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Abstract

In this paper, we introduce and study a new
class of meromorphic Univalent functions
defined by Dziok_Srivastava operator for this
class. We obtain coefficient inequality, convex
set, closure and Hadamard product (or
convolution).Further we  obtain  a(n, §)-
neighborhood of the function f € 9, and the
integral transform.
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1. Introduction
Let 9 denote the class of functions of the
form:

56

f@=z1+ ) az*, (ay 20,k EN
k=1

={1,2,..}]).

Which are analytic Meromorphic Univalent in
the punctured unit diskU* = {z: z € C,0<
|z| < 1} = U\O. Let 3 (B, a, u, A) be a subclass
of 9 of function of the form

(1.1)

(e
f@=z"1+ ) az*,
k=1

={12,..}). (1.2)

The Hadamard product (or convolution) of
two power series

(akZO,kEN

[oe]

f(z)=2z""+

k=1

9@ =771+ ) bzt ,(13)
k=1

agz® ,

in 9 is defined (as usual) by
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(f*9)(2) = f(2) xg(2)

=z 1+ z apbiz® . (1.4)
k=1

Corresponding to the function

h(al' ey Qg by, ...,bs;z) =

-1 . .
Zg Fs(al, ey Qg by, ...,bs,z).

The operator

(Hilalf )
= (H¢(ay, ., ag by, ., b5)) £(2)

= h(al, ey Qg; by, e, bs; Z) * f(2)

o, N @k - @drra
D, ()1 - (b1l — DI

Z h(k)a,z* .
k=n+1

Where * stands for convolution of two power
series, fes and

(1.5)

(a1)k—1 - (aq)k—lak

h(k) = . 1.6

= B~ G-
Here qF;(2) is the generalized
hypergeometric function for aj €
C(G=123..,9 and bje C (=

1,2,3,..,s) Such that b; # 0,—1,-2,..(j =
1,2,3,...,s) defined by

qF;(Z) = Fs(al, ey Ag; by, ...,bs;z)

(@) - (ag)k
S (b)) - (bs)ik!
€No,z€U) ,

z*, (g<s+1,q,s
K

(1.7)

where (1),is the Pochhammer symbol
defined, in terms of gamma function by
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(A +n)
D = To)
1 (n=0)
- {A A+1),...,(A+n-1) (neN)

The series qF,(Z) in (1.7) converges
absolutely for|z| < oo, if g<s+1and
for|z| =1, if ¢ = s+ 1.The linear operator
defined in (1.5) is the Dziok_Srivastav
operator see [8].Which contains the well
define operators like Seoudy and Aouf [10],
and see Dziok, Murugusundaramoorthy and
Sokot[6], the saitoh generalized linear
operator, the Bernardi_Libera Livingston
operator and many others.

Definition( 1.1) Let f € 9 be given (1.2).The
class 3 (B, a, u, A)is defined by the subclass of

a consisting of functions of the form (1.2)
and satisfying the analytic criterion:

B awi) =
A(ndlalf @) +2(Bllalf @)
uz(Hiles1f (@) +a(Hdlalf (@)

;| < B, (1.8)

for0<p<10<a<u<l,ae€
C(=123,..,q)and b € C( =1,2,3,...,5),
suchthat b; # 0,—1,—2,...(j =
1,2,3,...,5),(g<s+1.q,s N, zel).

The present paper aims at providing a systematic
investigation of various interesting properties
and characteristics of function belonging to the
new class 3 (B, a, u, 1). The properties such as
the neighborhood, convex set, Hadamard
product and integral operator defined on the new
class 3 (B, a, u, A)are also discussed.

Atshan [3], Cho et al. [5], Atshan and Kulkarni
[4] and Aouf [2,10] are studied the meromorphic
univalent function for different classes.



Journal of Kufa for Mathematics and Computer

2. Coefficients Inequalities

First, in the following theorem, we obtain
necessary and sufficient condition for a function
f tobeintheclass3 (B, a,u, A).

Theorem(2.1) Let f € 9 be given by
(1.2).Then £ €3 (B, a, u, A) if and only if

o)

> RGOkl = f0) + (1+ B - @))] @
k=n+1
SBCu-a), (2.1)
for 0<f<10<a<u<l

The result is sharp for the function

Bu-a) 4k
R(Ok[kQA-BwW+(1+Bu-a))] ™’

f@=z"+

k>1.

Proof:- Assume that the inequality (2.1) holds
true and let |z| = 1, then from (1.8), we have

|2 (HIaf (@) + 2 (Hle)F (D) | -
Bluz (Bl )f @) +a (Ml lf )|

= |(22_2 + Ypent1 h(k) apk(k — 1)zk_1) +
2(—z7% + Tionss h(K) agkz*=1)| -
,3|Il(22_2 + Xiines h(k) agk(k — DzF1) +
a(—z72 + Ti_pi1 h(k) agkz¥~1)|

= |Zlcéo=n+1 h(k) axk(k + 1)Zk—1| —
Bl(z7*Qu—a) +
Tiinsr h() agkz " (ulk = 1) + )| (22)

< ) RGO k(e +1— uk + B - fpa)a
k=n+1

—BQu—a) <0.

Therefore,
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> RGO kIk(L = B0 + (1 + Bk — @)]a
k=n+1

<pu—a)

Hence, by maximum modulus
f € S(ﬁ,a,u,l).

principle,

Conversely, suppose thatf € I (B8, a, u, 1), then
from (2.2), we have

2(Hlelf @) + 2 (Bl lf @)
pz (Bl 1f )+ a (Sl IF ()

YR i1 h)agk(k+1)zk1
27 U=+ T 4 () agkz* 1 (u(k—1)+a)

<B.

Since |Re(z)| < |z| for all z , we have

R TR 1 h)agk(k+1)z51
¢ 27 (2u=a)+35 g KK arkz* = (u(k-1)+a)

<B.
We can choose the value of z on the real axis, so

that z (Hg [al]f(z)) and (Hg [al]f(z)) are
real, upon clearly the denominator of (1.10) and
letting z — 17, through real values . We get the
inequality (2.1). Sharpness of the result follows
be setting

BQRu-a) 7k
h()k[k(1-Bu)+(1+B(u-a))] ™ ’

(2.3)

f(z)=z""+

k>1.

The proof is complete.m



Waggas Galib Atshan!, Abdul Jalil M. Khalaf? and Mohammed Maad Mahdi?

Corollary (2.4) Let f € 3 (B, a, u, 1).Then — %erﬂ (22 nar h(O) K[k (1 — ) +
a < Bu—a) (2.4) 1+ B —a)]a,) < BQu—a).

= h(Rk[k(A-Bw)+(1+B(u-a))]’
Hence, by Theorem (2.1), it follows thath €

where 0<B<10<a<u<l. IB,a,ur).
3.Closure on 3 (B, a, i, A) The proof is complete.m
Let the function f be defined by 4. Convex Set
P Now, we state a theorem of convex set of the
f@=z"1+ ) az~. functions (1 —y)f(2) +yg(z) in the class
k=1
I (B, a,u,A).

Now, we shall prove the following result for the closure .
Theorem (4.1) The class 3 (B, a, 1, A) is convex

of such a function in the class 3 (B, a, i, 4). set.
Theorem (3.1) Let the functions f,. defined by

fr2) = 27+ s Qg2 Proof:- let f and g be the arbitrary of

3 (B, a, u, A).Then for every y
(@, =0keN={12,..},r=123..,1) be
in the class 3 (B, a, u, 1) for every r=1,2,3,...,1.

(0 <y < 1), we show that

Then the function h defined by A-Nf@)+yg@ eI B a,ul).
h(z) =z '+ 32 1exzX. (e =0,k €N) Thus we have
Also belongs to the class 5 (B, a, u, 1), where A-Vf@+v9(2) =2z + Lp[A -
Y)ag +vbgl,
1
ey = 721r=1ak_r (k=1.23,.). and
Proof:-Since f; €3 (B, a,u, 1) it follows from Yhen+1 hOK[k(1-B)+(1+B(u-a))]ak
— — [((1=p)ax +
Theorem (2.1) that BQ2u-a)
Ybil,
went+1 h(k) klk(1 — +(1+
Zk_n+1 ( ) [ ( B'u) ( _ (1 _ )Z?=n+1 h(k)k[k(l—ﬁ#)+(1+ﬁ(#—“))] +
,8(“ - a))]ar,k < B(Z# - a): - Y BRu-a) A
Yoen+1 RKk[k(1=Bw)+(1+p(u-a))]
for every r=1,2,...1. 14 B@n-a) by <1.
Hence, The proof is complete.m
N1 h(R) k[l (1 = B) + (1 + 5. Hadamard Product
Bl —a)]ex We consider the Hadamard product (or

- convolution) of two power series
= Yiens1 R0 k(1 = Bu) + (1 +

Blu— )] (1 Zho ey ) gg) - 2T, 9@ =2
k=1PkZ",

59
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in 9 is defined (as usual) by

Fx@=f2)*g(2) = z7 14

[e] k
Y1 by z" .

Theorem (5.1) Let £,g €3 (B,a,u,A).Then
f+g €3 B, aul) for

[ =27+ ) adt, 9@

k=n+1
[ee]
=z 1+ by z*
k=n+1
and
[ee]
Fep@ =27+ > abk,
k=n+1
where
5=

B?(2u-a)(k+1)
B2 2u-a)(u(k—1)+a)+h()k[k(1-Bu)+(1+B(u-a))]*

Proof:- Since f and g are in the
classJ (B, a, u, A), then
Z];.O:n-p]_h(k)k[k(l_B#)+(1+B(”_a))]ak < 1 (5 1)

BQu-a)
and

Zine RUOKI(1= )+ (14 B(U=a)) bk _ 4
BQu-a) -

(5.2)

We have to find the largest § such that

Y1 h(ROK[k(1-8)+(1+6(u—a))]
62u—a)

akbk <1 (53)
By Cauchy-Schwarz inequality, we get

S hGOK[K(L = B + (1 + Bl — )]
BZu—a) Vb

<1 (5.4)
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We want only to show that

Yrens1 MOk[k(1-8p)+(1+8(u-a))]

s2u—a) akbk <
Yins REOk[k(1-BW+(1+B(u—)] —
BQu-a) ey

This equivalently to

m < S([(k(1-pw)+(1+B(u-a))])

B([kA-sw+(1+6(u-))]) (5.5)

From (5.4), we get

\/'m BQu—a)

= h(Ok[k(1 = pu) + (1 + B — a))]

Thus it is enough to show that

B(2u—a)
h(k)k[k(1 =) + (1 + B(u — a))]
_ B[k =) + (1 + B —a))])
- (ﬁ[k(l —6u) + (1 +6(u— a))]) '

which simplifies to

5 =
B*2p-a) (k+1)
B2(2p-a) (u(k—1)+a) +h(k)k[k(1-B)+(1+B(u-a))]*

The proof is complete.m

6. Bounds Theorem

We consider the function f;(j = 1,2) defined by

fi)=z""+ Z ay;jz*, (ar; = 0,j = 1,2)
k=n+1

be in the class 3 (B, a, u, 1). Such that the

function h defined by

h(z)=z"1+ Z(ak,12 + ay,2)z*
k=2
in the class3 (B, a, u, A) for n.

Theorem (6.1)
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Let the function f;(j =1,2) defined by

z ay;jz%, (ax; = 0,j = 1,2)
k=n+1
be in the class3 (B8, a, i, A). Then the function h
defined by

fi(2) = z 1+

h(z) =z1 + Z(ak,l2 ta,Dzk L (6.1)
k=2

belongs to the 3 (B, a, 1, A) where

]7 =
B2(2p—a)(k+1)
B2 2u-a)(u(k—1)+a)+h()k[k(1-Bu)+(1+B(u-a))]*

Proof:- Note that

2 |

k=n+1

(o]
<| >
k=n+1

h(k[k(1 = ) + (1 + B(u — a))]
BQRu—a)

By —a)
<1.(G=12) (6.2)
For f; € 3 (B, a, 1, A) , we have
o 1 ( R(OK[k(1—Bw)+(1+B(u-o))] |
Zk=n+1 E( [ B(ZM—EZ) )] ) (ak,l2 +
ar,?) < 1. (6.3)

In order to obtain our result we have to find the
largest  such that

[kQ-nw++nu-o)] _
. <
h(k[k(1-pW+(1+p(u-a))]

2
B2(2u—a) )

(k=1
So that

}7 =
B*Qu-a)(k+1)
B2pu-a)(p(k—1)+a)+h()k[k(1-Bu)+(1+B(1-a))]?

hOOK[k( = pi) + (14 B~ )] _

2
2

Ay, j

2
k.j ]
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The proof is complete.m

7. Neighborhoods

The concept of neighborhood of analytic

functions was first introduced by Goodman [7]
and Ruscheweyh [9] investigated this concept
for the elements of several famous subclasses of
analytic functions and Altintas and Owa [1]
considered for a certain family of analytic
functions with negative coefficients, also Liu
and Srivastava [8] and Atshan [3] extended this
certain  subclass  of

concept for a

meromorphically univalent and multivalent
functions.
Now, we define the (k, §)-neighborhood of

a function f € 9 by

Nis(f) =

{gedgl2)=

27+ N bz and Biiniq klag —
bl <6,0<68 <1}

For the identity function e(z) = z, we have

Ny s(e)

= {g €9:9(2)
=z1+ Z byz* and z k|by| S6}.
k=n+1 k=n+1

Definition (7.1) A function f €9 is said to be

in the class 3 (B, a,u,A) if there exists a

function g € 3 (B, a, u, 1) such that

f(2)
——-1{<1- ,(zeU,0<n<11).
72) n .( n<1)
Theorem (7.1) If g € 3 (B, a, u, A) and
n=1- 200 (7.2)

(2-pa)-p2pu-a)

(7.1
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Then Nk,ﬁ(g) c3 (ﬁ, a,u, /‘l)
Proof:- Let f € Ny s(g). We want to find from
(7.1) that

klak — bkl < 0 ,
k=n+1
which readily implies the following coefficient
inequality

[o0]

z lag — bl <6, (k €N).  (7.3)

k=n+1
Next, sinceg € 3 (B, a,u,A), we have from
Theorem (2.1)

BQu—a)
by <——. (7.4)
k=n+1 (2 ﬂa)
So that
f@ 1| < Znalai—bil 5e-pa)  _
9(2) T 1Y bk T @-Ba)-Bu-a)
1—7.

Thus by Definition (7.1), f € 3 (B, a,u, A) forn
given by (7.2).
The proof is complete.m

8. Integral Transforms

Next, we consider integral transforms of
functions in the class 3 (8, a,u,A), some of
these integral transforms was studied by Atshan
on the other class in [3].

Theorem (8.1) Let the function f given by (1.2)
be in the class 3 (B, @, u,1). Then the integral

operator

F(z) = cfolucf(uz) du, 0<u<1,0<
¢ < ), (8.1)
is in the class 3(B, a, u, 1).

Where
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]/ =
Bec(k+1)
(c+k+1D)(kA-BW+A+B(u—a)))+Bc(u(k-1)+a))

The result is sharp for the function

BQu—a)

— -1
fO =2 Y T+ A+ pu—ap”

Proof:- Let

fz)=z"1+ Z apz® .
k=n+1
In the class 3 (B, a, u, A).Then

1

F(z) = cf u¢f(uz) du
0

1 [00)
= cf (uc_lz_1 + Z akuk+czk> du
0 n=1

oo

(o
— -1 k
=z 14 E ————ayz
c+k+1 "

n=1

(8.2)

It is sufficient to show that

Yhents ¢ REOK[k(A—yw)+(1+y(u—a))]ak
(c+k+1)yQu—a) =1.(83)

Since f € 3 (B, a,u, 1) , we have

s h(Rk[k(1 = Bu) + (1 4 Bu — )] ax
pCu—a)

<1.
Note that (8.3) it satisfied if

c h(K)k[k(1 —yw) + (1 +y(u — )] ax
(c+k+1DyQRu—a)

_ hUOk[k(1 = Bw) + (1 + B — @))]ax

B BCu—a) '
Rewriting the inequality, we have
(c+k+Dy[k(A-Bw+(1+B—-a)] <
Belk( —yw) + (1 +yu—a)].

Solving for y, we have
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y = [6] J. Dziok, G. Murugusundaramoorthy and J.

Be(k+1) Sokot’, On certain class of meromorphic
((c+k+1)(k(l—[)’u)+(1+ﬁ(u—a)))+ﬁc(u(k—1)+a)): functions with positive coefficients, Acta.
F(k). (8.4) Mathematica scientia, 32 (2012),

B(4):1376_1390.
A simple computation will show that F(n) is
increasingF (k) = F(1). Using this, the result [7]1 A. W. Goodman, Univalent functions and
follows. non-analytic curves, Proc. Amer. Math. Soc.,
8, (1975), 598-601.
The proof is complete.m
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