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1. Introduction

A continuous function f = u+ iv is a complex valued harmonic function in a complex
domain C, if u and v are real harmonic. If Ω be any simply connected domain and
Ω ⊂ C, then f = h + g, where h and g are analytic in Ω, h is analytic part and g is
co-analytic part of f · |g′(z)| < |h′(z)| if and only if f is locally univalent and sense
preserving in Ω, see [3], [5]. Denote by

H = {f : f = h+ g, f is harmonic univalent and sense-preserving in the open unit
disk U = {z : |z| < 1}}.
So f = h + g ∈ H is normalized by f(0) = h(0) = fz(0)− 1 = 0.

Ahuja and Jahangiri [1] defined the class Hp(n) (p, n ∈ IN = {1, 2, 3, · · · }) con-
sisting of all p-valent harmonic functions f = h + g that are sense-preserving U , and
h, g are of the form

h(z) = zp +
∞∑

k=n+p

akzk, g(z) =
∞∑

k=n+p−1

bkzk, |bn+p−1| < 1. (1)
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Let f = h + g given by (1), the modified Sălăgean operator of f is defined as:

Dif(z) = Dih(z) + (−1)iDig(z), p > i, i ∈ IN0 = {0, 1, 2, · · · },

where Dih(z) = pizp
∞∑

k=n+p

kiakzk and Dig(z) =
∞∑

k=n+p−1

kibkzk (see [4], [6]).

Let Hi
p(n) be a subclass consisting of harmonic functions fi = h + gi, so that h

and gi are of the form:

h(z) = zp −
∞∑

k=n+p

akzk, gi(z) = (−1)i
∞∑

k=n+p−1

bkzk, for ak, bk ≥ 0, |bn+p−1| < 1.

(2)
A function f in Hp(n) is said to be in the class Hi

p(n;λ, β, m) if

Re

{
(1− λ)

Dif(z)
∂i

∂θi zp
+ λ(1−m)

Di+1f(z)
∂i+1

∂θi+1 zp
+ λm

Di+2f(z)
∂i+2

∂θi+2 zp

}
>

β

pi+1
, (3)

where 0 ≤ β < p, λ ≥ 0, 0 ≤ m ≤ 1, p ≥ i and z = reiθ ∈ U .
As λ changes from 0 to 1, the family Hi

p(n;λ, β, m) provides a passage from the
class of Sălăgean-type multivalent harmonic functions Hi

pR(n;β) ≡ Hi
p(n; 0, β,m)

consisting of functions f , where

Re

{
Dif(z)

∂i

∂θi zp

}
>

β

pi+1

and this class was studied in [7].
To the class of Sălăgean-type multivalent harmonic functions Hi

pS(n;β, m) ≡
Hi

p(n; 1, β,m) consisting of functions f , where

Re

{
(1−m)

Di+1f(z)
∂i+1

∂θi+1 zp
+ m

Di+2f(z)
∂i+2

∂θi+2 zp

}
>

β

pi+1
,

to the class of Sălăgean-type multivalent harmonic functions (if m = 0) Hi
pT (n;β) ≡

Hi
p(n; 1, β, 0) consisting of functions f satisfying

Re

{
Di+1f(z)

∂i+1

∂θi+1 zp

}
>

β

pi+1
,

and this class was studied in [7].
If m = 0, then the class Hi

p(n;λ, β, m) reduces to the class Hi
pU(n;λ, β) ≡

Hi
p(n;λ, β, 0) consisting of functions f such that

Re

{
(1− λ)

Dif(z)
∂i

∂θi zp
+ λ

Di+1f(z)
∂i+1

∂θi+1 zp

}
>

β

pi+1
,
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and this class was studied in [7].

Now, we define the subclass Hi

p(n;λ, β, m) ≡ Hi
p(n;λ, β, m)∩Hi

p(n). If m = 0 and
i = 0, then the class Hi

p(n;λ, β, m) reduces to the class HpV (n;λ, β) ≡ H0
p(n;λ, β, 0)

that was studied in [2].

2. Representation Theorem

In the following theorem, we find a coefficient bound for functions in Hi
p(n;λ, β, m).

Theorem 1 : Let f = h + g be given by (1). Then f ∈ Hi
p(n;λ, β, m) if

∞∑
k=n+p

|p+(k−p)(
mk

p
+1)λ|ki|ak|+

∞∑
k=n+p−1

|p+(k+p)(
mk

p
−1)λ|ki|bk| ≤ pi+1−β, (4)

where 0 ≤ β < p, λ ≥ 0, 0 ≤ m ≤ 1, p ≥ i and z = reiθ ∈ U .

Proof : By using the fact Re α ≥ 0 if and only if |1 + α| ≥ |1−α| in U , it suffices to
show that

|pi+1 − β + pi+1w| ≥ |pi+1 + β − pi+1w|,

where

w = (1− λ)
Dif(z)

∂i

∂θi zp
+ λ(1−m)

Di+1f(z)
∂i+1

∂θi+1 zp
+ λm

Di+2f(z)
∂i+2

∂θi+2 zp
.

Substituting for h and g in w we obtain

w = 1 +
∞∑

k=n+p

[1 + (
k

p
− 1)(m

k

p
+ 1)λ]

ki

pi
ak

zk

zp

+
∞∑

k=n+p−1

[1− (
k

p
+ 1)(1−m

k

p
)λ](−1)i k

i

pi
bk

zk

zp
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and then we have

|pi+1 − β + pi+1w| − |pi+1 + β − pi+1w| = |2pi+1 − β

+
∞∑

k=n+p

[p + (k − p)(
mk

p
+ 1)λ]kiak

zk

zp

+
∞∑

k=n+p−1

[p− (k + p)(1− mk

p
)λ](−1)ikibk

zk

zp
|

−|β +
∞∑

k=n+p

[p + (k − p)(
mk

p
+ 1)λ]kiak

zk

zp

−
∞∑

k=n+p−1

[p− (k + p)(1− mk

p
)λ](−1)ikibk

zk

zp
|

≥ 2pi+1 −
∞∑

k=n+p

|p + (k − p)(
mk

p
+ 1)λ|ki|ak||z|k−p

−
∞∑

k=n+p−1

|p + (k + p)(
mk

p
− 1)λ|ki|bk||z|k−p

−
∞∑

k=n+p

|p + (k − p)(
mk

p
+ 1)λ|ki|ak||z|k−p

−
∞∑

k=n+p−1

|p + (k + p)(
mk

p
− 1)λ|ki|bk||z|k−p

≥ 2[(pi+1 − β)−
∞∑

k=n+p

|p + (k − p)(
mk

p
+ 1)λ|ki|ak|

−
∞∑

k=n+p−1

|p + (k + p)(
mk

p
− 1)λ|ki|bk|] ≥ 0.

The proof is complete.
The coefficient bound (4) given in Theorem 1 is sharp for the function

f(z) = zp +
∞∑

k=n+p

xk

|p + (k − p)(mk
p + 1)λ|ki

zk +
∞∑

k=n+p−1

yk

|p + (k + p)(mk
p − 1)λ|ki

zk,

where
∞∑

k=n+p

|xk|+
∞∑

k=n+p−1

|yk| = pi+1 − β.

Theorem 2 : Let fi = h+ gi be given by (2). Then fi ∈ H
i

p(n;λ, β, m) if and only if

∞∑
k=n+p

|p+(k−p)(
mk

p
+1)λ|kiak +

∞∑
k=n+p−1

|p+(k+p)(
mk

p
−1)λ|kibk ≤ pi+1−β. (5)
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Proof : From Theorem 1, we only want to prove the “only if” part of the theorem,
since Hi

p(n;λ, β, m) ⊂ Hi
p(n;λ, β, m). If fi ∈ H

i

p(n;λ, β, m), then, for z = reiθ in U
we get

Re

{
(1− λ)

Dif(z)
∂i

∂θi zp
+ λ(1−m)

Di+1f(z)
∂i+1

∂θi+1 zp
+ λm

Di+2f(z)
∂i+2

∂θi+2 zp

}

= Re

{
(1− λ)

pi

(
Dih(z) + (−1)iDigi(z)

iizp

)

+
λ(1−m)

pi+1

(
Di+1h(z)− (−1)iDi+1gi(z)

ii+1zp

)

+
λm

pi+2

(
Di+2h(z) + (−1)iDi+2gi(z)

ii+2zp

)}

≥ 1− 1
pi+1

∞∑
k=n+p

|p + (k − p)(
mk

p
+ 1)λ|kiakrk−p

− 1
pi+1

∞∑
k=n+p−1

|p + (k + p)(
mk

p
− 1)λ|kibkrk−p ≥ β

pi+1
.

This inequality must hold for all z ∈ U . In particular, letting z = r → 1, it yields the
required condition (5).

As special cases of Theorem 2, we obtain the following corollaries :
Corollary 1 [7] : fi = h + gi ∈ H

i

pR(n;β) ≡ Hi
pR(n;β) ∩Hi

p(n) if and only if

∞∑
k=n+p

pki

pi+1 − β
ak +

∞∑
k=n+p−1

pki

pi+1 − β
bk ≤ 1.

Corollary 2 : fi = h + gi ∈ H
i

pS(n;β, m) ≡ Hi
pS(n;β, m) ∩Hi

p(n) if and only if

∞∑
k=n+p

|p + (k − p)(mk
p + 1)|ki

pi+1 − β
ak +

∞∑
k=n+p−1

|p + (k + p)(mk
p − 1)|ki

pi+1 − β
bk ≤ 1.

Corollary 3 [7] : fi = h + gi ∈ H
i

pT (n;β) ≡ Hi
pT (n;β) ∩Hi

p(n) if and only if

∞∑
k=n+p

ki+1

pi+1 − β
ak +

∞∑
k=n+p−1

ki+1

pi+1 − β
bk ≤ 1.

Corollary 4 [7] : fi = h + gi ∈ H
i

pU(n;λ, β) ≡ Hi
pU(n;λ, β) ∩Hi

p(n) if and only if

∞∑
k=n+p

|λk + (1− λ)p|ki

pi+1 − β
ak +

∞∑
k=n+p−1

|λk − (1− λ)p|ki

pi+1 − β
bk ≤ 1.
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In the following theorem, we determine a representation theorem for functions in
Hi

p(n;λ, β, m).

Theorem 3 : fi = h + gi ∈ H
i

p(n;λ, β, m) if and only if fi can be expressed as

fi(z) = Xphp(z) +
∞∑

k=n+p

Xkhk(z) +
∞∑

k=n+p−1

Ykgki
(z),

where hp(z) = zp, hk(z) = pi+1−β
|p+(k−p)( mk

p +1)λ|ki z
k, (k = n + p, n + p + 1, · · · ), gki(z) =

zp + (−1)i pi+1−β
|p+(k+p)( mk

p −1)λ|ki z
k, (k = n + p− 1, n + p, · · · ), Xp ≥ 0, Yn+p−1 ≥ 0, Xp +

∞∑
k=n+p

Xk +
∞∑

k=n+p−1

Yk = 1, and Xk ≥ 0, Yk ≥ 0, for k = n + p, n + p + 1, · · · .

Proof : For functions fi of the form (2), we have

fi(z) = Xphp(z) +
∞∑

k=n+p

Xkhk(z) +
∞∑

k=n+p−1

Ykgki
(z)

= zp −
∞∑

k=n+p

pi+1 − β

|p + (k − p)(mk
p + 1)λ|ki

Xkzk

+(−1)i
∞∑

k=n+p−1

pi+1 − β

|p + (k + p)(mk
p − 1)λ|ki

Ykzk.

Consequently, fi ∈ H
i

p(n;λ, β, m), since by (5), we have

∞∑
k=n+p

|p + (k − p)(
mk

p
+ 1)λ|kiak +

∞∑
k=n+p−1

|p + (k + p)(
mk

p
− 1)λ|kibk

=
∞∑

k=n+p

|p + (k − p)(
mk

p
+ 1)λ|ki · pi+1 − β

|p + (k − p)(mk
p + 1)λ|ki

|Xk|

+
∞∑

k=n+p−1

|p + (k + p)(
mk

p
− 1)λ|ki · pi+1 − β

|p + (k + p)(mk
p − 1)λ|ki

|Yk|

= (pi+1 − β)

 ∞∑
k=n+p

|Xk|+
∞∑

k=n+p−1

|Yk|

 = (pi+1 − β)(1−Xp) ≤ pi+1 − β.

Conversely, assume fi ∈ Hi

p(n;λ, β, m). Letting Xp = 1 −
∞∑

k=n+p

Xk −
∞∑

k=n+p−1

Yk,

where Xk =
|p+(k−p)( mk

p +1)λ|ki

pi+1−β ak and Yk =
|p+(k+p)( mk

p −1)λ|ki

pi+1−β bk, we obtain the re-
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quired representation, since

fi(z) = zp −
∞∑

k=n+p

akzk + (−1)i
∞∑

k=n+p−1

bkzk

= zp −
∞∑

k=n+p

(pi+1 − β)Xk

|p + (k − p)(mk
p + 1)λ|ki

zk

+(−1)i
∞∑

k=n+p−1

(pi+1 − β)Yk

|p + (k + p)(mk
p − 1)λ|ki

zk

= zp −
∞∑

k=n+p

(zp − hk(z))Xk −
∞∑

k=n+p−1

(zp − gki
(z))Yk

=

1−
∞∑

k=n+p

Xk −
∞∑

k=n+p−1

Yk

 zp +
∞∑

k=n+p

hk(z)Xk +
∞∑

k=n+p−1

gki
(z)Yk

= Xphp(z) +
∞∑

k=n+p

Xkhk(z) +
∞∑

k=n+p−1

Ykgki(z).

3. Inclusion Relations

In the following theorem, we discuss the inclusion relations between the above men-
tioned classes. The inclusion relations between the classes for the different values of
λ are not so obvious.
Theorem 4 : For n ∈ IN and 0 ≤ β < p, we have:

(1) Hi

pS(n;β, m) ⊂ Hi

p(n;λ, β, m), 0 ≤ λ < 1

(2) Hi

p(n;λ, β, m) ⊂ Hi

pS(n;β, m), λ ≥ 1

(3) Hi

p(n;λ, β, m) ⊂ Hi

pR(n;β), λ ≥ 0

(4) Hi

p(n;λ, β, m) ⊂ Hi

pU(n;λ, β), λ ≥ 0

(5) Hi

pS(n;β, m) ⊂ Hi

pR(n;β).
Proof (1) For 0 ≤ λ < 1, we have

∞∑
k=n+p

|p + (k − p)(
mk

p
+ 1)λ|kiak +

∞∑
k=n+p−1

|p + (k + p)(
mk

p
− 1)λ|kibk

≤
∞∑

k=n+p

|p + (k − p)(
mk

p
+ 1)|kiak +

∞∑
k=n+p−1

|p + (k + p)(
mk

p
− 1)|kibk

≤ pi+1 − β. (by Corollary 2)

Therefore (1) is obtained from Theorem 2.
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(2) If λ ≥ 1, then by Theorem 2

∞∑
k=n+p

|p + (k − p)(
mk

p
+ 1)|kiak +

∞∑
k=n+p−1

|p + (k + p)(
mk

p
− 1)|kibk

≤
∞∑

k=n+p

|p + (k − p)(
mk

p
+ 1)λ|kiak +

∞∑
k=n+p−1

|p + (k + p)(
mk

p
− 1)λ|kibk

≤ pi+1 − β.

Therefore, (2) is obtained from Corollary 2.
(3) If λ ≥ 0, then by Theorem 2,

∞∑
k=n+p

pkiak +
∞∑

k=n+p−1

pkibk

≤
∞∑

k=n+p

|p + (k − p)(
mk

p
+ 1)λ|kiak +

∞∑
k=n+p−1

|p + (k + p)(
mk

p
− 1)λ|kibk

≤ pi+1 − β.

Thus, (3) is obtained from Corollary 1.
(4) If λ ≥ 0, then by Theorem 2,

∞∑
k=n+p

|λk + (1− λ)p|kiak +
∞∑

k=n+p−1

|λk − (1− λ)p|kibk

=
∞∑

k=n+p

|p + (k − p)λ|kiak +
∞∑

k=n+p−1

|(k + p)λ− p|kibk



On generalization of some classes of Sǎlǎgean-type multivalent . . . 13

≤
∞∑

k=n+p

|p + (k − p)(
mk

p
+ 1)λ|kiak +

∞∑
k=n+p−1

|p + (k + p)(
mk

p
− 1)λ|kibk

≤ pi+1 − β.

Thus, (4) is obtained from Corollary 4.
(5) In view of Corollaries 1 and 2, since

∞∑
k=n+p

pkiak +
∞∑

k=n+p−1

pkibk

≤
∞∑

k=n+p

|p + (k − p)(
mk

p
+ 1)|kiak +

∞∑
k=n+p−1

|p + (k + p)(
mk

p
− 1)|kibk.

The result follows.

4. Distortion Bounds

We introduce a distortion theorem for functions in Hi

p(n;β, λ, m).

Theorem 5 : If fi ∈ H
i

p(n;λ, β, m), λ ≥ 1 and |z| = r < 1, then

|fi(z)| ≤ (1 + bn+p−1r
n−1)rp +

(
pi+1 − β

(p + n(mn
p + m + 1)λ)(n + p)i

−
[(n + 2p− 1)(1− 1

p (m(n + p− 1)))λ− p](n + p− 1)i

(p + n(mn
p + m + 1)λ)(n + p)i

bn+p−1

)
rn+p

and

|fi(z)| ≥ (1− bn+p−1r
n−1)rp −

(
pi+1 − β

(p + n(mn
p + m + 1)λ)(n + p)i

−
[(n + 2p− 1)(1− 1

p (m(n + p− 1)))λ− p](n + p− 1)i

(p + n(mn
p + m + 1)λ)(n + p)i

bn+p−1

)
rn+p.

Proof : We prove the left hand side inequality for |fi|. Let fi ∈ H
i

p(n;λ, β, m), then
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by Theorem 2, we obtain:

|fi(z)| =

∣∣∣∣∣∣zp + (−1)ibn+p−1z
n+p−1 +

∞∑
k=n+p

(akzk + (−1)ibkzk)

∣∣∣∣∣∣
≥ rp − bn+p−1r

n+p−1 − pi+1 − β

(p + n(mn
p + m + 1)λ)(n + p)i

×

∞∑
k=n+p

(
p + n(mn

p + m + 1)λ

pi+1 − β
ak +

p + n(mn
p + m + 1)λ

pi+1 − β
bk

)
(n + p)irk

≥ rp − bn+p−1r
n+p−1 − pi+1 − β

(p + n(mn
p + m + 1)λ)(n + p)i

×

∞∑
k=n+p

(
p + (k − p)(mk

p + 1)λ

pi+1 − β
ak +

(k + p)(1− mk
p )λ− p

pi+1 − β
bk

)
kirk

≥ (1− bn+p−1r
n−1)rp − pi+1 − β

(p + n(mn
p + m + 1)λ)(n + p)i

×[
1−

[(n + 2p− 1)(1− 1
p (m(n + p− 1)))λ− p](n + p− 1)i

pi+1 − β
bn+p−1

]
rn+p

≥ (1− bn+p−1r
n−1)rp −

(
pi+1 − β

(p + n(mn
p + m + 1)λ)(n + p)i

−
[(n + 2p− 1)(1− 1

p (m(n + p− 1)))λ− p](n + p− 1)i

(p + n(mn
p + m + 1)λ)(n + p)i

bn+p−1

)
rn+p.

The proof for the right hand side inequality can be done using similar arguments and
this completes the proof of theorem.

The following result follows from the left hand side inequality in Theorem 5.
Corollary 5 : If fi ∈ H

i

p(n;λ, β, m), λ ≥ 1, then the set

{w : |w| < [(p + n(
mn

p
+ m + 1)λ)(n + p)i − pi+1 + β − [(p + n(

mn

p
+ m + 1)λ)(n + p)i

+[(n + 2p− 1)(1− 1
p
(m(n + p− 1)))λ− p](n + p− 1)i]bn+p−1]/[(p + n(

mn

p
+ m + 1)λ)(n + p)i]}

is included in fi(U).
By using arguments similar to those given in the proof of Theorem 5, we get the

following corollaries.
Corollary 6 [7] : If fi ∈ H

i

pR(n;β), then

|fi(z)| ≤ (1 + bn+p−1r
n−1)rp +

(
pi+1 − β

p(n + p)i
+

(n + p− 1)i

(n + p)i
bn+p−1

)
rn+p,
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and

|fi(z)| ≥ (1− bn+p−1r
n−1)rp −

(
pi+1 − β

p(n + p)i
+

(n + p− 1)i

(n + p)i
bn+p−1

)
rn+p.

Corollary 7 [7] : If fi ∈ H
i

pT (n;β), then

|fi(z)| ≤ (1 + bn+p−1r
n−1)rp +

(
pi+1 − β

(n + p)i+1
− (n + p− 1)i+1

(n + p)i+1
bn+p−1

)
rn+p,

and

|fi(z)| ≥ (1− bn+p−1r
n−1)rp −

(
pi+1 − β

(n + p)i+1
− (n + p− 1)i+1

(n + p)i+1
bn+p−1

)
rn+p.

Corollary 8 [7] : If fi ∈ H
i

pU(n;λ, β), then

|fi(z)| ≤ (1 + bn+p−1r
n−1)rp

+
(

pi+1 − β

(λn + p)(n + p)i
− [λ(n + 2p− 1)− p](n + p− 1)i

(λn + p)(n + p)i
bn+p−1

)
rn+p,

and

|fi(z)| ≥ (1− bn+p−1r
n−1)rp

−
(

pi+1 − β

(λn + p)(n + p)i
− [λ(n + 2p− 1)− p](n + p− 1)i

(λn + p)(n + p)i
bn+p−1

)
rn+p.

Corollary 9 : If fi ∈ H
i

pS(n;β, m), then

|fi(z)| ≤ (1 + bn+p−1r
n−1)rp +

(
pi+1 − β

(p + n(mn
p + m + 1))(n + p)i

−
[(n + 2p− 1)(1− 1

p (m(n + p− 1)))− p](n + p− 1)i

(p + n(mn
p + m + 1))(n + p)i

bn+p−1

)
rn+p,

and

|fi(z)| ≥ (1− bn+p−1r
n−1)rp −

(
pi+1 − β

(p + n(mn
p + m + 1))(n + p)i

−
[(n + 2p− 1)(1− 1

p (m(n + p− 1)))− p](n + p− 1)i

(p + n(mn
p + m + 1))(n + p)i

bn+p−1

)
rn+p.
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