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1.INTRODUCTION: 

Let denote the class of functions of the form : 

 

which are meromorphic multivalent  in the punctured unit disk . Consider a subclass of the 

class  consisting of function of the form: 

 

The Hadamard product of two functions,  is given by (1.2) and  

 

is defined by 

 

The I-function which was introduced by Saxena [14] is an extension of Fox's H-function. On specializing the parameters, I-
function can be reduced to almost all the known as well as unknown special function. 

The definition of I-functions given by Saxena [14] is as follows: 

 

 

where  

 

 are integers satisfying is finite  

are real and positive and  are complex numbers such that  

 

With all necessary conditions for existence as given by Saxena [14]. If the integral operator of   for  is denoted 

by  

 and defined as following:  

 

where  

 

valid when  

 

Then  can be expressed for  
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as given below,  

 

 

where  

 

Definition (1.1): Let  given by (1.1). Then  be in the class  if it satisfies the following condition: 

 

where  belong to  and  belong to  

We define the subclass . 

2.Main results: 

In the first theorem, we provide sufficient condition for functions to be in the class . 

Theorem (2.1): Let the function  defined by (1.1) be in the class . Then  

 

where   belong to ,  belong to and is given by (1.6). 

proof:Let the condition (2.1) hold true, then we have  
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By hepothesis. Then by Maximum modulus theorem, we have . 

Theorem (2.2): The function  defined by (1.2) is said to be in the class . If and only if   

 

where   belong to ,  belong to and is given by (1.6). 

proof: We only need to prove the "only if" part of Theorem (2.1). For functions  we can write  

 

 

 

since , we thus find that  

 

If we now choose  to be real and let , we get  

 

which is equivalent to (2.2). 

Corollary (2.1): Let the function  defined by (1.2) be in the class . Then  

 

The result is sharp for the function  

 

Let the function  be defined by  

 

The modified Hadamard product of  and  is defined by  
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Theorem (2.3): Let the function  be in the class . Then , where  

 

The result is sharp for the functions ) given by  

 

where  given by (1.6). 

proof: Employing the technique used earlier by Shild and Silverman [15], we need to find the largest  such that  

 

Since , we readily see that  

 

and 

 

By the Cauchy-Schwarz inequality, we have 

 

Thus it is sufficient to show that  

 

or equivalently, that  

 

Hence, in the right of inequality (2.6), it is sufficient to prove that 

 

 

It follows from (2.6) that  

 

Using similar arguments to those in the proof of Theorem (2.3), we obtain the following theorem. 

Theorem (2.4): Let the function  defined by (2.5) be in the class  Suppose also that the function  

defined by (2.5) be in the class . Then , where  
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the result is sharp for the function ) given by  

 

and 

 

Theorem (2.5): Let the functions  defined by (2.5) be in the class . Then the function  

 

belong to the class  where  

 

The result is sharp for the function ) given by(2.7). 

Proof: By using Theorem (2.1), we obtain  

 

and  

 

It follows from (2.8) and (2.9) that  

 

Therefore, we need to find the largest  such that  

 

That is  

 

In the following theorem, we consider integral transforms of the functions in the class  

Theorem (2.6): Let the function  defined by (1.2) be in the class . Then the integral transforms  

 

is in the class , where  

 

The result is sharp for the function  given by  
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Proof: Suppose  be in the class  Then we have  

 

 

 

In view of Theorem (2.1), it is sufficient to show that  

 

Since , we have   

 

Note that (2.12) is satisfies if  

 

Rewriting the inequality, we have  

 

Solving for , we have 

 

A simple computation shows that  is increasing  Using this result follows: 

Theorem (2.7): Let the function  defined by (1.2) is in the class . Then the integral transforms  

 

is in the class , the result is sharp for function  given by  

 

Proof: By Definition of , we get  

 

 

In view of Theorem (2.1), it is sufficient to show that  
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Since , we have   

 

Note that (2.15) is satisfies if  

 

or equivalently, when  

 

since is decreasing of Then the proof is complete.  

Theorem (2.8): Let the function  defined by (1.2) be in the class , and 

 

then  is in the class  for , where  

 

The result is sharp for the function given by (2.14). 

Proof: Let  Then it is sufficient to show that  

 

A computation shows that is satisfied if  

 

Since , then by Theorem (2.1), we have  

 

The inequality (2.17) is satisfied if  

 

Solving for  we get  

 

Therefore,  

 

Solving for  we get the result. 
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Now, we obtain the inclusion properties of the class . 

Theorem (2.9): Let  belong to (0,1],  belong to [0,1) and . Then  

 where  

 

Proof: Let the function defined by (1.2) is in the class . Then by using Theorem (2.1), we have 

 

In order to prove that , we must have 

 

Not that (2.20) is satisfies if 

 

Rewriting the inequality, we have 

 

Since the right-hand side of (2.22) is an increasing function of n, thus we get (2.18).  
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