥ 0 and δ > −1. The result 

(8) is sharp for the function f(z) given by  
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Proof : Assume f(z) ∈  m
pUCV  (λ, γ, β, δ, q). Then f(z) satisfies the inequality (4), which is equivalent to  
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( 0 ≤ γ < p − q, p > q,  k ≥ 0; 10 ≤≤ λ ; β ≥ 0, δ > −1); p ∈N, q 0N∈  and −π < θ ≤ π. 

or  
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Then (9) is equivalent to 

|x(z) + (1 − γ)y(z)| ≥ |x(z) − (1 + γ)y(z)|   for     0 ≤ γ < p − q. 

 Now 
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Also, 
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Upon choosing the values of z on the positive real axis where 0 ≤ z = r < 1, θθ ii ee ≥− )Re(  = −1 and 

letting r → −1 , we conclude to (10) by  using (6) in the left hand of  (10). 

Corollary 1 : Let f(z) be in k − m
pUCV  (λ, γ, β, δ, q) , then   

            
)()()]()1)()[(1(1()!(!

)()())(1(1()!(!
npkkqnqnqpn

npqpqpqnpan +Γ++Γ−−+−−−+−
++Γ+Γ−−−−+−

≤
δδβγλ

δβδγλ    , 

where m,p ∈N, q, 0N∈ 0,10,,0,,0 ≥≤≤+≥≥>−<≤ βλγ pmnkqpqp  and 1−>δ . 

This corollary is believed to be new.  

3. Linear Combination 

In the following theorem we prove linear combination for the class k − m
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Thus, this proves that g(z) is in the class k − m
pUCV  (λ (λ, γ, β, δ, q). 

4. Quasi-Hadamard Product 
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Proof : This proof follows by induction on t. 
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Therefore, the result is true for t = 2. 

Now, assume the result is true for fixed natural number t. We must show that the result is true for t 
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 0 < E ≤ p − q − 
D

p-q-mkm )1( ++    ,                        (15) 
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where  

            
)()())1(1()!(!

)()())1(1()!()!(
pmpqpqpmp

pmpqpmqppmD
+++Γ+Γ−−+−+

++Γ++Γ−−++−+
=

δβδλ
δδβλ     

                 1
))((

)]()1)()][(()1)([(

1

1 −
−−−−

+−+−++−+−+
×

+

+

t

t

qpqp
kkqpmkkqpm

γα
γα

 

and α given by (12) then from (15), we have 

             0 < E ≤ p − q − 
)1,(
)1( 

++
++

tpmH
p-q-mkm    ,  ∈≥> tpmkqp ,,;0;( N; 0Nq ∈  )  

 Therefore, the result is true for t + 1, then the result is true for any positive integer.  

Now, from (15), we can take the Hadamard product of the functions ))(( Iizf i ∈ , that is 

      pm
pm

p
t zHzzfff +

+−=))(***( 21 K   , 

where 

)()())1(1)(()!(!{[
1

pmpqpqpqpmpH i

t

i
pm +++Γ+Γ−−+−−−+= ∏

=
+ δβδλγ     

     ))1(1()!()!/[( −−++−+ qmpqppm λ )]}()()]()1)([( pmpkkqpm i ++Γ++Γ+−+−+ δδβγ , 

qpi −<≤ γ0( ; qp > ;t,m,p ∈  N, q, 0N∈ 0,10; ≥≤≤∈ βλIi and 1−>δ ). 

Then, we have    

∑
∞

+=

+Γ++Γ+−+−−−+−
pmn

npkkqnqnqpn )]()()]()1)())[(1(1()!(![[ δδβαλ     

                                ))1(1)(()!!/[ −−+−−− qpqpqnp λα nHnp )]]()( ++Γ+Γ δβδ , 

)()()]()1)())[(1(1()!()![[( pmpkkqpmqpmqppm ++Γ++Γ+−+−+−−++−+ δδβαλ ]    

                   ))1(1)(()!(!/[ −−+−−−+ qpqpqpmp λα 1)]]()( =+++Γ+Γ + pmHpmp δβδ , 

 Thus, the result is sharp for the functions ))(( Iizf i ∈ ,  given by 

])()()))(1(1()!(![)( pm
i zpmpqpqpqpmpzf ++++Γ+Γ−−−−+−+= δβδγλ     

                ))1(1()!()!/[( −−+−+ qpqppm λ )]()()]()1)([( pmpkkqpm ++Γ++Γ−−+−+ δδβγ  

Remark : For k = 0 and β = 0, we get a special case which studied by Irmak et al. [7]. 
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5. Distortion Theorem 

Theorem 4: Assume that ∈f k − ),,,,( qUCV m
p δβγλ , then  

])()())1(1)(()!(!{
)(

![)()( mj zpmpqpqpqpmp
jp

pzf +++Γ+Γ−−+−−−++
−

≤ δβδλγ     

     ))1(1()!()!/[( −−++−−+ qpmqpjpm λ jpzpmpkkqpm −++Γ++Γ−−+−+ )]}]()()]()1)([( δδβγ  

])()())1(1)(()!(!{
)!(

![)()( mj zpmpqpqpqpmp
jp

pzf +++Γ+Γ−−+−−−+−
−

≥ δβδλγ     

     ))1(1()!()!/[( −−++−−+ qpmqpjpm λ jpzpmpkkqpm −++Γ++Γ−−+−+ )]}]()()]()1)([( δδβγ  

m,p ∈N, },,max{ jqp >  q 0N∈ , j 0N∈ , Uz ∈ . 

])()())1(1)(()!(!{)( pmp zpmpqpqpqpmpzzf ++++Γ+Γ−−+−−−+−= δβδλγ     

     ))1(1()!()!/[( −−++−+ qpmqppm λ )]]()()]()1)([( pmpkkqpm ++Γ++Γ−−+−+ δδβγ  . 

The result is sharp for the function f(z) given by  

Proof  :  ∈f k − ),,,,( qUCV m
p δβγλ , then by Theorem 1 we can write 

)]()())1(1)((!)![(! pmpqpqppqpman
pmn

n +++Γ+Γ−−+−−−+≤∑
∞

+=

δβδλγ     

                           )]()()]()1)())[(1(1()!/[( pmpkkqpmqpmqp ++Γ++Γ−−+−+−−++− δδβγλ  . 

for |z| < 1, we have  

 jpm

pmn
n

i zza
jn

n
jp

p
zf −

∞

+= ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−
+

−
≤ ∑ )!(

!
)!(

!
)()(     

])()())1(1)((!)!{[(
)!(

![ mzpmpqpqppjpm
jp

p
+++Γ+Γ−−+−−−++

−
≤ δβδλγ  

     ))1(1()!()!/[( −−++−−+ qpmqpjpm λ jpzpmpkkqpm −++Γ++Γ−−+−+ )]}]()()]()1)([( δδβγ  

 In a similar way we can get the left hand side.  

6. Integral Representation 

Theorem 5 : Let ∈f k − ),,,,( qUCV m
p δβγλ , then 

  Uzzdt
tkt
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zfQ

zq ∈<⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
= ∫ ,1)(,

))((
)(

exp))((
0

)( ψ
ψ

γψβ
δ    . 
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 Also we have 

 ,)()log(exp))(( )1()( ⎟
⎠
⎞

⎜
⎝
⎛ −= ∫ +−

X

q xdxzkzzfQ µγβ
δ  

where µ(x) is the probability measure on X = {x : |x| = 1}. 

Proof : The case k = 0 is obvious. Let k ≠ 0, for ∈f k − ),,,,0( qUCV m
p δβγ and )(

)1(

))(
))(

q

q

zfzQ
zfzQ

β
δ

β
δω

+

=  we have  

γωω +−> 1Re k . Therefore, k
11 <−

−
γω

ω  or equivalently k
z)(1 ψ

γω
ω =−

−   where Uzz ∈< ,1)(ψ . This yields 

                                                   
))((

)(
))((

))((
)(

)1(

zkz
zk

zfQ

zfQ
q

q

ψ
γψ

β
δ

β
δ

−
−

=
+

               . 

So we obtain the first representation. For second, let us set  }1:{ == xxX . Then we have xzk
11 =−

−
γω

ω ,, 

Xx ∈   and we obtain 

                     )log()1(
))((

log
)())((

))(( )(

)(

)1(

xzk
z
zfQ

xzkz
xzk

zfQ

zfQ q

q

q

−+−=→
−

−
=

+

γψγ β
δ

β
δ

β
δ                . 

If µ(x) is the probability measure on X, then  

                                        ,)()log(exp))(( )1()( ⎟
⎠
⎞

⎜
⎝
⎛ −= ∫ +−

X

q xdxzkzzfQ µγβ
δ  

which is the required result.  

7. Extreme Points 

In the following theorem, we obtain extreme points for k − ),,,,( qUCV m
p δβγλ .  

Theorem 6 : Let pzzf =)(1  and 

            np
n z

npkkqnqnqpn
npqpqpqnpzzf

)()()()1)())[(1(1()!(!
)()())1(1)(()!(!)(

+Γ++Γ−−+−−−+−
++Γ+Γ−−+−−−

−=
δδβγλ

δβδλγ  

where ( ;pmn +≥ m,p ∈N ; 0Nq ∈ ; 0 ≤ γ < p−q; k ≥ 0; 0 ≤ λ ≤ 1, β ≥ 0; δ ≥ −1 and z∈  U). Then f (z) is 

in the class k − ),,,,( qUCV m
p δβγλ , if and only if it can be expressed in the form 

   ∑
∞

+=

+=
pmn

nn zfzfzf )()()( 11 σσ   

where ∈≥=+ ∑
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n ,,0(,1( 11 σσσ N )).  
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Proof : Let ∑
∞

+=

+=
pmn

nn zfzfzf )()()( 11 σσ , where ( 0,01 ≥≥ nσσ and 11 =+ ∑
∞

+= pmn
nσσ ). 

Therefore, 
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where 
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, 

Since 
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δβδλγ

σδδβγλ
, 

 11 1 ≤−== ∑
∞

+=

σσ
pmn

n .   (by Theorem 1) 

therefore, ∈f k − ),,,,( qUCV m
p δβγλ , 

Conversely, suppose that f (z) of the form (1) belongs to k − ),,,,( qUCV m
p δβγλ ,  then by (8), we have  
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(n ≥ m + p; m, p∈N , q 0N∈ , p > q). 

Setting  
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              ∑
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pmn

n
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                )()1( zfz n
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n
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pmn

nn ∑
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This completes the proof of the theorem. 
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