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Abstract

We define a Jordan right derivation on T'-ring and show that the existence of a
non-Zero Jordan right derivation on a completely prime I'-ring implies I'-ring is
Commutative.

We show that a Jordan right derivation on completely I'-rings is a right

derivation.
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1-Introduction

In[2] Beresar and Vukman proved a Jordan derivation on prime ring is a
derivation.In[5] Sapanc and Nakajima defined a derivation and Jordan derivation on I'-
ring and show that a Jordan derivation on acertain of completely prime I'-ring is
derivation

In this paper ,we define a Jordan right derivation on I"-ring and we show that the
existence of a nonzero Jordan right derivation on a2-torsion free I'"-ring which satisfies
the condition xaypz=xByaz for all x,y,z €M and a,fel’ implies a I-ring is
commutative . Also, in the same condition, Jordan right derivation on completely prime
aT-ring is a right derivation on a I"-ring.

Let M and I be additive abelian groups. M is called a I'-ring if for any

x,y,zeM and a,Berl’, the following conditions are satisfied :
1) xayeM
(2 (xty)az=x e zty o z

X(a+B)z=x a. z+x B z

X(a(y+z))=Xx e y+x a. z



) (xay)Bpz=xa(yp2)

AT-ring M iscalled primeifal’ MT b=0 implies a=0 or b=0and M is called
completely prime if aI" b=0 implies a=0 or b=0 (a,beM).Since aI'bTalbcarl
MI b, every completely prime I'-ring is prime.

M is called 2-torsion free if 2a=0 implies a=0 for all aeM.

Let M be aT-ring and let D:M—M be an additive Map D is called a derivation

if for any a,beM and ael’, D(a a b)=D(a) a b+a a D(b), D is

D is called a Jordan derivation if for any aeM and ael’, D(aca)=D(a)aataaD(a)
Example:
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Let R is a ring, M=M.(R) and F:{[ ] , neZ} Then M is a I'-ring. If

d:R—R is a Jordan right derivation and N={(a a), aeR} is the subset of M then N is
aT-ringand Map D:N—N defined by D(a,a)=(d(a),d(a)) is a Jordan right derivation.
2- Right Jordan Derivation

(2-1)Defination:

Let M beaT-ring and let D:M—>M be an additive Map D is called a right derivation if

forany a,beM and ael’
D(a a b)=D(b) aa+D(a) ab.
D is called a Jordan right derivation if for any aeM and ael’, D(acia)=2D(a)aa.

(2.2) Lemma :

Let M be an arbitT"-ring and D is a Jordan right derivation on M. Then for all

a,beM and forall ael":
(i) D(aab+baa)=2D(a)ab+2D(b)aa. Specially, if M is 2-torsion free and aabBc=aBbac
forall a,b,ceM and a,BeTl, then
(it) D(aabpa)=D(b)aapa+3D(a)pbaa-D(a)Baab.
(iii) D(aabBc+cabpa)=D(b)aapc+D(b)acBa+3D(a)Bbac+3D(c)Bbaa-
D(a)Bcab-D(c)paab.
Proof:
(i) obtained by computing
D((at+b)a(a+b))=2D(a+b)a(atb)
=2D(a)aa+2D(a)ab+2D(b)aa+2D(b)ab
On other hand



D(a+b)a(a+b)=D(aaa)+D(bab)+D(acb+baa)
Therefore
D(aab+baa)=2D(a)ab+2D(b)aa

(ii) From (i), D(apb+bpa)=2D(b)pa+2D(a)Ba
Then replacing b by (aab+baa) we have
D(ap(apb+bpa)+(aab+baa)pa=D(apaab+apbaat+aabpfat+baafa)
Since aabfc=apbac forall a,b,ceM and a,pel’, we get:
D(ap(apb+bpa)+(aab+baa)pa=2D(b)aapa+6D(a)Bbaa-2D(a)pacb+

2D(b)aapa+4D(a)paab
Therefore
D(apaab+baapa)+2D(aabpa)=2D(b)aapa+6D(a)Bbaa-2D(a)Bacb+
2D(b)aapat+4D(a)Baab
Hence

D(apaab+baapa)=2D(b)aaBa+4D(a)Baab

and 2D(aabBa)= 2D(b)aapa+6D(a)Bbaa-2D(a)Baab
Since M is 2-torsion free we obtain
D(aabpa)=D(b)aapa+3D(a)Bbaa-2D(a)Baab.

(iii) Replacing a by a+c in (ii)
D(aabpa)=D(b)aapa+3D(a)Bbaa-D(a)Bacb
D((a+c)abp(a+c))=D(b)a(a+c)p(a+c)+3D(a+c)Bba(a+c)-D(a+c)p(a+c)ab
Therefore
D(c(a+c)abp(a+c))=D(aabpa+cabpc+(aabpc+cabpa))

=D(b)aapa+D(b)aapc+D(b)acpa+D(b)acpc+3D(a)pbaa+3D(a)pbac+
3D(c)Bbaa+3D(c)abac-D(a)Baab-D(a)pcab-D(c)Baab-D(c)pcab
Therefore
D(aabpc+cabBa)= D(b)aapc+D(b)acBa+3D(a)Bbac+3D(c)Bbaa-D(a)pcab-
D(c)Baab.
(2.3)Lemma:

Let M is a 2-torsion free T'-ring, D is a Jordan right derivation on M and

aabpc=apbac for all a,b,ceM and a,Berl’, then:
(i) D(a)B(aab-baa)aa=D(a)aap(acb-baa)
(ii) (D(aab)-D(b)aa-D(aab)p(aab-baa)=0



(iii) D(aab-baa)p(aab-baa)=0
(iv) D(acapb)=D(b)aapat+D(aab-bpa)aa+D(a)a(apb+bpa)

Proof:

(i) Replacing ¢ by aab in Lemma(2.2,iii), we have:
D(aab)B(aab-baa)=D(b)B(acb-baa)aa+D(a)a(aab-baa) ............ 4))
Then, replacing b by a+b in (1) and using (1),we get:
D(a)B(agb-baa)aa+D(b)B(acb-baa)aa+D(a)p(acb-baa)aa+D(a)p(aab-baa)ab
=2D(a)gap(aab-baa)+D(b)p(aab-baa)aa+D(a)p(agb-baa)ab
Since M is a 2-torsion free, we get :
D(a)B(aab-baa)aa=D(a)aap(acb-baa).

(ii) Replacing a by a+b in (i):
D(a)B(aab-baa)aa+D(a)p(aab-baa)ab+D(b)B(agb-baa)ga+D(b)B(aab-baa)ab
=D(a)aap(aab-baa)+D(a)abp(aab-baa)+D(b)aap(acb-baa)+
D(b)abp(aab-baa).

Using Equation(1), we obtain:

(D(aab)-D(b)ga-D(a)ab)p(aab-baa)=0 ............. 2
(iii) Using Lemma (2.2,i) and Lemma (2.3,ii), we have:
(D(baa)-D(b)aa-D(a)ab)p(aab-baa)=0 .............. (3)

Taking (2) minus (3), we get:
D(aab-baa)p(aab-baa)=0
(iv) Replacing b by bBa in Lemma(2.2,i), we obtain:

D(aabpat+bpaaa)=2D(a)gbpa+2D(bpa)aa .............. 4)
and replacing b by apb in Lemma(2.2,i), we obtain:
D(acaBb+apbaa)=2D(a)aapb+2D(apb)aa ............. 5)

Taking (5) minus (4), we have:
D(acapb-bBaaa)=2D(apb-bpa)aa+2D(a)(apb-bpa) ....(6)
Replacing a by apa in Lemma(2.2,i), we have:
D(acaBb-bpaaa)=2D(b)aapa+4D(a)Baab ............. @)
Taking (6) minus (7) and using m is 2-torsion free, we have:
D(aaaBb)=D(b)aafg+D(apb-bpa)aat+D(a)a(apb+bpa).



(2.4Theorem:

Let M is a completely prime and 2-torsion free I'-ring. If there exists a non-Zero

Jordan right derivation D:M—>M and aabfc=aBbac for all ab,ceM and a,perl,
then M is commutative.
Proof:
From Lemma (2.3,iii).
D(aab-baa)B(aab-baa)=0 for all BeI'. Then for all a,peM and aerl,
aab-baa=0 or D(aab-baa)=0. Since m is completely prime I'-ring. If aab-baa=0, then
M is commutative.
If D(aab-baa)=0, then
2D(aab)=D(aab)+D(baa).
Replacing b by ab, we obtain
2D(acapb)=2D(b)aapa+4D(a)Bbaa.
Using Lemma (2.3,iv) and M is 2-torsion free, we have:
D(a)B(aab-baa)=0 for all a,peM and a,Bel’. Then, since D#0, M is commutative.

(2.5)Corollary:

If M is completely prime ring I'-ring with 2-torsion free and if aabpBc=apbac

for all a,b,ceM and a,Bel, then a Jordan right derivation on M is a right derivation
on M.

Proof:
Since M is commutative and 2-torsion free, using Lemma (2.2,i), the proof is

immediately shown.
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