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Abstract

Let U denote the unit ball in the complex plane, the Hardy space H? is the set of functions

f(z) = ifA(n) z" holomorphic on U such that i

n=20 n=0

2 A
f“(n)‘ <o With f (n) denotes then the

Taylor coefficient of f.

Let y be a holomorphic self-map of U, the composition operator CW induced by  is defined

on H? by the equation
Cf=foy (fe H?)

In this paper we have studied the compactness of the composition operator induced by the
bijective map o and discussed the adjoint the compactness of the composition operator of the map o
.We give some theorems on compactness of the composition operators. We have look also at some
known properties on composition operators and tried to see the analogue properties in order to show
how the results are changed by changing the map  in U.

In order to make the work accessible to the reader, we have included some known results
with the details of the proofs for some cases and proofs for the properties .

Introduction

This paper consists of two sections . In section one ,we are going to study the map o and
properties of o, and also discuss o as an inner map .

In section two, we are going to study the Composition Operator C_ induced by the map o
and properties of C_, and also discuss the adjoint of Composition Operator C _ induced by the

map o and also discuss C _ as a compact operator .

Section One

\



Definition(.") : [¢]

Let U={z € C:|z| <1} is a unit ball in complex plane C and 0U ={z e C:|z| = L}is a boundary
of U

Definition ().Y):

2QZ + 2
22 + 2\

z=—) then the map o is holomorphic on the ball{]z| < |A[}. Since 1 U, then this ball contain

For ) e U,define 5(z) = (z € U) . Since the denominator equal zero only at

U . Hence ¢ :U —U be holomorphic map on U .

Proposition ().Y) :
For A e U, then

S LS

2z + 21"
Proof
o -1 222 2z + 2 N 22+ 2 ~[oz + 24
2z + 2\ 2z + 20 2z + 23|

_ (2az+2) 20z +2)-(2z+22) (22+22)
2z + 23|

~ 412" + 40z + 4hz + 442" — daz — drz -4 4 (1—\z\2) (1—W)
2z + 22 2z + 22

Proposition (1.£) :
If L eU, then o take U into oU .

Proof :
Let z e oU, then |z| =1, hence|z|2 =1.By (\.") |o(2) ° _1=0, therefore lo(z) S o1,

hence |o(z) =1, hence o(z)e dU, hence o take U into oU .

Definition(}.9): [V]

Let y : U —U be holomorphic map on U, v is called an inner map if [y(z) =1.

Proposition ().1):




G asan inner map .

Proof :

From (V.£) o take oU into dU ., hence \c(z] =1.By ().°) o as an inner map .

Remark(\.)+):

2
For A « U, we have 5/(0) = W__l

2

A -1
a)°

, o'(0)=

Section Two

Definition(¥.)): [¢]

Let U denote the unit ball in the complex plane, the Hardy space H? is the set of functions

o - 2
f(z)= > f~(n) z " holomorphic on U such that " ‘fA(n)( < oo Where f(n) denotes the

n=20 n=0

Taylor coefficient of f.
Remark (Y.%) :[']
We can define an inner product of the Hardy space functions as follows:

f(z) = ifA(n) 2" and g(z) = igA(n) z" , then the inner product of fand g is:
n=0

n=0

(1,0)=21"(n) ')

Definition (Y.¥) :['"]

Let o.c U and define K (z)= (zeU). Since a € U then |a| <1 , hence the

l1-oz

geometric series i |oc|>" s convergent and thus K, € H® and K, (z) = §(&)”z”.
n=0 n=

Definition(Y.$) : [£]

Let y: U — U be holomorphic map on U, the composition operator CW induced by v is

defined on H* as follows C_ f=foy (f S HZ)

Definition(Y.®) : [Y]




Let T be a bounded operator on a Hilbert space H, then the norm of an operator T is defined

by [T} = sup{[T#]:

f|=1}.

Theorem (Y.3) : [VY]

If y: U — U is holomorphic map on U , then f oy e H?*and

il 1+|w(0)
If o< 1—|y(0)

The goal of this theorem C  : H* — H?.

|f|| forevery f e H?.

Definition(Y.V) :

The composition operator C_ induced by o is defined on H? asfollows C_ f =foo

Proposition(Y.A) :

1+|o(0)

g

Let A € U, foreach f € H? then f o s e H? and HfoGH<

Proof :

Since o: U — U is holomorphic map on U, then by (¥.7)

1+]o(0)

~[o(0)

foceH? and [foof< ,hence C_: H? > H?

Remark ((¥.9): [{]
}) One can easily show that C_C , =C, __ and hence C; =C C ---C

=C :C\vn

Yoo oy

\'

) CW is the identity operator on H? if and only if v is identity map from U into
U and holomorphic on U.

¥) Itis simple to prove that C,_ = C,, ifand only if <= .

Definition(Y.) ¥): [V]

Let T be an operator on a Hilbert space H , The operator T"is the adjoint of T if
(Tx,y)=(x,T'y) foreach x,y eH.

Theorem (Y.VY) : [°]




{K },, forms a dense subset of H?.

Theorem (Y. ¢) : VY]

If y:U — U is holomorphic map on U, then for all a.c U

C K, =K

w(a)

Definition(¥.V¢): [' Y]

Let H” be the set of all bounded holomorphic maps on U .

Definition(¥.\V): [1]

Let g e H”, the Toeplits operator T, is the operator on H? given by :

(T,fX2)=0(2) f(2) (feH?, z<U)

Theorem (YY) : [1]

If y:U — U is holomorphicmapon U, then C T =T C  (geH")

Remark ( Y.VA) 1 [A]

For each f e H?, it is well- know that Ty f =T_ f,such that h e H”.

Proposition(Y.\4) :

If1 €U, then C, =T C_ T,,where h(z)=(z+2), g(z)zfl ()= rz-1
z z

Proof :

By (Y-1), T, f=T_f foreach f e H?. Hence for all a.e U,
<T:f,Ka>:<Thf,Ka>:<f,T: Ka> ...... 2-1)
On the other hand ,

<T:f,Ka>=<f,ThKa>:<f,h(oc)Ka> ------ 2-2)

From (Y-))and (¥-Y) one can see that T* K, =h(a) K, . Hence T; K, =h(a) K, .
Calculation give :

CiK,(z) =K, »(2) = 1 1

1—0(@)221_(2xa+2) z
200 + 21




_ 1 200 + 2\

20+ 20— 200z 22 (2h—22)- o202 - 2)
20+ 2\
a+i) - _1 . !
A —Z — (7\.2—1)
l-a | =
A—1Z
= h(a) - T, k,(M2))=T, hla) k, (+(2))
=T, h(a) C, k,(2)=T, C, h(a) k,(2)

=T, C, T, k,(z) , therefore

Cik, (z)=T,C T k. (2) (zeU).

But {K,}, ., =H%thenC.=T,C T,

Definition (Y.Y+) : ['¥]

Let T be an operator on a Hilbert space H , T is called compact if every sequence X , in H is
weakly converges to x in H , thenTx  is strongly converges to Tx .Moreover (X, — 5 x if

(x,,u)—>(x,u),YueH and x, ——x if | x,, — x| — 0.)

Theorem (¥.YV) : [VV]

If y:U — U is holomorphic map on U, then CW is not compact if and only if y

take oU intooU

Proposition(Y.YY) :

If L €U, then C_ is not compact composition operator

Proof :

From (1.¢) otake oUintooU. By (Y.Y)) C_ is not compact composition operator .

Theorem (Y.YY):

If y:U— U is holomorphic map on U, thenC, C_ is compact if and only if C C_ is

compact, where C”. =T, C, T, y(z)= }%Z -1




Proof:

Suppose thatC, C._ is compact . Note that
C,C.=C,T,C T, (since C, =T, C, T, by(¥.)?))
=T,.,C,C, T, Gincec, T, =T _ C,by(".)V)).
Since Cc,C, IS compact operator , Tg v and T, are bounded operators then CWCZ Is compact
Conversely , suppose thatC C_ is compact . Note that
c,c=c,(c:)y=c,(r,c, T;)=c, T, C. T
=T,.,C, C. T, Gincec, T, =T, C, by(¥.)V).

Since CWC”; is compact operator , T, y and T, are bounded operators then C,C, IS compact .

Corollary (Y.Y¢):

Ify U — U is holomorphic map on U, thenC  C_ is not compact if and only if there exist

points z,,z, € AU such that(y o y)z, )= z,.
Proof:

By (¥.7Y) C,C, isnotcompactifandonlyif C C = CY . is not compact . Since
y:U—U andy:U— U are holomorphics on U , then also y oy . Thus by (Y.Y)) Cy oy IS not

compact if and only if y oy take AU into U . So, there exist points z,,z, € U such

that(y o y)z,)=2,.

Theorem (Y.Y@):

If y: U — Uis holomorphic on U, thenC_C, is compact if and only if C_C, is compact,

where C2 =T, C T, y(z)= 7}%2_1
~z

Proof:

Suppose thatC_ C, , is compact . Note that
C,C,=T,C T, C, (since C;=T, C T;by(¥.)%)
=T,C, T, C, (by ("))
=T, TH ., C, C, (since C, T, :Tﬁ O xc;y by (Y.\V)).

Since C,C, IS compact operator , T, and TH are bounded operators then C*GCW is compact
°v

N4



Conversely ,Suppose that C_C,, is compact . Note that
c.c,=(c;)e,
=(T,c, T:Jc, (since C* =T, C, T;)
=T,C, T, C,
Note that , by ( ¥.)Y) it is enough to prove the compactness on the family {K _} . .- Hence for each
ze U we have
C.C,K,(z2)=T,C. T, C K,(2)
=T, C, Ty K, (v(2))
=T, C, g(a) K, (w(z))  Gince T; K, =g(a) K,)
=g(o) T, C; K, (w(2))
=g(a) T, C, C, K,(2)

Since CZCW is compact , T, is bounded andg e H*, then C.C, IS compact .

Corollary (Y.Y1) :

If y: U — Uis holomorphic map on U, thenC_C is not compact if and only if there exist
points z,,z, € U such that(y o y)z,)=z,.
Proof:

By (.Y°) C_C,, is not compact if and only if C C = CW - is not compact . Since
y:U— U andy:U— U are holomorphics on U, then alsoy o y. Thus by (¥.¥)) CW oy is not
compact if and only if y oy take oU into oU . So, there exist points z,,z, € &U such

that(y o y)z,)=2,.
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