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SOME RESULTS OF SECOND ORDER DIFFERENTIAL
SUBORDINATION FOR FRACTIONAL INTEGRAL OF

DZIOK-SRIVASTAVA OPERATOR

WAGGAS GALIB ATSHAN1 AND ASSRA ABDUL JALEEL HUSIEN2

Abstract. Using a fractional integral of Dziok-Srivastava operator, we introduce and

study some differential subordination results for analytic functions in the open unit disk.

These results are obtained by investigating classes of admissible functions. Some of the
results in this paper would provide extensions of those given in earlier works.

1. Introduction

LetH(U) be the class of analytic functions in the open unit disk U = {z ∈ C : |z| < 1} and
H[a, n] be the subclass of consisting of functions of the form f(z) = a+anzn+an+1z

n+1+· · · ,
with H0 = [0, 1] and H1 = H[1, 1]. We denote by the A class of all functions of the form:

f(z) = z +
∞∑
n=2

anz
n, (z ∈ U, n ∈ N), (1.1)

which are analytic in U . Let f and g members of H(U). The function is said to be
subordinate to g in U , written f ≺ g or f(z) ≺ g(z) (z ∈ U), if there exists a Schwarz function
w(z) is analytic in U , with w(0) = 0 and |w(z)| < 1 in U , such that f(z) = g(w(z)) (z ∈ U)
(see [1] and [7]).
In particular, if the function g is univalent in U , then we have the following equivalence:

f(z) ≺ g(z)⇔ f(0) = g(0) and f(U) ⊂ g(U).

Let ψ : C3 × U → C and let h be univalent in U . If p is analytic in U and satisfies the
(second order) differential subordination

ψ(p(z), zp′(z), z2p′′(z); z) ≺ h(z), (1.2)

then p is called a solution of the differential subordination. The univalent function q is called
a dominant of the solutions of the differential subordination, or more simply dominant if
p ≺ q for all the function p satisfies (1.2). A dominant q̃ that satisfies q̃ ≺ q for all dominants
q of (1.2) is said to be the best dominant of (1.2).

Definition 1.1. (see [4]) The fractional integral of order λ (λ > 0) is defined for a
function f by

D−λz f(z) =
1

Γ(λ)

∫ z

0

f(t)
(z − t)1−λ dt, (1.3)

2000 Mathematics Subject Classification. 30C45, 30C80, 33C10.
Key words and phrases. Analytic function, Differential subordination, Univalent function, Fractional

integral, Dziok-Srivastava operator.

145



146 WAGGAS GALIB ATSHAN, ASSRA ABDUL JALEEL HUSIEN

where f is analytic function in a simply-connected region of z-plane containing the origin,
and the multiplicity of (z−t)1−λ is removed by requiring log(z−t) to be real, whenRe(z−t) >
0.

Definition 1.2. (see [3]) For f ∈ A, the Dziok-Srivastava operator is defined by

H l
m(α1, α2, · · · , αl;β1, β2, · · · , βm)f(z) = z+

∞∑
n=2

(α1)n−1(α2)n−1 · · · (αl)n−1

(β1)n−1(β2)n−1 · · ·w(βm)n−1(n− 1)!
anz

n,

(1.4)
αi ∈ C, i = 1, 2, · · · , l;βj ∈ C \ {0,−1,−2, · · · }, j = 1, 2, · · · ,m; where (x)n is the Pochham-
mer symbol defined, in terms of the Gamma function Γ, by

(x)n =
Γ(x+ n)

Γ(x)
=
{
x(x+ 1)(x+ 2) · · · (x+ n− 1) for n ∈ N and x ∈ C,
1 if n = 0 and x ∈ C \ {0}.

For simplicity, we write H l
m[α1]f(z) = H l

m(α1, α2, · · · , αl;β1, β2, · · · , βm)f(z).

From Definition 1.1 and Definition 1.2, we get the fractional integral of Dziok-Srivastava
operator:

D−λz H l
m[α1]f(z) =

1
Γ(2 + λ)

z1+λ+
∞∑
n=2

Γ(n+ 1)(α1)n−1(α2)n−1 · · · (αl)n−1

Γ(n+ 1 + λ)(β1)n−1(β2)n−1 · · · (βm)n−1(n− 1)!
anz

n+λ.

(1.5)
We note from (1.5) that, we have

z(D−λz H l
m[α1]f(z))′ = α1D

−λ
z H l

m[α1 + 1]f(z)− [α1 − (1 + λ)]D−λz H l
m[α1]f(z). (1.6)

In order to prove the results, we shall need the following Definition and Theorem.

Definition 1.3. [7, Definition 2.2b p. 21] Denote by Q the set of all functions q that are
analytic and injective on U \ E(q), where

E(q) =
{
ζ ∈ ∂U : lim

z→ζ
q(z) =∞

}
and are such that for q′(ζ) 6= 0 for ζ ∈ ∂U \ E(q). Further let the subclass of Q for which
q(0) = a be denoted by Q(a), Q(0) ≡ Q0 and Q(1) ≡ Q1.

Definition 1.4. [7, Definition 2.3a p.27] Let Ω be a set in C, q ∈ Q and let n be a positive
integer. The class of admissible functions Ψn[Ω, q] consists of those functions ψ : C3×U → C
that satisfy the admissibility condition ψ(r, s, t; z) 6∈ Ω, whenever r = q(ζ), s = kζq′(ζ) and
Re
{
t
s + 1

}
≥ k Re

{
ζq′′(ζ)
q′(ζ) + 1

}
, z ∈ U, ζ ∈ ∂U \E(q), k ≥ n. We write Ψ1[Ω, q] as Ψ[Ω, q].

In particular when q(z) = M Mz+a
M+az , with M > 0 and |a| < M , then q(U) = UM = {w :

|w| < M}, q(0) = a,E(q) = φ and q ∈ Q(a). In this case, we set Ψn[Ω,M, a] = Ψn[Ω, q] and
in the special case when Ω = UM , the class is simply denoted by Ψn[M,α].

Theorem 1.1. [7, Theorem 2.3 b3, p. 28] Let ψ ∈ Ψn[Ω, q] with q(0) = a. If the
analytic function p(z) = a+ anz

n + an+1z
n+1 + · · · (z ∈ U) satisfies the following inclusion

relationship ψ(p(z), zp′(z), z2p′′(z); z) ∈ Ω, then p(z) ≺ q(z) (z ∈ U).

Similar results have been obtained for other classes of functions in [2, 5, 6].
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2. Subordination Results

Definition 2.1. Let Ω be a set in C, q(z) ∈ Q1 ∩ H[q(0), 1]. The class of admissible
functions Φn[Ω, q] consists of those function φ : C3 × U → C that satisfy the admissibility
condition φ(u, v, w; z) 6∈ Ω, whenever

u = q(ζ), v =
kζq′(ζ) + [α1 − λ]q(ζ)

α1

Re

{
α1(α1 + 1)w − (α1 − λ)[α1 − λ+ 1]u

α1v − [α1 − λ]u
− 2(α1 − λ+

1
2

)
}
≥ kRe

{
ζq′′(ζ)
q′(ζ)

+ 1
}
,

z ∈ U, ζ ∈ ∂U \ E(q), k ≥ 1.

Theorem 2.1. Let φ ∈ Φn[Ω, q]. If f(z) ∈ A satisfies{
φ((D−λz H l

m[α1]f(z))′, (D−λz H l
m[α1 + 1]f(z))′, (D−λz H l

m[α1 + 2]f(z))′; z) : z ∈ U
}
⊂ Ω

(2.1)
then (D−λz H l

m[α1]f(z))′ ≺ q(z).

Proof. Define the analytic function g(z) in U by

g(z) = (D−λz H l
m[α1]f(z))′. (2.2)

In view of relation

z(D−λz H l
m[α1]f(z))′ = α1D

−λ
z H l

m[α1 + 1]f(z)− [α1 − (1 + λ)]D−λz H l
m[α1]f(z), (2.3)

from (2.2) we have

(D−λz H l
m[α1 + 1]f(z))′ =

zg′(z) + [α1 − λ]g(z)
α1

. (2.4)

Further, a simple computation shows that

(D−λz H l
m[α1 + 2]f(z))′ =

z2g′′(z) + 2[α1 − λ+ 1]zg′(z) + (α1 − λ)[α1 − λ+ 1]g(z)
α1(α1 + 1)

(2.5)

Define the transformations from C3 to C by

u(r, s, t) = r, v(r, s, t) =
s+ [α1 − λ]r

α1
,

w(r, s, t) =
t+ 2[α1 − λ+ 1]s+ (α1 − λ)[α1 − λ+ 1]r

α1(α1 + 1)
. (2.6)

Let

ψ(r, s, t; z) = φ(u, v, w; z) = φ

(
r,
s+ [α1 − λ]r

α1
,
t+ 2[α1 − λ+ 1]s+ (α1 − λ)[α1 − λ+ 1]r

α1(α1 + 1)
; z
)
.

(2.7)
The proof shall make use of Theorem 1.1. Using (2.2), (2.4) and (2.5), from (2.7), we obtain

ψ(g(z), zg′(z), z2g′′(z); z) = φ((D−λz H l
m[α1]f(z))′, (D−λz H l

m[α1+1]f(z))′, (D−λz H l
m[α1+2]f(z))′; z).

(2.8)
Hence (2.1) becomes

φ((D−λz H l
m[α1]f(z))′, (D−λz H l

m[α1 + 1]f(z))′, (D−λz H l
m[α1 + 2]f(z))′; z)

= ψ(g(z), zg′(z), z2g′′(z); z) ∈ Ω. (2.9)

Note that
t

s
+ 1 =

α1(α1 + 1)w + (α1 − λ)[α1 − λ+ 1]u
α1v − [α1 − λ]u

− 2
(
α1 − λ+

1
2

)
,
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and since the admissibility condition for φ ∈ Φn[Ω, q] is equivalent to the admissibility
condition for ψ as given in Definition 1.4, hence φ ∈ Ψ[Ω, q], and by Theorem 1.1, then
g(z) ≺ q(z) or D−λz H l

m[α1]f(z))′ ≺ q(z). �

Theorem 2.2. Let φ ∈ Φn[h, q] with q(0) = 1. If f(z) ∈ A satisfies

φ((D−λz H l
m[α1]f(z))′, (D−λz H l

m[α1 + 1]f(z))′, (D−λz H l
m[α1 + 2]f(z))′; z) ≺ h(z), (2.10)

then (D−λz H l
m[α1]f(z))′ ≺ q(z) (z ∈ U).

Our next result is an extension of Theorem 2.1 to the case the behavior of q(z) on ∂U is
not known.

Corollary 2.3. Let Ω ⊂ C and let q(z) be univalent in U with q(0) = 1. Let φ ∈ Φn[Ω, qp]
for some p ∈ (0, 1) where qp(z) = q(pz). If f(z) ∈ A and φ((D−λz H l

m[α1]f(z))′, (D−λz H l
m[α1+

1]f(z))′, D−λz H l
m[α1 + 2]f(z))′; z) ∈ Ω, then (D−λz H l

m[α1]f(z))′ ≺ q(z) (z ∈ U).

Proof. By Theorem 2.1, we get (D−λz H l
m[α1]f(z))′ ≺ qp(z). �

The result is now deduced from the following subordination relationship qp(z) ≺ q(z) (z ∈
U).

Theorem 2.4. Let h(z) and q(z) be univalent in U with q(0) = 1 and set qp(z) = q(pz)
and hp(z) = h(pz). Let φ : C3 × U → C, satisfy one of the following conditions:
(1) φ ∈ Φn[h, qp], for some p ∈ (0, 1), or
(2) there exists p0 ∈ (0, 1) such that φ ∈ Φn[hp, qp], for all p ∈ (p0, 1).

If f(z) ∈ A satisfy (2.10), then (D−λz H l
m[α1]f(z))′ ≺ q(z) (z ∈ U).

Proof. (1) By applying Theorem 2.1, we obtain (D−λz H l
m[α1]f(z))′ ≺ qp(z). Since qp(z) ≺

q(z), we deduce (D−λz H l
m[α1]f(z))′ ≺ q(z).

(2) If we let gp(z) = (D−λz H l
m[α1]fp(z))′ =

(
D−λz H l

m[α1]f(pz)
)′ = g(pz), then

φ((D−λz H l
m[α1]fp(z)))′ =

(
D−λz H l

m[α1 + 1]fp(z)
)′
,
(
D−λz H l

m[α1 + 2]fp(z)
)′

; pz)

= φ((D−λz H l
m[α1]f(pz))′,

(
D−λz H l

m[α1 + 1]f(pz)
)′
,
(
D−λz H l

m[α1 + 2]f(pz)
)′

; pz) ∈ hp(U).

By using Theorem 2.1 and the comment associated with (2.9) with w(z) = pz, we obtain
(D−λz H l

m[α1]fp(z))′ ≺ qp(z), for p ∈ (p0, 1). By letting p→ 1−, we obtain (D−λz H l
m[α1]f(z))′ ≺

q(z). The next result give the best dominant of the differential subordination (2.10). �

Theorem 2.5. Let h(z) be univalent in U and φ : C3 ×U → C. Suppose the differential
equation

φ

(
q(z),

zq′(z)|[α1 − λ]q(z)

α1
,
z2q′′(z) + 2[α1 − λ+ 1]zq′(z) + (α1 − λ)[α1 − λ+ 1]q(z)

α1(α1 + 1)
; z

)
= h(z) (2.11)

has a solution q(z) with q(0) = 1 and satisfy one of the following conditions:
(1) q(z) ∈ Q and φ ∈ Φn[h, q]
(2) q(z) is univalent in U and φ ∈ Φn[h, qp] for some p ∈ (0, 1), or
(3) q(z) is univalent in U and there exists p0 ∈ (0, 1) such that φ ∈ Φn[hp, qp] for all
p ∈ (p0, 1).

If f(z) ∈ A satisfy (2.10), then (D−λz H l
m[α1]f(z))′ ≺ q(z) (z ∈ U) and q(z) is the best

dominant.

Proof. By applying Theorem 2.2 and 2.4, we deduce that q(z) is a dominant of (2.10). Since
q(z) satisfies (2.11), it is also a solution of (2.10) and therefore q(z) will be dominated by
all dominants of (2.10). Hence q(z) is the best dominant of (2.10). �
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In the particular case q(z) = 1 + Mz,M > 0 and in view of Definition 2.1, the class of
admissible function Φn[Ω, q], denoted by Φn[Ω,M ], is described below.

Definition 2.2. Let Ω be a set in C and M > 0. The class of admissible functions
Φn[Ω,M ] consists of those functions φ : C3 × U → C such that:

φ
(

1 +Meiθ, 1 + [k+α1−λ]Meiθ−λ
α1

, 1 + L+λ(λ−2α1−1)+[2[α1−λ+1]k+(α1−λ)[α1−λ+1]]Meiθ

α1(α1+1) ; z
)
6∈ Ω,

(2.12)
whenever z ∈ U, k ≥ nM,Re(Le−iθ) ≥ (n− 1)k and θ ∈ R.

From above definition and Theorem 2.1, we have

Corollary 2.6. Let φ ∈ Φn[Ω,M ]. If f(z) ∈ A satisfy the following inclusion rela-
tionship φ((D−λz H l

m[α1]f(z))′, (D−λz H l
m[α1 + 1]f(z))′, (D−λz H l

m[α1 + 2]f(z))′; z) ∈ Ω, then
(D−λz H l

m[α1]f(z))′≺ 1 +Mz (z ∈ U).

In the special case Ω = q(U) = {w : |w − 1| < M}, the class Φn[Ω,M ]is simply denoted
by Φn[M ].

Corollary 2.7. Let φ ∈ Φn[M ]. If f(z) ∈ A satisfies the following inclusion relation-
ship |φ((D−λz H l

m[α1]f(z))], (D−λz H l
m[α1 +1]f(z))′, (D−λz H l

m[α1 +2]f(z))′; z)−1| < M, then
|(D−λz H l

m[α1]f(z))′ − 1| < M.

Corollary 2.8. If M > 0 and f(z) ∈ A satisfies the following inclusion relationship
|(D−λz H l

m[α1 + 1]f(z))′, (D−λz H l
m[α1]f(z))′| < M

α1
, then |(D−λz H l

m[α1]f(z))′ − 1| < M.

Proof. This follows from Corollary 2.6 by taking φ(u, v, w; z) = v − u and Ω = h(z) where
h(z) = M

α1
z, (M > 0). To use the Corollary 2.6 we need to show that φ ∈ Φn[Ω,M ], that is

the admissibility condition (2.12) is satisfied. This follows since∣∣∣∣φ(1 +Meiθ, 1 +
[k + α1 − λ]Meiθ − λ

α1
,

1 +
L+ λ(λ2 − 2α1 − 1) + [2[α1 − λ+ 1]k + (α1 − λ)[α1 − λ+ 1]]Meiθ

α1(α1 + 1)
; z
)∣∣∣∣

=

∣∣∣∣∣
(
(k − λ) λ

Meiθ

)
Meiθ

α1

∣∣∣∣∣ =
M

α1

∣∣∣∣k − λ (1 +M)
α1

∣∣∣∣ ≥ M

α1
,

whenever z ∈ U, k ≥ nM, Re(Le−iθ) ≥ (n− 1)k and θ ∈ R. �

The required result now follows from Corollary 2.6. Theorem 2.5 shows that the result
is sharp. the differential equation zq′(z)

α1
= M

α1
z (α1 < M) has a univalent solution q(z) =

1 +Mz. It follows from Theorem 2.5 that q(z) = 1 +Mz is the best dominant.

Definition 2.3. Let Ω be a set in C, q(z) ∈ Q ∩ H[q(0), 1]. The class of admissible
functions Φn,1[Ω, q] consists of those functions φ : C3×U → C that satisfy the admissibility
condition φ(u, , v, w; z) 6∈ Ω, whenever

u = q(ζ), v =
q(ζ)(α1q(ζ) + 1) + kζq′(ζ)

(α1 + 1)q(ζ)
, (q(ζ) 6= 0),

Re

{
(α1 + 1)v[[α1 + 2− λ] + (α1 + 1)v − (α1 + 2)w]

[α1u+ 1]− (α1 + 1)v
− [[2α1u+ 1]− (α1 + 1)v]

}
≥ kRe

{
ζq′′(ζ)
q′(ζ)

+ 1
}
, z ∈ U, ζ ∈ ∂U \ E(q), k ≥ 1.
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Theorem 2.9. Let φ ∈ Φn,1[Ω, q]. If f(z) ∈ A satisfies{
φ

(
(D−λz Hlm[α1 + 1]f(z))′

(D−λz Hlm[α1]f(z))′
,

(D−λz Hlm[α1 + 2]f(z))′

(D−λz Hlm[α1 + 1]f(z))′
,

(D−λz Hlm[α1 + 3]f(z))′

(D−λz Hlm[α1 + 2]f(z))′
; z

)
: z ∈ U

}
⊂ Ω, (2.13)

then (D−λz Hlm[α1+1]f(z))′

(D−λz Hlm[α1]f(z))′
≺ q(z).

Proof. Define the analytic function g(z) in U by

g(z) =
(D−λz H l

m[α1 + 1]f(z))′

(D−λz H l
m[α1]f(z))′

. (2.14)

Then, by using (2.3), we get

(D−λz H l
m[α1 + 2]f(z))′

(D−λz H l
m[α1 + 1]f(z))′

=
g(z)(α1g(z) + 1) + zg′(z)

(α1 + 1)g(z)
. (2.15)

Differentiating logarithmically (2.15) , and further computations show that
(D−λz Hlm[α1+3]f(z))′

(D−λz Hlm[α1+2]f(z))′
= 1

(α1+2)×{
α1(g(z) + 1) + (3− λ) + zg′(z)

g(z) +
α1g
′(z)+

zg′(z)
g(z) +

z2g′′(z)
g(z) −

(
zg′(z)
g(z)

)2

(α1g(z)+1)+
zg′(z)
g(z)

}
.

(2.16)

Define the transformations from C3 to C by

u(r, s, t) = r, v(r, s, t) = r(α1r+1)+s
(α1+1)r ,

w(r, s, t) = 1
(α1+2)

(
α1(r + 1) + (3− λ) + s

r +
a1s+

s
r+ t

r−( sr )2

(α1r+1)+ s
r

)
.

(2.17)

Let
ψ(r, s, t; z) = φ(u, v, w; z) =

φ

(
r, r(α1r+1)+s

(α1+1)r , 1
(α1+2)

(
α1(r + 1) + (3− λ) + s

r +
a1s+

s
r+ t

r−( sr )2

(α1r+1)+ s
r

)
; z
)
.

(2.18)

Using (2.14), (2.15) and (2.16), from (2.18), it follows that

ψ(g(z), zg′(z), z2g′′(z); z)

= φ

(
(D−λz H l

m[α1 + 1]f(z))′

(D−λz H l
m[α1]f(z))′

,
(D−λz H l

m[α1 + 2]f(z))′

(D−λz H l
m[α1 + 1]f(z))′

,
(D−λz H l

m[α1 + 3]f(z))′

(D−λz H l
m[α1 + 2]f(z))′

; z
)
.

Hence (2.13) ψ(g(z), zg′(z), z2g′′(z); z) ∈ Ω. The proof is complete if it can be shown that
the admissibility condition for φ ∈ Φn,1[Ω, q] is equivalent to the admissibility condition for
ψ as given in Definition 1.4. For this purpose, note that

s

r
= (α1 + 1)v − [α1u+ 1],

t

r
= [(α1 + 2)w − [α1 + 2− λ]](α1 + 1)v − (α1 + 1)2v2 −

[
(α1 + 1)− 2

s

r

] s
r′
,

and thus
t

s
+ 1 =

[(α1 + 2)w − [α1 + 2− λ]](α1 + 1)v − (α1 + 1)2v2

(α1 + 1)v − [2α1u+ 1]
− [[2α1u+ 1]− (α1 + 1)v].

Hence ψ ∈ Ψ[Ω, q], and by Theorem 1.1, we have

g(z) ≺ q(z) or
(D−λz H l

m[α1 + 1]f(z))′

(D−λz H l
m[α1]f(z))′

≺ q(z).

In the case Ω 6= C is a simply connected domain with Ω = h(U) for some conformal mapping
h(z) of U on to Ω, the class Φn,1[h(U), q] is written as Φn,1[h, q]. �
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The following result is an immediate consequence of Theorem 2.9.

Theorem 2.10. Let φ ∈ Φn,1[h(U), q] with q(0) = 1, if f(z) ∈ A satisfies the following in-

clusion relationship φ
(

(D−λz Hlm[α1+1]f(z))′

(D−λz Hlm[α1]f(z))′
,

(D−λz Hlm[α1+2]f(z))′

(D−λz Hlm[α1+1]f(z))′
,

(D−λz Hlm[α1+3]f(z))′

(D−λz Hlm[α1+2]f(z))′
; z
)
≺ h(z),

then (D−λz Hlm[α1+1]f(z))′

(D−λz Hlm[α1]f(z))′
≺ q(z).

In the particular case q(z) = 1 + Mz,M > 0 and in view of Definition 2.1, the class of
admissible function Φn,1[Ω, q], denoted by Φn,1[Ω,M ] is described below.

Definition 2.4. Let Ω be a set in C and M > 0. The class of admissible functions
Φn,1[Ω,M ] consists of those functions φ : C3 × U → C such that:

φ
(

1 +Meiθ, 1 + Meiθ[k+α1(1+Meiθ)]
(α1+1)(1+Meiθ)

, 1 + [α1+1−λ](1+Meiθ)+[α1(1+Meiθ)+k]Meiθ

(α1+2)(1+Meiθ)

+
(e−iθ+M)[[α1(1+Meiθ)+1]kM+Le−iθ]−k2M2

(α1+2)(e−iθ+M)[(α1+1)e−iθ+α1M2eiθ+[1+2α1+k]M ]
; z
)
6∈ Ω, (2.19)

whenever z ∈ U, k ≥ nM, Re(Le−iθ) ≥ (n− 1)k and θ ∈ R.

Corollary 2.11. Let φ ∈ Φn,1[Ω,M ]. If f(z) ∈ A satisfies

φ

(
(D−λz H l

m[α1 + 1]f(z))′

(D−λz H l
m[α1]f(z))′

,
(D−λz H l

m[α1 + 2]f(z))′

(D−λz H l
m[α1 + 1]f(z))′

,
(D−λz H l

m[α1 + 3]f(z))′

(D−λz H l
m[α1 + 2]f(z))′

; z
)
∈ Ω,

then (D−λz Hlm[α1+1]f(z))′

(D−λz Hlm[α1]f(z))′
≺ 1 +Mz (z ∈ U).

In the special case Ω = q(U) = {w : |w − 1| < M}, the class Φn,1[Ω,M ] is defined by
Φn,1[M ] and Corollary 2.11 takes follows for:

Corollary 2.12. Let φ ∈ Φn,1[M ]. If f(z) ∈ A satisfies∣∣∣∣φ( (D−λz H l
m[α1 + 1]f(z))′

(D−λz H l
m[α1]f(z))′

,
(D−λz H l

m[α1 + 2]f(z))′

(D−λz H l
m[α1 + 1]f(z))′

,
(D−λz H l

m[α1 + 3]f(z))′

(D−λz H l
m[α1 + 2]f(z))′

; z
)
− 1
∣∣∣∣ < M,

then
∣∣∣ (D−λz Hlm[α1+1]f(z))′

(D−λz Hlm[α1]f(z))′
− 1
∣∣∣ < M.

Corollary 2.13. If M > 0 and f(z) ∈ A satisfies∣∣∣∣ (D−λz H l
m[α1 + 2]f(z))′

(D−λz H l
m[α1 + 1]f(z))′

− (D−λz H l
m[α1 + 1]f(z))′

(D−λz H l
m[α1]f(z))′

∣∣∣∣ < M2

(α1 + 1)(1 +M)
,

then
∣∣∣ (D−λz Hlm[α1+1]f(z))′

(D−λz Hlm[α1]f(z))′
− 1
∣∣∣ < M.

Proof. This follows from Corollary 2.11 by taking φ(u, v, w; z) = v − u and Ω = h(U)
where h(z) = M2

(α1+1)(1+M) z (M > 0). To use the Corollary 2.11, we need to show that
φ ∈ Φn,1[M ], that is the admissibility condition (2.19) is satisfied. This follows since

|φ(u, v, w; z)| =
∣∣∣∣1 +

Meiθ[k + α1(1 +Meiθ)]
(α1 + 1)(1 +Meiθ)

− 1−Meiθ
∣∣∣∣

=
M

(α1 + 1)

∣∣∣∣k − (1 +Meiθ)
(1 +Meiθ)

∣∣∣∣ ≥ M

(α1 + 1)

∣∣∣∣k − (1 +M)
(1 +M)

∣∣∣∣ ≥ M2

(α1 + 1)(1 +M)
,

whenever z ∈ U, k ≥ nM, k 6= 1 + M and θ ∈ R. Hence the result is easily deduced from
Corollary 2.11. �
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