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Abstract 

 

     Let U denote the unit ball in the complex plane, the Hardy space 2H  is the set of functions 







0n

n^ z)n(f)z(f  holomorphic on U such that 




2

0n

^ )n(f  with )n(f ^  denotes then the Taylor 

coefficient of  f . 

    Let   be a holomorphic self-map of U, the composition operator 
C  induced by  is defined on 

2H   by the equation  

)Hf(ffC 2   

 In this paper we have studied the composition operator induced by the automorphism  and 

discussed the adjoint of the composition of the symbol  .We have look also for some known properties 

on composition operators and tried to see the analogue properties in order to show how the results are 

changed by changing the function   in U. 

 In order to make the work accessible to the reader, we have included some known results with the 

details of the proofs for some cases and proofs for the properties .  

     

Introduction    

 

            This paper consists of two sections . In section one ,we are going to the automorphism  and 

properties of   ,and also discuss the interior and exterior fixed points of   and also discuss  is a 

rotation around the origin and  is elliptic and  is a linear fractional transformation . 

            In section two, we are going to the Composition Operator C induced by the symbol  and 

properties of C , and also discuss the adjoint of Composition Operator C induced by the symbol   

and also discuss C is an invertible operator and C is a unitary operator and define eigenvalue of C   
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Section One 

Properties of The Function  

In section one ,we are going to the automorphism  and properties of   ,and also discuss the interior and 

exterior fixed points of   and also discuss  is a rotation around the origin and  is elliptic and  is a 

linear fractional transformation . 

   

Definition(1.1) : [4]  

         Let U = }1z:Cz{  is called unit ball in complex numbers C and U = }1z:Cz{   is 

called boundary of U  

  

Definition (1.2):   

          For ,U define 
z63

z3
)z(




    Uz . Since the denominator equal zero only at 




2

1
z , the 

function   is  holomorphic on the ball }
2

1
z{


 . Since ,U then this ball contains U. Hence   

take U into U and holomorphic on U .  

 

Definition(1.3) : [8]  

           Let UU:  be  holomorphic map on U. We say that  is called conformal automorphism or 

automorphism of  U  if and only if  is injective and surjective .   

 

Remark (1.4) :  

           If ,U then  is conformal automorphism or automorphism of U . 

 

Definition(1.5) : [8]  

          A point p  C is a fixed point for the function  , if   pp  .  

      

Proposition (1.6) :  

        If U , then 0 , 


1  are fixed points  for   .  

 Proof :   

         Let z)z(  , that is z
z63

z3




 ,therefore 0z6z6 2  .Hence has two fixed points 



1

z,0z 21
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Definition(1.7): [4]  

         Let UU:  be holomorphic map on U that fixed point r, then: 

1) r is interior fixed point for   if Ur  

2) r is exterior fixed point for   if Ur   

     

Proposition (1.8):   

          If  
z63

z3
)z(




 , then 0 is interior fixed point  and  



1 is exterior fixed point for  .  

Proof :   

         Since   has two fixed points  



1

z,0z 21
, 100z1   .Thus 1z  is interior fixed point .  

Since U , then 1  and 1   , therefore 1
111










, hence 1
1

z 2 


  . Thus  
2z  is 

exterior fixed point .  

  

Remark(1.9) :  

1- For U ,    z
z63

z3
z1 




  

2- For U ,    
 







22
63

9
,10  

Definition(1.10): [11]  

          If UU:  is holomorphic map on U. We say that  is a rotation around the origin if there exist 

U such that    Uzzz     

Proposition (1.11):   

          If 0 , is a rotation a round the origin  

Proof:   

         Since  
z63

z3
z




 , since 0 , then   U1,zzz  , hence   is a rotation a round 

the origin .  

 

Theorem (1.12) : [11]  

           If UU:  is holomorphic map on U, then  is elliptic if and only if  is automorphism that has 

an interior fixed point.  

  

Proposition (1.13) :  

          If   U, then   is elliptic  
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Proof :   

            From (1. 4) ,   is automorphism , and from (1.8)   has an interior fixed    

point , hence   is elliptic .  

 

Definition(1.14): [10]  

          A linear fractional transformation is a mapping of  the form   ,
dcz

baz
z




 where a , b , c , and d 

are complex numbers , and sometime denote it by  zA   where A is the non-singular 22  complex  

matrix  .
dc

ba
A 








   

 

Proposition (1.15) :   

            is a linear fractional transformation .  

Proof :   

       Since  
dcz

baz

z63

z3
z









  such that a = -3 , b = 0 , c =  6 , d = 3  and a , b , c , and d are complex 

numbers and 














36

03
A  , hence by (1.14 )   is a linear fractional transformation .  

 

Section Two   

 

The composition Operator 
C Induced by The Function              

 In section two, we are going to the Composition Operator C induced by the symbol  and properties of 

C , and also discuss the adjoint of Composition Operator C induced by the symbol   and also 

discuss C is an invertible operator and C is a unitary operator and define eigenvalue of C   

 

 

Definition(2.1): [4]  

           Let U denote the unit ball in the complex plane, the Hardy space 
2H  is the set of functions  

   





0n

nznfzf holomorphic on U  such that   






2

0n

nf  with  nf   denotes then the 

Taylor coefficient of  f . 
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Remark (2.2) : [1]  

         We can define an inner product of the Hardy space functions as follows:  

f(z) =       n

0n

n

0n

zngzgandznf 








   , then inner product of  f and g is: 

   zgnfg,f
0n







    

 

Definition (2.3) :[10] 

          Let    Uz
z1

1
zkdefine,U 


 

. Since   U then ,1 hence the geometric series 







0n

n2 is convergent and thus 2Hk 
 and   nzzk 

.  

 

Definition(2.4) : [4]   

        Let UU:  and holomorphic on U, the composition operator 
C  induced by  is defined on 2H  

by the equation  2HfffC    

  

Definition(2.5) : [2]  

         Let T be a bounded operator on a Hilbert space H, then the norm   

of an operator T is defined by  1f,Hf:TfsupT  .  

 

 Littlewood

s Subordination principle (2.6) : [11]   

           Let UU:   and holomorphic on U with   00  , then for each ,Hf 2 2Hf  and 

ff  . The goal of this theorem 22 HH:C 
.  

                    

Proposition(2.7) :  

          If  
z63

z3
z




 , then for each ffandHf,Hf 22      

Proof :    

         Since UU:   and holomorphic on U with   00    by (1 . 6) , then by (2 . 6)   

ffandHf,Hf 22    , hence  
C : 22 HH     
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Remark ( 2.8) : [4]  

     1) One can easily show that 
  CCC  and  hence 

  CCCCn       

         = 
n

CC    

     2) 
C  is the identity operator on 2H if and only if   is identity map from U into   

           U and holomorphic on U.  

     3) It is simple to prove that  
  CC  if and only if   .  

 

Theorem (2. 9) : [11] 

         Let UU:  and holomorphic on U . 
C  is an invertible operator on 2H if and only if   

automorphism of  U  and 
1C

 = 1C 
 

 

Proposition(2.10) :  

           
C  is an invertible operator on 2H  

Proof :   

       Since  is automorphism of  U  by (1. 4), hence
C  is an invertible operator on 2H . 

 

Theorem (2.11) : [5]  

         }K{V U   forms a dense subset of 2H .  

 

 Definition(2.12): [12]  

              Let H  be the set of all bounded holomorphic maps on U .  

 

Theorem (2.13) : [10]  

           Let UU:  and holomorphic on U, then for all U  

 



  KKC   

 

Definition(2.14): [6]  

          Let Hg , the Toeplits operator 
gT  is the operator on 

2H  given by :  

          Uz,HfzfzgzfT 2

g   

           

Remark ( 2.15) : [7]  

          For each 2Hf  , it is well- know that ,fTfT
hh  such that Hh .  
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Proposition(2.16) :  

        Let  U  

C, =  

 hg TCT    where     1zg,z21zh   ,  
3

z36
z


   

Proof :  

         By (2-17), fTfT
hh   for each 2Hf  . Hence for all U ,   

                   )12(kT,fk,fTk,fT
hhh  





   

On the other hand , 

                      )22(kh,ffT,fk,fT hh  

   

From (2-1)and (2-2) one can see that   

  khkT
h

. Hence   

  khkTh
. 

Calculation give: 

                             zkC 




 =   zk 

 

                                                    

 












63

z3
1

1

z1

1  

                                                     =  
 

 








 














3

z36
1

21

z363

63

63

z363

1  

                                                        







 




3

z36
1

1
121  

                                                      =           zKhTzKTh gg  
   

                                                         zKChTg   =    zKhCTg     

                                                        =  zKTCT hg 




 , therefore     

                               zkC 




=  zkTCT hg 




 .  

                   But   ,HKV 2

U 
then  



C =  

 hg TCT  

 

Definition (2.17) : [3]  

           Let T be an operator on a Hilbert space H , T is called normal operator if TTTT   , and T is 

called unitary operator if ITTTT   , and T is called isometric operator if ITT    
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Theorem (2.18) : [9] 

           If UU:   is holomorphic map on U, then C is normal if and only if   zz   for some 

1,   

  

Theorem (2.19) :  

             If UU:   be holomorphic map on U, then C is unitary if and only if   zz   for some 

1,    

Proof :   

          Suppose
C is unitary , hence by (2.17) ICCCC  







 , hence 







  CCCC , hence C  

is normal operator, hence by (2.18)   zz   for some 1,  . It is enough to show that 1   

                
 

  zKzKCzKCC 









.  

                                   
    z1

1

z1

1

z1

1
2








  

On the other hand    zKzKCC 



   , hence  
z1

1
zK

z1

1
2







.  

 Thus 
2

 , then 1 .  

           Conversely, Suppose   zz   for some 1,  .For U , for every Uz   

                                                     
 

  zKzKCzKCC 








                                                  

                                                = 
    z1

1

z1

1

z1

1
2








 

                                                =  zK
z1

1



  

Moreover , for every Uz   

                                
  zKzKCzKCC 






  

                                                = 
    z1

1

z1

1

z1

1
2








  

                                                =  zK
z1

1



 

hence ICCCC  








 on the family 

U
K

 . But by (2.11) 
U

K
  forms a dense subset of 

2H , hence 

ICCCC  








 on 

2H .Therefore C is unitary composition operator on 
2H .  
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Proposition(2.20) :  

        If 0 , then C is an unitary composition operator . 

Proof :  

         Since   ,
z63

z3
z




 since 0 ,   1,1,zz

z63

z3
z 




  hence by (2.19) C is 

unitary composition operator . 

  

Definition (2.21) : [12]   

          Let UU:  and holomorphic on U, the eigenvalue equation for the composition operator is define 

by fforffC    .  

Theorem (2.22): [11] 

   Let UU:  and holomorphic on U, and that fixes the point pU and suppose that ffC 
for 

some non-constant 
2Hf   and some   C .  Then  n))p((   for some n = 0, 1, 2, . . . .  

 

 

Proposition(2.23) :  

            
n

1   is an eigenvalue of 
C  for some n = 0 , 1 , 2 , …..  

Proof :  

        Since    
       

   
22

z63

9

z63

6z33z63
z,

z63

z3
z














 , and since  fixed the point 0U, 

and by (2.22)     
nn

10   is an eigenvalue of 
C  for some n = 0 , 1 , 2,...  

  

Definition (2.24) : [7]   

            The spectrum of an operator T on a Hilbert space H , denoted by  T  is the set of all complex 

numbers   for which IT   is not invertible . The spectral radius of T, denoted by  Tr  is defined as  

    }T:sup{Tr  .              

Theorem (2.25) : [5]   

            If UU:  and holomorphic on U, and   has interior fixed point p then   1Cr 
.  

Proposition (2.26) :  

            If   
z63

z3
z




  , then    1Cr 

 

Proof :  

         Since UU:  and holomorphic on U , and   has interior fixed point 0 . By (2.25)   1Cr 
. 
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 المتولذ بالذالة  Cالمؤثر التركيبيو الذالة خواص

 من قبل 

عقيل محمذ حسين                                                                          

قسم الرياضيات                                                                                

كلية التربية                                                                                      

                 جامعة القادسية                                                              

 *************************************************************************************

المستخلص 

2H َسمز إنً كسة انىحدة فٍ انمسخىي انعقدٌ، إن فضاء هازدٌ  Uنُكه                nهى مجمىعت كم اندوال  

0n

^ z)n(f)z(f 




 

بحُث أن   Uحهُهُت عهً  انج




2

0n

^ )n(f ،)n(f .  َسمز إنً معاملاث حُهس انىىوُت ^

:UUنخكه                Hَعسف عهً فضاء هازدٌ  ، انمؤثس انخسكُبٍ انمحخث مه  U عهً ححهُهُت دانت 
2
 :بىاسطت    

).Hf(ffC 2  

. حُث واقشىا انمؤثس انمسافق نهمؤثس انخسكُبٍ انمحخث مه اندانت  دزسىا فٍ هرا انبحث انمؤثس انخسكُبٍ انمحخث مه اندانت   

حمكه مه ملاحظت كُفُت حغُس انىخائج عىدما حخغُس بالإضافت إنً ذنك وظسوا إنً بعض انىخائج انمعسوفت وحاونىا انحصىل عهً وخائج مىاظسة نه

.  اندانت انخحهُهُت  

ومه أجم جعم مهمت انقازئ أكثس سهىنت، عسضىا بعض انىخائج انمعسوفت عه انمؤثساث انخسكُبُت وعسضىا بساهُه مفصهت    

 .وكرنك بسهىا بعض انىخائج 

 

 
 
 
 
 

 
         

 

 

               

 

 

 


