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A NEW CLASS OF MULTIVALENT HARMONIC FUNCTIONS
ASSOCIATED A LINEAR OPERATOR

WAGGAS GALIB ATSHAN! AND JUMANA HIKMET SULMAN?2

ABSTRACT. New class of multivalent harmonic functions are introduced. Further-
more, we determine coefficient bounds, extreme points, closure theorem, convo-
lution condition, integral operator and other property for the functions in this
class.

1. INTRODUCTION

A continuous function f = w + iv is a complex valued harmonic function in a
complex domain C if both u and v are real harmonic in C. In any simply connected
domain D C C we can write f = h+g, where h and g are analytic in D. We call h the
analytic part and g the co- analytic part of f. A necessary and sufficient condition
for f to be locally univalent and sense - preserving in D is that |h/(z)| > |¢'(2)| in D,
see Clunie and Sheil - Small [2].

Denote by H(p) the class of functions f = h + g that are harmonic multivalent
and sense - preserving in the unit disk U = {2 : |2| < 1}. The class H(p) was studied
by Ahuja and Jahangiri [1] and the class H(p) for p = 1 was defined and studied by
Jahangiri et.al in [3].

For f = h + g, we may express the analytic functions h and g as:

h(z) =20+ ) anz", g(z) =Y ba2", [by| < 1. (1.1)
n=p+1 =p

Let A(p) denote the subclass of H(p) consisting of functions f = h + g, where h and
g are given by

h(z)=2"— > lanlz", g(z) = = |bnlz", [by] < 1. (1.2)
n=p+1 n=p
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Now, we define a new class N, (3, @) of harmonic functions of the form (1.1) that
satisfy the inequality

(1= B)zP~" + B2(Dp(N, ¢, n) f(2))"
(Dp()‘vqa n)f(z))l
where 0 < a < %,pGN:{l,Q,u-},Ogﬂg1,7720,)\20,q20and

Dy(N\,q,m) f(2) = Dp(N, ¢, mh(2) + Dp(X, q,m)g(2). (1.4)

The operator Dp(A, ¢,n) denotes the linear operator introduced in [5]. For h and g
given by (1.1) we obtain

Re {m } S (BR+ (- B)a,  (13)

= (n—p)A]"
Dy(\, g, m)h(z) = 2P + 14 TR (1.5)
o n:ZpH [ pta ]
Do) = Y- |1+ EZBA (16)

wherepe N={1,2,---},A>0,¢>0,n>0.
We further denote by A,(8, o) the subclass of N,(5,a) that satisfies the relation

Ap(B, @) = A(p) N Np(B, ). (1.7)

2. COEFFICIENT BOUNDS

Theorem 2.1. Let f =h+7g (h and g being given by (1.1)). If

S nl(B5 + (1- B))a— nf] I el

n=p+1 pta
S 2 (n—p)>\ !
2 algg? (1= M= o] 14 IR <, (2.1)
n=p

where 0 < a < %,p eN={1,2,---},,0<8<1,p>0,A2>0,qg >0, then f is
harmonic p- valent sense - preserving in U and f € Np(5, «).

Proof. Let

N (1= B)zP " + B2(Dp(N, ¢, n) f(2))"
o= o+ vy}
Using the fact that Re{w(z)} > (8p? + (1 — B))a if and only if
lw(z) — (14 (Bp” + (1 = B))a)| < lw(z) + (1= (Bp* + (1 - B))a)], (2.2)

it is suffices to show the inequality (2.2).
Substituting for w and making use of (1.4) to (1.6), and resorting to simple calcu-
lation, we find that

w(z) = (L4 (Bp* + (1 = B))e)| < [(Bp” + (1 = B)) —p — (Bp* + (1 = B))ap]
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(n—pAT1"

3 alt+ (357 (- B =) [1+ B o o

n=p+1

_ _ (nfp)/\ K n—p

+ Z [1+ B + (1= B)a—nf] |[1+———=| [b|]2" 77| (23)
n=p+1 p+tyq

and

w(z) + (1= (Bp* + (1 = B)))| > [(Bp” + (1 = B)) +p — (Bp* + (1 = B))ap]

(n —p)A

- Z [(Bp* + (1 = B))a = 1 —nf] [1+ T

} la][2"7)
n=p+1

(n_p)A ! n—p
fz (87 + (1 - B))a—1 - nfl] [HW} bl (24)

Evidently (2.3) and (2.4) in conjunction with (2.1) yields
w(z) = (14 (B + (1 = B)a)| — [w(z) + (1 = (Bp” + (1 = B))oy)| < 0.

The harmonic functions
f(z) =2+
nz%rl n[(Bp? + (1 = B))a — nf] [1 4 (o= p)’\}

p+q

Tn

o0

+Z yn z n

3
ol + (1 - ) - np] [1 + 222

where

(Z \%HZIan— )

=p+1
show that the coefficients bounds given by (2.1) is sharp.
The functions of the form (2.5) are in N, (53, a) because in view of (2.5), we infer
that

S (n—p)A]"
3 ol + 1= e 1+ 2R o

+Z (397 + (1= g =) [ 1+ L2

pt+q

_p+1

The restriction placed in Theorem 2.1 on the moduli of coefficients of f = h+g implies
that for arbitrary rotation of the coefficients of f, the resulting functions would still
be harmonic multivalent and f € N, (5, a). O
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The following theorem shows that the condition (2.1) is also necessary for function

f to belong to A, (5, a).

Theorem 2.2. Let f = h+g with h and g are given by (1.2). Then f € A,(5, &)
if and only if

S (n—p)AT"
3 ol + 1 e [14 2R o
(n—p)AT"
+Z (Bp® + (1 = B))a — nf] [1+p+q] lbn| <p (2.6)

where 0 < a < 1 ,pEN {1,2,---},0<3<1,n>0,A>0,9>0.

Proof. By noting that A, (8, o) C N,(6, a), the sufficiency part of Theorem 2.2 follows
at once from Theorem 2.1. To prove the necessary part, let us assume that f €
Ay (8, ). Using (1.3), we get

Re{ﬁ+( — 327+ 52(Dy (00, Az >>"+ﬁz<Dp<A,q,n>g<z>>~}

(Dp(X, ¢;mh(2))" + (Dp(A, ¢,1m)9(2))’

2 X 2 (n=p)X]" n— =X 2 (n=p)X]" —\n—
(Bp +<1—a>)—n:zp+lna[1+—pf; |"lanlz P—n;pnﬁ[u—pfq " 1bnl @7
= Re

) _ n x
p— X n[1+ A Ma, e - 5

n=p-+1 n=p

> (Bp* + (1= f))a.

If we choose z to be real and let z — 17, we obtain the condition (2.6) which

n—p)A]" —\m—
n (14 LoD b, (z)n e

completes the proof of Theorem 2.2. O

3. EXTREME POINTS

Next, we determine the extreme points of the closed convex hull of A,(8, «), de-
noted by clco A, (S, «).

Theorem 3.1. f € clco Ay(5, a)if and only if

f(Z) = Z(U7zhn + 5ngn)a (3.1)
n=p
where z € U, hyp(2) = 2P,
hn(z) = 27 — P 2", (3.2)

nl(Bp? + (1= B))a - ng) [1+ 2]

p ga—
7 (2)" (3.3)
(892 + (1 = A))a —np) [1 + =22]”
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(n=p,p+1,---) and

oo

> (in+60) =1, (1tn > 0,6, > 0).

n=p

In particular, the extreme points of Ap(B,a) are {h,} and {gn}.
Proof. Suppose f is of the form (3.1). Using (3.2) and (3.3) , we get

o0

fz) = Z(ﬂnhn + 0ngn)

n=p

= (iu’” + 571)'2” - P ann
"Z:P ; nl(Bp2 + (1= B))a — ng] [1 + 22"
N P 5., (2)"

Sl + (- Ma—nf) |1+ 22
= Zp — p nﬂnzn
WS (392 + (1= @) — g [1 + E=2]

] P (o)
nZ:p n[(Bp? + (1 — B))a — nf] [1 + %r

Then
3 (n —p)A]"
n:zmn[(ﬂp2 Hm e {1 "ot } g
. 1
n[(Bp? + (1 — B))a — nf] [1 i %}"
3 (n —p)A]"
+nz:;n[(»3p2+(1—ﬂ))a—nﬁ] {14- p— } <

£ —570n
nl(Bp? + (1= B))a —nf] [1+ 222

=7 <Z(un +0p) — w) =p(l—pp) <p

n=p

which implies that f € clco A, (5, o).
Conversely, assume that f € A,(8, o). Putting

i = (2165 + 0= gpa =) [14 CEA o prLpre)
0 = (2) 169+ (1= 8a =i [1+mrlbnl,(n=p,p+l,-~)7
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we get
o0

F(2) = (ttnhn + Gngn)
and this completes the proof of Theore_r; 3.1.
4. CLOSURE THEOREM
Theorem 4.1. The class A,(3,a) is a convex set.
Proof. Let the function f,, ; (j = 1,2) defined by

fnj(z) = 2" — Z |an,;|2" _Z|b n,j 1%

n=p+1

be in the class A, (5, a).
It is sufficient to prove that the function
H(z) = vfn1(2) + (1 =) fn2(2), (0<y<1),
is also in the class A, (53, a). Since for 0 <~y < 1,

o0

H(z) = Z2/— Z(

n=p+1

= (lbaal + (1 =) ba2) ()"

(1 =)lan2))z"

with the aid of Theorem 2.2, we have

S 21— Aa—n (n=pA1" Al
PIRICEE I [1+ L } (] + (1 —7)lana)
+Z 0 + (= 8 =] |14 P2 b 4 (1= ) el
[e'e) (n_p))\ n
= 5 n[(Bp® + (1 - B))a—nf] |1+ —=1 |ana|
[z 1+ 022

+Z (6 + (1 - B))or - nf] [1+mr|bn,1|]

ol ST s £ - B)a—ng |14 DA,
+1-7) [; 60+ (= 8 —ng] |1+ P22

i [(89* + (1= B))a — ) [1+<”"’>Ar|bn,z|]

p+q
+(1*7)p:p-

IN
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Hence, H(z) € A, (83, a). This completes the proof of Theorem 4.1. O

5. CONVOLUTION CONDITION

For harmonic functions

f(z) = Z |an|z" — Zlbl (5.1)

n=p-+1
and
F(z)=2"— Y |Ale" =Y |B.|(2)" (5.2)
n=p+1 n=p

we define the convolution of f and F as

(fxP)(2)=2"— Y lanAnlz" =Y |bnBal(2)" (5.3)
n=p+1 n=p

In the following theorem we examine the convolution property of the class A, (3, @).
Theorem 5.1. If f and F are in A,(08, ), then (f x F) € A,(0, ).

Proof. Let f and F of the forms (5.1) and (5.2) belongs to A,(8,a). Then the
convolution of f and F is given by (5.3). Note that |4,| < 1 and |B,| < 1, since
Fe A8, a).

Then we can write

00 r _ 1
S nl(85 + (1 B))a - nf) 1+(’;fq“ ]| Aul
n*p+1 L d

r _ an
+Z 30+ (1= P —ng) |1+ L2

[bn || Bn|

IN

3 ol s 1o [14 2B

e —ng |1 a AT
+Z (Bp* + (1= o —nf] |1+ ==

[n-

The right hand side of the above inequality is bounded by p because f € A,(3, @).
Therefore (f « F) € A,(8, ). O

6. INTEGRAL OPERATOR

Definition 6.1. The Jung-Kim-Srivastava integral operator [4] is defined by

TK(z) = % /O (1og ;)” K(t)dt, o > 0. (6.1)
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If
>
n=p+1
then
K _ P _ " n
rrE == Y (1) a
n=p+1

also J7 is a linear operator.

Remark 6.1. If f(z) = h(z) + g(z), where

S AT Z bal2", [by] < 1,

_p+1
then
T f(2) = T7h(z) + T79(2).
Theorem 6.1. If f € A,(8, ), then T f is also in A, (B, o).

Proof. By (6.2) and (6.3), we obtain

J° (Zp - Z lan|2" — Z |bn|(z)n>

n=p+1 n=p

. oo p+ 1 o - oo p+ 1 o .

2o Y (E5) k- () e
n=p+1 n=p

since f € A,(8,a), then by Theorem 2.2, we have

o0

> nl(a? + 1= B - n] |1+

:p+1

+Z (Bp* + (1= B))a — nf] [1+

T f(2)

n—pAl"7
( )]|%|
p+q

(n—mAr
———| |bn] < p,
s lbn| <p

we must show
o0

> g5+ (1= Ba =l |1+ IR (221)

et} p+q n+1

+Z (Bp* + (1 - B))a — ] [H(”p)k]n(p“)gwns;).

p+q n+1

But in view of (6.4) the inequality in (6.5) holds true if

() =
n+1 -

since o > 0 and p < n, therefore (6.5) holds true and this gives the result.

(6.4)

(6.5)
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