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SOME PROPERTIES OF A CLASS OF UNIVALENT FUNCTIONS
DEFINED BY SUBORDINATION PROPERTY II

WAGGAS GALIB ATSHAN1 AND JUMANA HIKMET SULMAN2

Abstract. In this paper, we study a class of univalent functions defined by sub-

ordination property. We obtain coefficient inequality, we also introduce the sub-

class H1,cm (A,B, β, q, s) consisting of functions with negative and fixed finitely

many coefficients. We discuss some interesting properties of the classH1,cm (A,B, β, q, s).

1. Introduction

Let J(n) denote the class of functions of the form

f(z) = z +
∞∑

k=n+1

akz
k, (ak ≥ 0; n ∈N) (1.1)

which are analytic and univalent in the open unit disk U = {z ∈ C : |z| < 1}. If
f ∈ J(n) is given by (1.1) and g ∈ J(n) is given by

g(z) = z +
∞∑

k=n+1

bkz
k, (bk ≥ 0; n ∈N) (1.2)

the convolution (or Hadamard product) (f ∗ g)(z) of f and g is defined by

(f ∗ g)(z) = z +
∞∑

k=n+1

akbkz
k = (g ∗ f)(z). (1.3)

A function f ∈ J(n) is said to be univalently starlike of order α, (0 ≤ α < 1) in U if
and only if

Re

{
zf ′(z)
f(z)

}
> α. (1.4)

Similarly, a function f is univalently convex of order α, (0 ≤ α < 1) in U if and only
if

Re

{
1 +

zf ′′(z)
f ′(z)

}
> α. (1.5)
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It is observed that f is convex function if and only if zf ′ is starlike function [2].
A function f ∈ J(n) is close-to-convex of order α if

Re{f ′(z)} > α, (0 ≤ α < 1). (1.6)

Definition 1.1. Let f and g be analytic in U . Then g is said to be subordinate to
f , written g ≺ f or g(z) ≺ f(z), if there exists a Schwarz function w, which is analytic
in U with w(0) = 0 and |w(z)| < 1 (z ∈ U), such that g(z) = f(w(z)) (z ∈ U). Indeed
it is known that

g(z) ≺ f(z) (z ∈ U)⇒ g(0) = f(0) and g(U) ⊂ f(U).

In particular, if the function f is univalent in U , we have the following equivalence
([6], [7]):

g(z) ≺ f(z) (z ∈ U)⇔ g(0) = f(0) and g(U) ⊂ f(U).

The operator

(Hq
s [a1]f)(z) = Hq

s (a1, · · · , aq; b1, · · · , bs)f(z)

= zqFs(a1, · · · , aq; b1, · · · , bs; z) ∗ f(z)

= z +
∞∑

k=n+1

(a1)k−1 · · · (aq)k−1ak
(b1)k−1 · · · (bs)k−1(k − 1)!

zk

= z +
∞∑

k=n+1

h(k)akzk, (1.7)

where

h(k) =
(a1)k−1 · · · (aq)k−1

(b1)k−1 · · · (bs)k−1(k − 1)!
. (1.8)

Here qFs(z) is the generalized hypergeometric function for aj ∈ C (j = 1, 2, · · · , q)
and bj ∈ C (j = 1, 2, · · · , s) such that bj 6= 0,−1,−2, · · · (j = 1, 2, · · · , s) defined by

qFs(z) = qFs(a1, · · · , aq; b1, · · · , bs; z)

=
∞∑
k=0

(a1)k · · · (aq)k
(b1)k · · · (bs)kk!

zk, (q ≤ s+ 1, q, s ∈N0, z ∈ U), (1.9)

where

(λ)n =
Γ(λ+ n)

Γ(λ)
=
{

1 (n = 0)
λ(λ+ 1) · · · (λ+ n− 1) (n ∈N).

The series qFs(z) in (1.9) converges absolutely for |z| < ∞ if q < s + 1 and for
|z| = 1 if q = s + 1. The linear operator defined in (1.7) is the Dziok - Srivastava
operator (see [3], [4]) which contains the well-known operators like the Hohlov linear
operator [6], the Carlson - Shafer operator [1], the Ruscheweyh derivative operator
[12], the Srivastava-Owa fractional derivative operator [11], the Saitoh generalized
linear operator, the Bernardi-Libera-Livingston operator and many others. One may
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refer [11] for further details and references for these operators. Let H(n) denote the
subclass of J(n) consisting of functions f of the form:

f(z) = z −
∞∑

k=n+1

akz
k, (ak ≥ 0;n ∈N), (1.10)

which are analytic and univalent in U .

Definition 1.2. Let K(A,B, β, n) consist of all analytic functions h in U for which

h(0) = 2

and

h(z) ≺ 1 + [B + (A−B)(1− β)]z
1 +Bz

,

where −1 ≤ B < A ≤ 1, 0 < A ≤ 1, 0 ≤ β < 1.

Definition 1.3. For A,B fixed, −1 ≤ B < A ≤ 1, 0 ≤ β < 1, aj ∈ C (j =
1, 2, · · · , q), bj ∈ C \ {0,−1,−2, · · · }(j = 1, 2, · · · , s), q ≤ s + 1, q, s ∈ N , z ∈ U , let
Hn(A,B, β, q, s) denote the class of functions f ∈ H(n) of the form (1.10) for which

1 +
z(Hq

s [a1]f)′′

(Hq
s [a1]f)′

∈ K(A,B, β, n)

and

1 +
z(Hq

s [a1]f)′′

(Hq
s [a1]f)′

≺ 1 + [B + (A−B)(1− β)]z
1 +Bz

, z ∈ U (1.11)

where ≺ denotes subordination.

From the definition, it follows that f ∈ Hn(A,B, β, q, s) if and only if there exists
a function w(z) analytic in U and satisfies w(0) = 0 and |w(z)| < 1 for z ∈ U , such
that

1 +
z(Hq

s [a1]f)′′

(Hq
s [a1]f)′

=
1 + [B + (A−B)(1− β)]w(z)

1 +Bw(z)
, z ∈ U. (1.12)

This condition (1.12) is equivalent to∣∣∣∣∣∣
z(Hqs [a1]f)′′

(Hqs [a1]f)′

B + (A−B)(1− β)−B z(Hqs [a1]f)′′

(Hqs [a1]f)′

∣∣∣∣∣∣ < 1, z ∈ U. (1.13)

2. Coefficient inequality

The following theorem gives a necessary and sufficient condition for function to be
in the class Hn(A,B, β, q, s).

Theorem 2.1. Let the function f be defined by (1.10). Then the function f ∈
Hn(A,B, β, q, s) if and only if

∞∑
k=n+1

Q(A,B, β)ak ≤ 1, (2.1)
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where

Q(A,B, β) =
k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)

B + (A−B)(1− β)
(2.2)

for

h(k) =
(a1)k−1 · · · (aq)k−1

(b1)k−1 · · · (bs)k−1(k − 1)!
(−1 ≤ B < A ≤ 1, 0 ≤ β < 1,

aj ∈ C (j = 1, 2, · · · , q), bj ∈ C \ {0,−1,−2, · · · } (j = 1, 2, · · · , s)).

The result is sharp with the extremal function f given by

f(z) = z − 1
Q(A,B, β)

zn+1, ‘ (n ∈N). (2.3)

Proof. Assume that the hypothesis (2.1) and |z| = 1, we note the following by the
subordination property :

|z(Hq
s [a1]f)′′|−|(B+(A−B)(1−)

¯
)(Hq

s [a1]f)′−Bz(Hq
s [a1]f)′′| =

∣∣∣∣∣−
∞∑

k=n+1

k(k − 1)h(k)akzk−1

∣∣∣∣∣
−

∣∣∣∣∣(B + (A−B)(1− β)

(
1−

∞∑
k=n+1

kh(k)akzk−1

)
+B

∞∑
k=n+1

k(k − 1)h(k)akzk−1

∣∣∣∣∣
≤

∞∑
k=n+1

k(k − 1)h(k)ak − (B + (A−B)(1− β))

+
∞∑

k=n+1

k(B + (A−B)(1− β)−B(k − 1))h(k)ak

=
∞∑

k=n+1

k(B + (A−B)(1− β) + (1−B)(k − 1))

h(k)ak − (B + (A−B)(1− β)) ≤ 0.

By hypothesis. Thus by maximum modulus Theorem f ∈ Hn(A,B, β, q, s).

Conversely, suppose that f ∈ Hn(A,B, β, q, s). Then by recalling the condition
(1.13), we have∣∣∣∣∣∣∣

z(Hqs [a1]f)′′

(Hqs [a1]f)′

B + (A− B)(1− β)− B z(Hqs [a1]f)′′

(Hqs [a1]f)′

∣∣∣∣∣∣∣ =

∣∣∣∣ z(Hqs [a1]f)′′

(B + (A− B)(1− β))((Hqs [a1]f)′)− Bz(Hqs [a1]f)′′

∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣
−

∞∑
k=n+1

k(k − 1)h(k)akz
k−1

(B + (A− B)(1− β))

(
1−

∞∑
k=n+1

kh(k)akzk−1

)
+ B

∞∑
k=n+1

k(k − 1)h(k)akzk−1

∣∣∣∣∣∣∣∣∣∣
< 1.



SOME PROPERTIES OF A CLASS OF UNIVALENT FUNCTIONS 9

Since |Re(z)| ≤ |z| for all z, we have

Re


∞∑

k=n+1
k(k − 1)h(k)akz

k−1

(B + (A− B)(1− β))

(
1−

∞∑
k=n+1

kh(k)akzk−1

)
+ B

∞∑
k=n+1

k(k − 1)h(k)akzk−1

∣∣∣∣∣∣∣∣∣∣
< 1. (2.4)

Now choosing values of z on the real axis and allowing z → 1 from the left through
real values, the inequality (2.4) immediately yields the desired condition in (2.1).
Finally, it is observed that the result is sharp and the extremal function is given by
(2.3). �

Theorem 2.1 immediately yields the following result.

Corollary 2.2. Let the function f of the form (1.10) is in the class H(n) and
belongs to the class Hn(A,B, β, q, s). Then

ak ≤
B + (A−B)(1− β)

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)
, (k ≥ n+ 1, n ∈N), (2.5)

where the equality holds true for the function (2.3).

Proof. The result (2.5) follows from the fact that the series in (2.1) converges. �

Theorem 2.3. For n = 1, let f ∈ H1(A,B, β, q, s) and g be an arbitrary element
of H(1) such that g ≺ f , defined in Definition 1.1, and if

gk =
1
k!

[
dk(f(w(z))

dzk

]
z=0

(2.6)

also if
∞∑
k=2

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)|gk|

|g1|
≤ B + (A−B)(1− β). (2.7)

Then g ∈ H1(A,B, β, q, s).

Proof. Since g ≺ f by definition of subordination there is analytic function w(z)
such that |w(z)| ≤ |z| and g(z) = f(w(z)). But g is the composition of two analytic
functions in the unit disk, therefore we can expend this function in terms of Taylor
series at origin as below

g(z) =
∞∑
k=0

gkz
k,

where gk is defined in (2.6). Hence

g0 =
f(w(0))

0!
= 0, g1 =

w′(0)f ′(0)
1!

= w′(0).

Therefore, we can write

g(z) = g1z −
∞∑
k=2

gkz
k
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and

(Hq
s [a1]g)(z) = g1z −

∞∑
k=2

h(k)gkzk,

we must prove g ∈ H1(A,B, β, q, s), in other words, we show that∣∣∣∣ z((Hq
s [a1]g)(z))′′

(B + (A−B)(1− β))((Hq
s [a1]g)(z))′ −Bz(((Hq

s [a1]g)(z)))′′

∣∣∣∣ < 1,

or ∣∣∣∣∣∣∣∣∣
−
∞∑
k=2

k(k − 1)h(k)gkz
k−1

(B + (A− B)(1− β))

(
g1 −

∞∑
k=2

kh(k)gkzk−1

)
+ B

∞∑
k=2

k(k − 1)h(k)gkzk−1

∣∣∣∣∣∣∣∣∣ < 1.

Since |Re(z)| ≤ |z| for all z, we have

Re


∞∑
k=2

k(k − 1)h(k)gkz
k−1

(B + (A− B)(1− β))

(
g1 −

∞∑
k=2

kh(k)akzk−1

)
+ B

∞∑
k=2

k(k − 1)h(k)gkzk−1

∣∣∣∣∣∣∣∣∣ < 1. (2.8)

We can choose value of z on the real axis so that ((Hq
s [a1]g)(z))′ is real. Let z → 1−

through real values, so we can write (2.8) as
∞∑
k=2

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)gk ≤ g1(B + (A−B)(1− β)).

The proof is complete. �

3. Some properties of a subclass H1,cm(A,B, β, q, s)

We introduce the class H1,cm(A,B, β, q, s) the subclass of H1(A,B, β, q, s), where

H1(A,B, β, q, s) =

f ∈ H(1) :

∣∣∣∣∣∣
z((Hqs [a1]f)(z))′′

((Hqs [a1]f)(z))′

B + (A−B)(1− β)−B z((Hqs [a1]f)(z))′′

((Hqs [a1]f)(z))′

∣∣∣∣∣∣ < 1


consisting of functions with negative and fixed finitely many coefficients of the form:

f(z) = z −
m∑
i=2

(B + (A−B)(1− β))ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

zi −
∞∑

k=m+1

akz
k, (3.1)

where m = 2, 3, · · · , ak ≥ 0 for k = m + 1,m + 2, · · · , 0 ≤ ci ≤ 1 for i = 2, 3, · · · ,m
and

0 ≤
m∑
i=2

ci ≤ 1.

The different cases were studied earlier by many authors e.g. [9], [10] and [13].
We need the following lemma which has been proved in general case in Theorem

2.1.
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Lemma 3.1. Let

f(z) = z −
∞∑
k=2

akz
k ∈ H(1).

Then f ∈ H1(A,B, β, q, s) if and only if
∞∑
k=2

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)ak
B + (A−B)(1− β)

≤ 1.

The following theorem gives a necessary and sufficient condition for a function to
be in the class H1,cm(A,B, β, q, s).

Theorem 3.2. Let f be defined by (3.1). Then f ∈ H1,cm(A,B, β, q, s) if and only
if

∞∑
k=m+1

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)
B + (A−B)(1− β)

ak ≤ 1−
m∑
i=2

ci. (3.2)

Proof. By letting

ai =
(B + (A−B)(1− β))ci

i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)
.

Since H1,cm(A,B, β, q, s) ⊂ H1(A,B, β, q, s) so f ∈ H1,cm(A,B, β, q, s) if and only if
m∑
i=2

i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)
(B + (A−B)(1− β))

ai

+
∞∑

k=m+1

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)
B + (A−B)(1− β)

ak ≤ 1

or
∞∑

k=m+1

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)
B + (A−B)(1− β)

ak ≤ 1−
m∑
i=2

ci

and this complete the proof. �

Corollary 3.3. Let f defined by (3.1) be in the class H1,cm(A,B, β, q, s). Then
for k ≥ m+ 1, we have

ak ≤
(B + (A−B)(1− β))

(
1−

m∑
i=2

ci

)
k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)

.

This result is sharp due to the function f defined by

f(z) = z −
m∑
i=2

(B + (A−B)(1− β))ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

zi

−
(B + (A−B)(1− β))

(
1−

m∑
i=2

ci

)
k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)

zk.
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Theorem 3.4. Let

fi(z) = z −
m∑
i=2

(B + (A−B)(1− β))ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

zi −
∞∑

k=m+1

ak,jz
k, (3.3)

for j = 1, 2, · · · , ` be in the class H1,cm(A,B, β, q, s). Then the function

F (z) =
∑̀
j=1

ηjfj(z)

is also in the class H1,cm(A,B, β, q, s), where

∑̀
j=1

ηj = 1, 0 ≤ ci ≤ 1, 0 ≤
m∑
i=2

ci ≤ 1.

Proof. By Theorem 3.2 for every j = 1, 2, · · · , `, we have
∞∑

k=m+1

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)
B + (A−B)(1− β)

ak,j ≤ 1−
n∑
i=2

ci.

But

F (z) =
∑̀
j=1

ηjfj(z)

= z −
m∑
i=2

(B + (A−B)(1− β))ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

zi −
∞∑

k=m+1

∑̀
j=1

ηjak,j

 zk.

So

∞∑
k=m+1

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)
B + (A−B)(1− β)

∑̀
j=1

ηjak,j


=
∑̀
j=1

∞∑
k=m+1

(
k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)

B + (A−B)(1− β)
ak,j

)
ηj

≤
∑̀
j=1

(
1−

m∑
i=2

ci

)
ηj = 1−

m∑
i=2

ci

and the proof is complete. �

Remark 3.1. Let f1, f2 be in the class H1,cm(A,B, β, q, s). Then the function
H(z) = 1

2 [f1(z) + f2(z)] is also in the class H1,cm(A,B, β, q, s).

Remark 3.2. The class H1,cm(A,B, β, q, s) is a convex set.

In the next theorem, we will prove the arithmetic mean property.
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Theorem 3.5. Let fi, (j = 1, 2, · · · , `) define by (3.3) be in the class
H1,cm(A,B, β, q, s). Then the function

Q(z) = z −
m∑
i=2

(B + (A−B)(1− β))ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

zi

−
∞∑

k=m+1

bkz
k, (bk ≥ 0)

is also in the class H1,cm(A,B, β, q, s), where

bk =
1
`

∑̀
j=1

ak,j .

Proof. We have
∞∑

k=m+1

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)
B + (A−B)(1− β)

bk

=
∑̀

k=m+1

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)
B + (A−B)(1− β)

1
`

∑̀
j=1

ηjak,j


=

1
`

∑̀
j=1

( ∞∑
k=m+1

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)
B + (A−B)(1− β)

ak,j

)
(by Theorem 3.2)

≤ 1
`

∑̀
j=1

(
1−

m∑
i=2

ci

)
= 1−

m∑
i=2

ci,

and the proof is complete. �

Definition 3.1. Let f and g belong to H(n). Then the weighted mean hj(z) of f
and g is given by hj(z) = 1

2 [(1− j)f(z) + (1 + j)g(z)], where −1 ≤ j ≤ 1.

Theorem 3.6. Let f and g be in the class H1,cm(A,B, β, q, s). Then the weighted
mean of f and g is also in the class H1,cm(A,B, β, q, s).

Proof. By using Definition 3.1 , we obtain

hj(z) =

1
2

[
(1− j)

(
z −

m∑
i=2

(B + (A−B)(1− β))ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

zi −
∞∑

k=m+1

akz
k

)

+(1 + j)

(
z −

m∑
i=2

(B + (A−B)(1− β))ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

zi −
∞∑

k=m+1

bkz
k

)]
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= z −
m∑
i=2

(B + (A−B)(1− β))ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

zi

−
∞∑

k=m+1

1
2

[(1− j)ak + (1 + j)bk]zk.

Since f and g are in the class H1,cm(A,B, β, q, s) using Theorem 3.4, we have
∞∑

k=m+1

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)
B + (A−B)(1− β)

1
2

[(1− j)ak + (1 + j)bk]

=
1
2

∞∑
k=m+1

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)
B + (A−B)(1− β)

(1− j)ak

+
1
2

∞∑
k=m+1

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)
B + (A−B)(1− β)

(1 + j)bk

≤ 1
2

(1− j)

1−
m∑
j=2

ci

+
1
2

(1 + j)

(
1−

m∑
i=2

ci

)
= 1−

m∑
i=2

ci,

and again by Theorem 3.4, hj(z) ∈ H1,cm(A,B, β, q, s). �

Now , we obtain the extreme points of the class H1,cm(A,B, β, q, s) but we need
the following theorem to prove

Theorem 3.7. Let

fm(z) = z −
m∑
i=2

(B + (A−B)(1− β))ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

zi (3.4)

and for k ≥ m+ 1

fk(z) = z −
m∑
i=2

(B + (A−B)(1− β))ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

zi

−
(B + (A−B)(1− β))

(
1−

m∑
i=2

ci

)
k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)

zk. (3.5)

Then the function Y is in the class H1,cm(A,B, β, q, s) if and only if it can be expressed
in the form

Y (z) =
∞∑
k=m

σkfk(z),

where σk ≥ 0 (k ≥ m) and
∞∑
k=m

σk = 1.
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Proof. Let

Y (z) =
∞∑
k=m

σkfk(z).

Then

Y (z) = σmfm(z) +
∞∑

k=m+1

σkfk(z)

= σmz − σm
m∑
i=2

(B + (A−B)(1− β))ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

zi +
∞∑

k=m+1

σkz

−
∞∑

k=m+1

σk

(
m∑
i=2

(B + (A−B)(1− β))ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

zi

)

−
∞∑

k=m+1

σk

 (B + (A−B)(1− β))
(

1−
m∑
i=2

ci

)
k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)

zk


=

(
σm +

∞∑
k=m+1

σk

)
z −

(
σm +

∞∑
k=m+1

σk

)
m∑
i=2

(B + (A−B)(1− β))ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

zi

−
∞∑

k=m+1

(B + (A−B)(1− β))
(

1−
m∑
i=2

ci

)
k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)

σkz
k

= z −
m∑
i=2

(B + (A−B)(1− β))ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

zi

−
∞∑

k=m+1

(B + (A−B)(1− β))
(

1−
m∑
i=2

ci

)
σk

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)
zk.

Finally, we have

∑∞
k=m+1

k(B+(A−B)(1−β)+(1−B)(k−1))

(
1−

m∑
i=2

ci

)
(B+(A−B)(1−β))σkh(k)

k(B+(A−B)(1−β)+(1−B)(k−1))h(k)(B+(A−B)(1−β))

= (1−
∑m
i=2 ci)

∑∞
k=m+1 σk = (1−

∑m
i=2 ci) (1− σm) ≤ 1−

∑m
i=2 ci.

Thus Y ∈ H1,cm(A,B, β, q, s).
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Conversely, assume Y ∈ H1,cm(A,B, β, q, s) so

Y (z) = z −
m∑
i=2

(B + (A−B)(1− β))ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

zi −
∞∑

k=m+1

akz
k.

By putting

σk =
k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)

(B + (A−B)(1− β))
(

1−
m∑
i=2

ci

) ak, (k ≥ m+ 1),

we have σk ≥ 0 and if we set

σm = 1−
∞∑

k=m+1

σk,

we get

Y (z) = z −
m∑
i=2

(B + (A−B)(1− β))ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

zi

−
∞∑

k=m+1

(B + (A−B)(1− β))
(

1−
m∑
i=2

ci

)
σk

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)
zk

= fm(z)−
∞∑

k=m+1

(
z −

m∑
i=2

(B + (A−B)(1− β))ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

zi − fk(z)

)
σk

= fm(z)−
∞∑

k=m+1

(fm(z)− fk(z))σk

=

(
1−

∞∑
k=m+1

σk

)
fm(z) +

∞∑
k=m+1

σkfk(z) =
∞∑
k=m

σkfk(z).

�

Corollary 3.8. The extreme points of the class H1,cm(A,B, β, q, s) are the func-
tions fk (k ≥ m) defined by (3.4) ,(3.5).

Now, we obtain the radii of starlikeness and convexity for the elements of the class
H1,cm(A,B, β, q, s).

Theorem 3.9. Let the function f defined by (3.1) be in the class H1,cm(A,B, β, q, s).
Then f is starlike of order η (0 ≤ η < 1) in |z| < r, where r is the largest value such
that

m∑
i=2

ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

ri−1

+
1−

m∑
i=2

ci

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)
rk−1
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≤ 1
(B + (A−B)(1− β))

.

Proof. It is sufficient to show that∣∣∣∣zf ′(z)f(z)
− 1
∣∣∣∣ < 1− η. (3.6)

Thus, we have

∣∣∣∣ zf ′(z)f(z)
− 1

∣∣∣∣ ≤
m∑
i=2

(i−1)(B+(A−B)(1−β))ci
i(B+(A−B)(1−β)+(1−B)(i−1))h(i) |z|

i−1 +
∞∑

k=m+1
(k − 1)ak|z|k−1

1−
m∑
i=2

(B+(A−B)(1−β))ci
i(B+(A−B)(1−β)+(1−B)(i−1))h(i) |z|i−1 −

∞∑
k=m+1

ak|z|k−1

≤

m∑
i=2

(i−1)(B+(A−B)(1−β))ci
i(B+(A−B)(1−β)+(1−B)(i−1))h(i) r

i−1 +
∞∑

k=m+1
(k − 1)

(B+(A−B)(1−β))

(
1−

m∑
i=2

ci

)
k(B+(A−B)(1−β)+(1−B)(k−1))h(k) rk−1

1−
m∑
i=2

(B+(A−B)(1−β))ci
i(B+(A−B)(1−β)+(1−B)(i−1))h(i) r

i−1 −
∞∑

k=m+1

(B+(A−B)(1−β))

(
1−

m∑
i=2

ci

)
k(B+(A−B)(1−β)+(1−B)(k−1))h(k) r

k−1

Therefore (3.6) holds true if the last term of above relationship is less than 1− η or
equivalently

m∑
i=2

(i− η)(B + (A−B)(1− β))ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

ri−1

+
(k − η)(B + (A−B)(1− β))

(
1−

m∑
i=2

ci

)
k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)

rk−1 ≤ 1.

Finally, we find
m∑
i=2

ci
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

ri−1

+
1−

m∑
i=2

ci

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)
rk−1 ≤ 1

(B + (A−B)(1− β))

and this completes the proof. �

Making use of (f is convex function if and only if zf ′ is starlike function [2]), we
obtain the following corollary :

Corollary 3.10. Let f ∈ H1,cm(A,B, β, q, s). Then f is convex of order η (0 ≤
η < 1) in |z| < r, where r is the largest value for which

m∑
i=2

ici
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

ri−1

+
k

(
1−

m∑
i=2

ci

)
k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)

rk−1 ≤ 1
(B + (A−B)(1− β))
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Theorem 3.11. Let f ∈ H1,cm(A,B, β, q, s) and

di =
(B + (A−B)(1− β))c2i

i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)
, (2 ≤ i ≤ m).

Then the function

h(z) = z −
m∑
i=2

(B + (A−B)(1− β))di
i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)

zi −
∞∑

k=m+1

akz
k

is also in the class H1,cm(A,B, β, q, s).

Proof. It can be verified that i(B + (A − B)(1 − β) + (1 − B)(i − 1))h(i) > 1, i =
2, 3, · · · ,m. Therefore

0 ≤ di =
(B + (A−B)(1− β))c2i

i(B + (A−B)(1− β) + (1−B)(i− 1))h(i)
< ci ≤ 1.

So

0 ≤
m∑
i=2

di <

m∑
i=2

ci ≤ 1.

Thus
∞∑

k=m+1

k(B + (A−B)(1− β) + (1−B)(k − 1)h(k)

(B + (A−B)(1− β))
(

1−
m∑
i=2

di

) ak

≤
∞∑

k=m+1

k(B + (A−B)(1− β) + (1−B)(k − 1))h(k)

(B + (A−B)(1− β))
(

1−
m∑
i=2

ci

) ak ≤ 1

and this completes the proof. �
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