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SUPERORDINATION RESULTS FOR MULTIVALENT FUNCTIONS
INVOLVING A MULTIPLIER TRANSFORMATION

WAGGAS GALIB ATSHAN!, HUDA KHALID ABID ZAID?

ABSTRACT. The purpose of this paper is to derive superordination results involving a
multiplier transformation for a family of analytic multivalent functions in the open unit
disk.

1. INTRODUCTION

Let T}, denote the class of functions of the form :
flz) =2+ Z arz®, (peN=1{1,2,---}), (1.1)

which are analytic and p - valent in the open unit disk U = {z € C: |z| < 1}.

If f and g are analytic functions in U, we say that f is subordinate to g, written f < g,
if there exists a Schwarz function w, which (by definition) is analytic in U with w(0) = 0
and |w(z)| < 1 for all z € U, such that f(z) = g(w(z))), for all z € U. Furthermore, if the
function g is univalent in U, then we have the following equivalence

f(z) <9(2), (z€U) < f(0) =g(0) and f(U) C g(U).
For 0 < 1 < p, we denote by S;(n), K,(n) and C, the subclasses of T}, consisting of all
analytic functions which are respectively, p - valent starlike of order 7, p-valent convex of
order 7 and close-to-convex in U.
Let define the multiplier transformation : I3  : T}, — T}, by

> <k+A

L) =+ Y ) an*, (A3 0,5 € R).

This operator is closely related to the Salagean derivative operator [13]. The special case I A
was studied recently by Cho and Srivastava [5] and Cho and Kim [4], while I§; was studied
by Uralegaddi and Somanatha [15]. An investigation of the I’ operator was given by
Aghalary et. al. [1]. We also mention the papers [2], [7], [8], [9], [11], [12] and [14], that are
closely-related recent articles on the subject of the multiplier transformations investigated

in our work.
Setting

N R
;;A(Z) =2+ Z (p:::)\> Clka, ()\ >0,s € R),
k=p+1
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we now introduce the operator I S_ T, — Tp, defined by
PHAN P+ Wi-p ok
DA pidp )
k=p+1 kta (D=
where f., ,f(2) is given by
S S Zp
fp;/\,uf(z) * fp;)\(z) = m7 (n > —p) (see [6]). (1.3)
In view of (1.2) and (1.3), we may easily obtain the following relations:
ALEL () = A+ D)oy W f (2) = AEL F(2) (1.4)
and
ALK F(2)) = (u+ P s i F(2) = w5y f(2) (1.5)

2. PRELIMINARIES
To prove our results we shall need the following lemmas:

Lemma 2.1. (see [10]) : Let q(z) be convex univalent function in the unit disk U and
v € C. Further assume that Re(y) > 0. If r(z) € H[g(0),1] N Q and r(z) + vzr'(z) is
ungvalent in U, then q(z) + vzq' (2) < r(2) + vzr'(2), then q(z) < r(z) and q(z) is the best
subordinant.

Lemma 2.2. (see [3]) : Let q(z) be convex univalent function in the unit disk U, and let
0 and ¢ be analytic in a domain D containing q(U). Suppose that

: (i) Re{i((g((zz))))} >0 forzeU.

2 (1) 2¢' (2)9(q(2)) is starlike univalent in z € U.
If r(z) € H[q(0),1] N Q, with r(U) C D and if 0(r(2)) + zr'(2)p(r(2)) is univalent in U
angl Hcgq(z)) +2¢'(2)d(q(2)) < 0(r(2)) + 2r'(2)p(r(2)), then q(z) < r(z) and q(2) is the best
subordinant.

3. MAIN RESULTS

Theorem 3.1. Let q be convex univalent in U with ¢(0) =1 and p%Reﬂ >0. Let f €T,
satisfies sz;i\}ﬂf(z) € H[q(0,1),1]NQ and

(125 s (5 (252

is univalent in U. If

o+ S < (142 (22)) 2 (s ) + (22 (251)) # (G ).

(3.1)
Then
q(z) < 2P (L4, f(2)) (3.2)
and q(z) is the best subordinant of (3.1).
Proof. Let
r(z) = zp(I;Jg\luf(z)). (3.3)
Differentiating (3.3) with respect to z, we get
2f/(2) _ QA PEn,uf () - A+ PR 1) 5.4

r(z) Iy f(2)
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From (3.4) and using the identity (1.4), a simple computation show that

(1 + g (Z’;A» P F(2) + @f (T)) DI f(2)) = 1) + Zgzr'(z)

and now, by using Lemma (2.1), we get desired result. O

5
Putting ¢(z) = (Hz) ,(0 < 6 < 1) in the Theorem (3.1), we obtain the following

11—z

Corollary :
Corollary 3.2. Let 0 < § <1 and p%Reﬁ >0. It ZPISK}Hf(z) € Hlg(0),1]NQ and

(1 +§ (’T)) AL F(2)) + (Af (ppl» P (5 (2))

be univalent in U. If
2836z 1+2\°
(1+a=m) (155)
- A A -1
< (5 (57)) 7 (ssre) + (5 (557)) 7 s

5
Then (HZ) =< 2P (IS+1 (z)) and q(z) is the best subordinant.

1-z piAp
Theorem 3.3. Let g be convex univalent in U with ¢(0) = 1 and ﬁRe (“T/\) > 0. Let

f €T, satisfies :
I;;/\#f(z) c

125 € Hlg(0,1),1]0Q
and
o [(p+p) L5 g1 f(2) = (b + ) f(2)
d(1+p) 2P
s univalent in U. If
+p) (L2, —(p+p)(L.
q(z) + o zq () < ai [(M P) 1 f(2)) = (0 +p)( pﬁkvﬂf(z))} , (3.5)
5(1+p) 5(1+p) 2P
then I )
S, z
q(z) < % (3.6)
and q(z) is the best subordinant of (3.5).
Proof. Let
Ik, f(z)
_ DA
fle) = 2, (3.7)
Differentiating (3.7) with respect to z, we get
/ +p) (15 f(z
2r'(2) _ (1 )é( st (2)) (). (3.8)
r(2) (Lo, f(2))
From (3.8) and using the identity (1.5), a simple computation shows that
oA [0 DU )~ DU, S D) e
5(1+p) 2P d(1+p)
and now, by using Lemma (2.1), we get desired result. O

1+Az
1+Bz

Putting ¢(z) = in the Theorem (3.2) , we have the following Corollary :
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Corollary 3.4. Let AL Be C,A#B,|B|<1. If feT,:
I;;)\hu,f(z)

L € Hlg(0).1]0Q

and

al {(u + )5y g1 f(2) — (0 + p)(IS;A,Nf(Z))]
is univalent in U. If
L+A4z ol (A-B)z = aA {(u + 1) a1 f(2) — (0 + p)(I;;A,/Lf(Z)):|
1+Bz 6(14+p)(1+Bz)? 6(1+p) 2P '

Then (iigi) =< Ip“’z‘;f(z) and q(z) = ng is the best subordinant.

Theorem 3.5. Let a; € C, (i = 1,2,3) and let q be convex univalent with ¢(0) = 1, and
assume that

Re {azq’(z)q(z)} > 0. (3.9)

as

Suppose that Z;]ES) is starlike univalent in U. Let f € T, satisfies :

LY f(2) € H[q(0),1]NQ

and
(A+p)(L5 . f(2))
(AL f(2)

a1+ ozgzp(I;j;\’luf(z)) + ag

- (/\—p)l

s univalent in U. If

A+ )T, fE) _p)l |

o1 +azq(z) +as [zq’(z)] < ar+ a2 (L f(2) + as (I;;Jg)luf(z))

q(2) Pidsp

(3.10)
then
q(z) < 2(L5L F(2) (3.11)

DA
and q is the best subordinant of (3.10).
Proof. Define the function r(z) by
r(z) = 2P (Ipx . (f(2))- (3.12)

By setting 0(w) = a1 + asw and ¢(w) = 5=, we see that 6(w) is analytic in C, ¢(w) is
analytic in C/{0} and that ¢(w) # 0,w € C/{0}. Also, we get

=2q' (2 2)) = 2-B_¢(2).
Q(2) = 2q'(2)p(q(2)) q(Z)Q()

It is clear that Q(z) is starlike univalent in U,

Re {29(‘1(2))} = Re {a?q(z)q'(z)} > 0.

?(q(2)) as
By a straight forward computation, we obtain
A+p)(Lp . f(2)) zr'(2)
s+1 PiAu
a1+ a2 (LN f(2) + a3 (I;;';’luf(z)) —(A=p)| a1 +asr(2) +as [ 02) ] .
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From (3.10) and (3.13), we have

2q'(2) zr'(2)
. 3.14
a1+ azq(2) + as [ () ] < a1 +azr(z) +as [ ) (3.14)
Therefore, by Lemma (2.2), we get g(z) < r(Z2). O
Putting ¢(z) = %igz in the Theorem (3.3), we obtain the following corollary.

Corollary 3.6. Let o; € C,(i = 1,2,3) and let be convex univalent with q(0) = 1 and

assume that :
as (14 Az A-B
re{52 (155:) (om0

is starlike univalent in U. Let f € T, satisfies :

LN S(2) € H[q(0),1]NQ

2q'(2)
q(z)

Suppose that

DA 1
and
s A+p)Upr [ (2))
a1 + azzp(lp;ﬁ’l# (2)) +as (I;Jg}: /\(g)) - (A - P)]

is univalent in U. If

1+Az) 043{( z2(A— B) }

0‘1+0‘2(1+Bz 1+ A42)/(1+ B2)

<o¢1+ozgzp(ls,+1 f(2)+as . Pl —(A=p)|.
P (L5 f(2))
Then ((11I§;) = ZP(I;:'\?Mf(z)) and q(z) = (%ig‘z) is the best subordinant.

Theorem 3.7. Let 0,0, € C and q be convex univalent in U with q(0) =1 and assume

that :
Re{aq;(z)} > 0. (3.15)

Suppose that zq'(z) is starlike univalent in U. Let f € T, satisfies :

IS 1) € Hlg0),110Q

and
(0 =Xy +p)2P (LR, F(2) + v (A + ) (L, f(2) +0
s univalent in U. If
aq(2) +72¢'(2) +6 < (0 = My +p)2P (LR F(2) + 7N+ p) (L W f(2)) +6, (3.16)

then

q(z) < zp(I;;Jg\}H (2)) (3.17)
and q(z) is the best subordinant of (3.17).
Proof. Define the function r(z) by

r(z) = 2 (Ip . f(2))- (3.18)

By setting f(w) = cw+6 and ¢(w) = 7, we see that f(w) is analytic in C, ¢(w) is analytic
in C/{0} and that ¢(w) # 0,w € C/{0}. Also, we get

Q(2) = 2¢'(2)#(q(2)) = v2¢'(2).
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It is clear that Q(z) is starlike univalent in U,

/ /

Re{9 (Q(Z))} :Re{aq (z)} S0
¢(q(2)) gl
By a straight forward computation, we obtain
(0 — My + vp)zp(lgj\}# (2)) YA+ D)y W f(2) +0 < or(2) +y2r'(2) +6. (3.19)
From (3.16) and (3.19) we have
0q(z) + 724 (2) + 8 < or(z) + v2r'(2) + 6.

Therefore, by Lemma (2.2), we get g(z) < r(z). O
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