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Abstract 

In the present paper, we have studied a class ( )βατνµϑ ,,,,, nT  of 

analytic and univalent functions as defined by making use of the 

generalized Ruscheweyh derivatives in the unit disk U and obtain some 

sharp results including coefficient inequality, Radii of starlikeness, 

convexity and close-to-convexity, distortion theorem, extreme points, 

closure theorem and Hadamard product. 

1. Introduction 

Let W denote the class of functions analytic in the unit disk 

{ }1: <∈= zzU C  and let ( )nT  denote the subclass of W consisting of functions 

of the form: 

 ( ) { }( )∑
∞

+=

=∈≥−=

1

,...,3,2,1,0,

nk

k
k

k nazazzf N  (1) 
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which are analytic and univalent in the unit disk U. Then the function ( )nTf ∈  is 

said to be in the class ( )ρ,nS  if and only if 

( )
( )

( ).10,,Re <ρ≤∈ρ>






 ′

Uz
zf

zfz
 (2) 

A function ( )ρ∈ ,nSf  is called starlike function of order ρ. 

A function ( )nTf ∈  is said to be in the class ( )ρ,nC  if and only if  

( )
( )

,1Re ρ>








′

′′
+

zf

zfz
   ( ).10, <ρ≤∈ Uz  (3) 

A function ( )ρ∈ ,nCf  is called convex function of order ρ. 

It is observed that ( )ρ∈ ,nCf  if and only if 

( ),, ρ∈′ nSfz  N∈∀n  [2]. (4) 

A function ( )nTf ∈  is said to be in the class ( )ρ,nK  if there is a convex 

function g such that 

( )
( )

,Re ρ>








′

′

zg

zf
   ( ).10, <ρ≤∈∀ Uz  (5) 

A function ( )ρ∈ ,nKf  is called close-to-convex of order ρ. We shall need the 

fractional derivative operator ([8], [9]) in this paper. 

Let C∈cba ,,  with ....,2,1,0 −−≠c  The Gaussain hypergeometric function 

12 F  is defined by 

( )
( ) ( )

( )∑
∞

=

=≡

0

1212 ,
!

;;,

n

n

n

nn

n

z

c

ba
zcbaFF  (6) 

where ( )nλ  is the Pochhammer symbol defined, in terms of the Gamma function, by 

( )
( )

( )

( )

( ) ( ) ( )



∈−+λ+λλ

=
=

λΓ

+λΓ
=λ

.,11

0,1

Nnn

nn
n

�

 

Definition 1. Let 10 <ϑ≤  and ., R∈νµ  Then, in terms of familiar (Gauss’s) 

hypergeometric function ,12 F  the generalized fractional derivative operator 
νµϑ ,,

,0 zJ  

of a function f is defined by: 
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( )zfJ
z

νµϑ ,,
,0

 

( )
( ) ( ) ( )

( ) ( )











∈+<θ≤

<θ≤








ε





 ε

−θ−ν−θ−µεε−
θ−Γ

=

νµ−ϑ

ϑ−µ−ϑ ∫

,,1,

,10,1;1;1,
1

1

,,
,0

0
12

NnnnzfJ
dz

d

d
z

Ffzz
dz

d

n
zn

n

z

 (7) 

where the function f is analytic in a simply-connected region of the z-plane containing 

the origin, with the order 

( ) ( ),ε= zOzf    ( ),0→z  (8) 

for { } ,1,0max −ν−µ>ε  and the multiplicity of ( ) ϑ−ε−z  is removed by required 

( )ε−zlog  to be real when ( ) .0>ε−z  

The fractional derivative of order θ of a function f is defined by 

( ){ }
( )

( )

( )∫ ε
ε−

ε

θ−Γ
=

ϑ

ϑ
z

z d
z

f

dz

d
zfD

0
,

1

1
   ,10 <θ≤  (9) 

where f is chosen as in (7), and the multiplicity of ( ) ϑ−ε−z  is removed by required 

( )ε−zlog  to be real when ( ) .0>ε−z  

By comparing (7) and (9), we find 

( ) ( ){ },
,,

,0 zfDzfJ zz
ϑνϑϑ

=    ( ).10 <θ≤  (10) 

In terms of gamma function, we have 

( ) ( )
( ) ( )

,
11

11,,
,0

µ−νµϑ

+ν+θ−Γ+µ−Γ

+ν+µ−Γ+Γ
= kk

z z
kk

kk
zJ  

{ }( ).1,0maxand,,10 −ν−µ>∈νµ<θ≤ kR  (11) 

Definition 2. Let ( )nTf ∈  be given by (1). Then the class ( )βατνµϑ ,,,,, nT  

is defined by 

( )βατνµϑ ,,,,, nT  
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( )

( ( ))

( ( ))

( ( ))

( ( ))

( ( ))

( ( ))












β<

′

″

−














′

″

+α−τ

′

″

∈=

µϑ

µϑ

µϑ

µϑ

µϑ

µϑ

,

12

:

,
1

,
1

,
1

,
1

,
1

,
1

zf

zfz

zf

zfz

zf

zfz

nTf

ℑ

ℑ

ℑ

ℑ

ℑ

ℑ

 

,1and
2

1
0,1

2

1
,10,













−>θ
τ

<α≤≤τ≤≤β<∈ Uz  (12) 

where ( )zf
µϑ,

1ℑ  is a generalized Ruscheweyh derivative defined by Goyal and 

Goyal  [3, p. 442] as 

( )
( )
( ) ( )

( ( ))zfzzJzf
z

1,,
,0

,
1 12

2 −µνµϑµϑ

+µΓ+νΓ

+ν+θ−µΓ
=ℑ  

( )∑
∞

+=

µϑ
−=

1

,
1 ,

nk

k
k zkCaz  (13) 

where 

( )
( ) ( ) ( )

( ) ( ) ( ) ( )
.

121

12,
1 µ+Γ+νΓθ−µ++ν+ΓΓ

+ν+Γθ−µ++νΓµ+Γ
=

µϑ

kk

kk
kC  (14) 

For ,γ=θ=µ  ,1=ν  the generalized Ruscheweyh derivatives reduce to ordinary 

Ruscheweyh derivatives of f of order γ [5]: 

( )
( )

( ( )) ( )∑
∞

+=

−γγγ γ−=
+γΓ

=

1

1 ,
1

nk

k
kk zCazzfzD

z
zfD  (15) 

where 

 ( )
( ) ( ) ( )

( )
.

!1

121

−

−+γ+γ+γ
=γ

k

k
Ck

�

 (16) 

The class ( )βατνµϑ ,,,,, nT  contains well-known classes of analytic functions, 

for example: 
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 (i) If ,0=θ=µ  ,1,1 ==ν n  then we get the class ( )βατ ,,,11,0,0T  studied 

by Aqlan and Kulkarni [1]. 

(ii) If ,0=θ=µ  ,1=ν  ,β=ρ  ,0=α  ,
2

1
=τ  then we get the class of convex 

functions of order ( )( ).,, ρρ nC  

The same properties have been found for other classes in [4], [6] and [7]. 

2. Coefficient Inequality 

The following theorem gives a necessary and sufficient condition for function to 

be in the class ( ).,,,,, βατνµϑ nT  

Theorem 1. Let ( ).nTf ∈  Then ( )βατ∈ νµϑ ,,,,, nTf  if and only if 

 ( ) ( ) ( )[ ] ( ) ( )∑
∞

+=

µϑ α−βτ≤α−βτ+βτ+β−−

1

,
1 ,1212211

nk

kakCkk  (17) 

where ,10 ≤β<  ,1
2

1
≤τ≤  ,

2

1
0

τ
<α≤  ,1−>θ  N∈n  and ( )kC

µϑ,
1  is given 

by (14). The result (17) is sharp for the function 

( )
( )

( ) ( ) ( )[ ] ( )
,

12211

12
,

1

k
z

kCkk
zzf

µϑ
α−βτ+βτ+β−−

α−βτ
−=    .1+≥ nk  

Proof. For ,1=z  we have 

( ( )) [( ) ( ( )) ( ( )) ] ( ( ))″−″+′α−τβ−″ µϑµϑµϑµϑ
zfzzfzzfzfz

,
1

,
1

,
1

,
1 12 ℑℑℑℑ  

( ) ( )∑
∞

+=

−µϑ
−−=

1

1,
11

nk

k
k zakCkk  

( ) ( ) ( )[ ] ( )∑
∞

+=

−µϑ
−−α−τ−α−τβ−

1

1,
11212

nk

k
k zakCkkkk  

( ) ( ) ( ) ( )[ ] ( )∑ ∑
∞

+=

∞

+=

µϑµϑ +−α−τβ+α−τβ−−≤

1 1

,
1

,
1 12121

nk nk

kk akCkkkakCkk  
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( ) ( ) ( )[ ] ( ) ( )∑
∞

+=

µϑ
≤α−βτ−α−βτ+βτ+β−−=

1

,
1 .01212211

nk

kakCkk  

By hypothesis. 

Thus by maximum modulus theorem ( ).,,,,, βατ∈ νµϑ nTf  Conversely, 

assume that 

( ( ))

( ( ))

( ( ))

( ( ))

( ( ))

( ( ))′

″
−















′

″
+α−τ

′

″

µϑ

µϑ

µϑ

µϑ

µϑ

µϑ

zf

zfz

zf

zfz

zf

zfz

,
1

,
1

,
1

,
1

,
1

,
1

12
ℑ

ℑ

ℑ

ℑ

ℑ

ℑ

 

( ( ))

( ) ( ( )) ( ( )) ( ( ))″−″τ+′α−τ

″
=

µϑµϑµϑ

µϑ

zfzzfzf

zfz

,
1

,
1

,
1

,
1

212 ℑℑℑ

ℑ
 

( ) ( )

( ) ( ) ( ) [ ] ( )

.

211112

1

1

1,
1

1

1,
1

1

1,
1

β<

τ−−+













−α−τ

−−

=

∑∑

∑
∞

+=

−µϑ
∞
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−µϑ

∞

+=

−µϑ
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nk
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k

nk

k
k

zakCkkzakkC
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Since ( ) ,Re zz ≤  for all z, we have 

( ) ( )

( ) ( ) ( )[ ] ( )

.

211112

1

Re

1

1,
1

1

1,
1

1

1,
1

β<



























τ−−+













−α−τ

−

∑∑

∑
∞

+=

−µϑ
∞

+=

−µϑ

∞

+=

−µϑ

nk

k
k

nk

k
k

nk

k
k

zakCkkzakkC

zakCkk

(18) 

We can choose value of z on the real axis so that ( ( ))′µϑ
zf

,
1ℑ  is real. 

Let ,1
−→z  through real values, so we can write (18) as 

( ) ( ) ( )[ ] ( ) ( )∑
∞

+=

µϑ α−βτ≤α−βτ+βτ+β−−

1

,
1 .1212211

nk

kakCkk  

Finally, sharpness follows if we take 
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( )
( )

( ) ( ) ( )[ ] ( )
....,2,1,

12211

12
,

1

++=
α−βτ+βτ+β−−

α−βτ
−=

µϑ
nnkz

kCkk
zzf

k (19) 

The proof is complete. 

Corollary 1. Let ( ).,,,,, βατ∈ νµϑ nTf  Then 

 
( )

( ) ( ) ( )[ ] ( )
....,2,1,

12211

12
,

1

++=
α−βτ+βτ+β−−

α−βτ
≤

µϑ
nnk

kCkk
ak  (20) 

The equality in (20) is attained for the function f given by (19). 

Theorem 2. The class ( )βατνµϑ ,,,,, nT  is convex set. 

Proof. Let f, g be the arbitrary elements of ( ).,,,,, βατνµϑ nT  Then for every t 

( ),10 << t  we show that ( ) ( ) ( ) ( ).,,,1 ,, βατ∈+− νµϑ nTztgzft  Thus, we have 

( ) ( ) ( ) ( )[ ]∑
∞

+=

+−−=+−

1

11

nk

k
kk ztbatzztgzft  

and 

( ) ( ) ( )[ ]
( )

( )[ ] ( )∑
∞

+=

µϑ+−





α−βτ

α−βτ+βτ+β−−

1

,
11

12

12211

nk

kk kCtbat
kk

 

( )
( ) ( ) ( )[ ]

( )
( )∑

∞

+=

µϑ

α−βτ

α−βτ+βτ+β−−
−=

1

,
112

12211
1

nk

k kCa
kk

t  

( ) ( ) ( )[ ]
( )

( )∑
∞

+=

µϑ ≤
α−βτ

α−βτ+βτ+β−−
+

1

,
1 .1

12

12211

nk

k kCb
kk

t  

This completes the proof. 

Remark 1. Assume that f and g are in ( ).,,,,, βατνµϑ nT  Then the function y 

defined by ( ) ( ) ( )[ ]zgzfzy +=
2

1
 is also in the class ( ).,,,,, βατνµϑ nT  

3. Radii of Starlikeness, Convexity and Close-to-convexity 

In the next theorems, we obtain the radii of starlikeness, convexity and close-to-
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convexity for the class ( ).,,,,, βατνµϑ nT  

Theorem 3. Let ( ).,,,,, βατ∈ νµϑ nTf  Then f is a starlike of order ρ 

( )10 <ρ≤  in ( ),,,,,,,1 ρατβνµθ=< rrz  where 

( )ρατβνµθ ,,,,,,1r  

( ) ( )( ) ( )[ ] ( )

( ) ( )
,

12

122111
inf

1

1
,

1
−µϑ













α−βτρ−

α−βτ+βτ+β−−ρ−
=

k

k k

kCkk
 ....,2,1 ++= nnk  (21) 

The estimate is sharp for the function 

( )
( )

( ) ( ) ( )[ ] ( )
,

12211

12
,

1

k
z

kCkk
zzf

µϑ
α−βτ+βτ+β−−

α−βτ
−=    ....,2,1 ++= nnk  

Proof. Let ( ).,,,,, βατ∈ νµϑ nTf  Then by Theorem 1 

( ) ( ) ( )[ ]
( )

( )∑
∞

+=

µϑ
≤

α−βτ

α−βτ+βτ+β−−

1

,
1 .1

12

12211

nk

k kCa
kk

 

For ,10 <ρ≤  we need to show that 
( )

( )
,11 ρ−≤−

′

zf

zfz
 we have to show that 

( ) ( )
( )

( ) ( )

.1

1

1

1

1

1

1

1

1

1

1

1

1

ρ−≤

−

−

≤

−

−−

=
−′

∑

∑

∑

∑
∞

+=

−

∞

+=

−

∞

+=

−

∞

+=

−

nk

k
k

nk

k
k

nk

k
k

nk

k
k

za

zak

za

zak

zf

zfzfz
 

Hence 

∑
∞

+=

− ≤







ρ−

ρ−

1

1
.1

1
nk

k
k za

k
 

This is enough to consider 

( ) ( ) ( ) ( )[ ] ( )
( ) ( )

,
12

122111
,

11

α−βτρ−

α−βτ+βτ+β−−ρ−
≤

µϑ
−

k

kCkk
z

k  

therefore 
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( ) ( ) ( ) ( )[ ] ( )

( ) ( )
.

12

122111 1

1
,

1
−µϑ













α−βτρ−

α−βτ+βτ+β−−ρ−
≤

k

k

kCkk
z  (22) 

Setting ( )ρατβνµθ= ,,,,,,1rz  in (22), we get the radius of starlikeness, which 

completes the proof of Theorem 3. 

By using (4), we obtain the following theorem. 

Theorem 4. Let ( ).,,,,, βατ∈ νµϑ nTf  Then f is convex of order ρ ( )10 <ρ≤  

in ( ),,,,,,,2 ρατβνµθ=< rrz  where 

( )
( ) ( ) ( ) ( )[ ] ( )

( ) ( )
.

12

122111
inf,,,,,,

1

1
,

1
2

−µϑ













α−βτρ−

α−βτ+βτ+β−−ρ−
=ρατβνµϑ

k

k k

kCk
r  (23) 

The estimate is sharp for the function 

( )
( )

( )( ) ( )[ ] ( )
,

12211

12
,

1

k
z

kCkk
zzf

µϑ
α−βτ+βτ+β−−

α−βτ
−=    ....,2,1 ++= nnk  

Proof. Let ( ).,,,,, βατ∈ νµϑ nTf  Then by Theorem 1 

( ) ( ) ( )[ ]
( )

( )∑
∞

+=

µϑ
≤

α−βτ

α−βτ+βτ+β−−

1

,
1 .1

12

12211

nk

k kCa
kk

 

For ,10 <ρ≤  we show that 
( )
( )

,1 ρ−≤
′

′′

zf

zfz
 that is 

( ) ( )

,1

1

1

1

1

1

1

1

1

1

1

1

1

ρ−≤

−

−

≤

−

−−

∑

∑

∑

∑
∞

+=

−

∞

+=

−

∞

+=

−

∞

+=

−

nk

k
k

nk

k
k

nk

k
k

nk

k
k

zka

zakk

zka

zakk

 

or equivalently 

∑
∞

+=

− ≤







ρ−

ρ−

1

1
.1

1
nk

k
k za

k
k  

It is enough letting 
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( ) ( ) ( ) ( )[ ] ( )
( ) ( )

.
12

122111
,

11

α−βτρ−

α−βτ+βτ+β−−ρ−
≤

µϑ
−

k

kCk
z

k  

Therefore, 

 
( ) ( ) ( ) ( )[ ] ( )

( ) ( )
.

12

122111 1

1
,

1
−µϑ













α−βτρ−

α−βτ+βτ+β−−ρ−
≤

k

k

kCk
z  (24) 

Setting ( )ρατβνµθ= ,,,,,,2rz  in (24), we get the radius of convexity, which 

completes the proof of Theorem 4. 

Theorem 5. Let ( ).,,,,, βατ∈ νµϑ nTf  Then f is close-to-convex of order δ, 

10 <δ≤  in ( ),,,,,,,3 δατβνµθ=< rrz  where 

 ( )
( ) ( )( ) ( )[ ] ( )

( )
.

12

122111
inf,,,,,,

1

1
,

1
3

−µϑ













α−βτ

α−βτ+βτ+β−−δ−
=δατβνµϑ

k

k

kCk
r  (25) 

The estimate is sharp for the function 

( )
( )

( )( ) ( )[ ] ( )
,

12211

12
,

1

k
z

kCkk
zzf

µϑ
α−βτ+βτ+β−−

α−βτ
−=    ....,2,1 ++= nnk  

Proof. Let ( ).,,,,, βατ∈ νµϑ nTf  Then by Theorem 1, 

( )( ) ( )[ ]
( )

( )∑
∞

+=

µϑ ≤
α−βτ

α−βτ+βτ+β−−

1

,
1 ,1

12

12211

nk

k kCa
kk

 

for ,10 <δ≤  we need to show that ( ) δ−≤−′ 11zf  for =< rz  

( ),,,,,,,3 δατβνµθr  when ( )δατβνµθ ,,,,,,3r  is given by (25). Now 

( ) ∑∑
∞

+=

−
∞

+=

− ≤=−′

1

1

1

1 .1

nk

k
k

nk

k
k zkazkazf  

Thus ( ) δ−≤−′ 11zf  if 

∑
∞

+=

− ≤







δ−
1

1
1

1
nk

k
k za

k
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but, by Theorem 1 above inequality holds true if 

( ) ( ) ( ) ( )[ ] ( )
( )

,
12

122111
,

11

α−βτ

α−βτ+βτ+β−−δ−
≤

µϑ
− kCk

z
k

 

and this completes the proof. 

4. Distortion Theorem 

In the next theorem, we will find distortion bounds for ( ).,
1 zf

µϑ
ℑ  

Theorem 6. Let the function ( ).,,,,, βατ∈ νµϑ nTf  Then 

( )

( ) ( ) ( )[ ] ( )
( )zfz

nCnn
z

n ≤
+α−βτ+βτ+β−+

α−βτ
− +

µϑ

1

,
1 112211

12
 

( )

( ) ( ) ( )[ ] ( )
.

112211

12 1

,
1

+

µϑ
+α−βτ+βτ+β−+

α−βτ
+≤ n

z
nCnn

z  (26) 

The result is sharp for 

( )
( )

( ) ( ) ( )[ ] ( )
.

112211

12 1

,
1

+
µϑ

+α−βτ+βτ+β−+

α−βτ
−= n

z
nCnn

zzf  

Proof. We have 

( ) ∑
∞

+=

−=

1

,

nk

k
k zazzf  

( ) ∑
∞

+=

+≤

1nk

k
k zazzf  

( )

( ) ( ) ( )[ ] ( )
.

112211

12 1

,
1

+
µϑ

+α−βτ+βτ+β−+

α−βτ
+≤ n

z
nCnn

z  (27) 

Similarly, 

( ) ∑
∞

+=

−≥

1nk

k
k zazzf  
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( )

( ) ( ) ( )[ ] ( )
.

112211

12 1

,
1

+
µϑ

+α−βτ+βτ+β−+

α−βτ
−≥ n

z
nCnn

z  (28) 

Combining (27) and (28), we get (26). 

5. Extreme Points 

In the following theorem, we obtain extreme points for the class 

( ).,,,,, βατνµϑ nT  

Theorem 7. Let ( ) zzfn =  and 

( )
( )

( ) ( ) ( )[ ] ( )
,

12211

12
,

1

k
k z

kCkk
zzf

µϑ
α−βτ+βτ+β−−

α−βτ
−=  

{ }( )....,2,1...,,2,1 =∈++= Nnnnk  Then ( )βατ∈ νµϑ ,,,,, nTf  if and only if 

it can be expressed in the form 

( ) ( )∑
∞

=

σ=

nk

kk zfzf ,  

where 0≥σk  and 

∑
∞

=

=σ

nk

k .1  

In particular, the extreme points of ( )βατνµϑ ,,,,, nT  are the functions ( ) zzfn =  

and 

( )
( )

( ) ( ) ( )[ ] ( )
,

12211

12
,

1

k
k z

kCkk
zzf

µϑ
α−βτ+βτ+β−−

α−βτ
−=  ....,2,1 ++= nnk  

Proof. Let us express f as in the above theorem, therefore, we can write 

( ) ( )∑
∞

=

σ=

nk

kk zfzf  

( )

( ) ( ) ( )[ ] ( )
∑

∞

+=
µϑ













α−βτ+βτ+β−−

α−βτ
−σ+σ=

1
,

112211

12

nk

k
kn z

kCkk
zz  
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( )

( )( ) ( )[ ] ( )
∑∑

∞

+=
µϑ

∞

+=

σ
α−βτ+βτ+β−−

α−βτ
−














σ+σ=

1
,

11
12211

12

nk

k
k

nk

kn z
kCkk

z  

∑
∞

+=

−=

1

,

nk

k
k zhz  

where 

( )

( ) ( ) ( )[ ] ( )
.

12211

12
,

1

kk
kCkk

h σ
α−βτ+βτ+β−−

α−βτ
=

µϑ
 

Therefore, ( ),,,,,, βατ∈ νµϑ nTf  since 

( ) ( ) ( )[ ] ( )
( )∑ ∑

∞

+=

∞

+=

µϑ

<σ−=σ=
α−βτ

α−βτ+βτ+β−−

1 1

,
1 .11

12

12211

nk nk

nk
k kCkkh

 

Conversely, suppose that ( ).,,,,, βατ∈ νµϑ nTf  Then by (17), we may set 

( ) ( ) ( )[ ] ( )
( )

1,
12

12211
,

1 +≥
α−βτ

α−βτ+βτ+β−−
=σ

µϑ

nka
kCkk

kk  

and 

∑
∞

+=

σ=σ−

1

.1

nk

nk  

Then 

( ) ∑
∞

+=

−=

1nk

k
k zazzf  

( )

( ) ( ) ( )[ ] ( )
∑

∞

+=
µϑ

σ
α−βτ+βτ+β−−

α−βτ
−=

1
,

112211

12

nk

k
k z

kCkk
z  

( )( )∑
∞

+=

−σ−=

1nk

kk zfzz  

( )∑∑
∞

+=

∞

+=

σ+













σ−=

11

1

nk

kk

nk

k zfz  
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( ) ( )∑ ∑
∞

+=

∞

=

σ=σ+σ=

1

.

nk nk

kkkkn zfzfz  

This completes the proof. 

6. Closure Theorem 

In the following theorem, we will show that the class ( )βατνµϑ ,,,,, nT  is 

closed under linear combination. 

Theorem 8. Let 

( ) ( ) { }∑
∞

+=

νµϑ ∈βατ∈−=

1

,,
, ...,,2,1,,,,

nk

k
iki tinTzazzf  

and 10 << ic  such that 

∑
=

=

t

i

ic

1

.1  

Then the function ( )zF  defined 

( ) ( )∑
=

=

t

i

ii zfczF

1

 

is also in the class ( ).,,,,, βατνµϑ nT  

Proof. For every { },...,,2,1 ti ∈  we obtain 

( ) ( ) ( )[ ] ( )
( )∑

∞

+=

µϑ

≤
α−βτ

α−βτ+βτ+β−−

1

,

,
1 .1

12

12211

nk

ika
kCkk

 

Since 

( ) ( )∑ ∑ ∑
= =

∞

+=













−==

t

i

t

i nk

k
ikiii zazczfczF

1 1 1

,  

∑ ∑
∞

+= =













−=

1 1

, .

nk

k
t

i

iki zacz  
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Therefore, 

( ) ( ) ( )[ ] ( )
( )∑ ∑

∞

+= =

µϑ















α−βτ

α−βτ+βτ+β−−

1 1

,

,
1

12

12211

nk

t

i

ikiac
kCkk

 

( ) ( ) ( )[ ] ( )
( )∑ ∑

=

∞

+=

µϑ















α−βτ

α−βτ+βτ+β−−
=

t

i nk

iki a
kCkk

c

1 1

,

,
1

12

12211
 

∑
=

=≤

t

i

ic

1

.1  

Hence ( ) ( )βατ∈ νµϑ ,,,,, nTzF  and therefore the proof is complete. 

7. Hadamard Product 

Theorem 9. Let ( ).,,,, ,, βατ∈ νµϑ nTgf  Then 

( ) ( ) ( )∑
∞

+=

νµϑ βατ∈−=∗

1

,,
,,,

nk

k
kk nTzbazzgf  

for 

( ) ( )∑ ∑
∞

+=

∞

+=

−=−=

1 1

,,

nk nk

k
k

k
k zbzzgzazzf  

where 

( )( )

( )( ) ( )[ ] ( ) ( ) ( )( ) ( )[ ]
.

121211212211

112
2,

1
2

2

α−τ+−τ−−ατβ+α−βτ+βτ+β−−

−α−τβ
≥η

µϑ
kkCkk

k  

Proof. Let ( ).,,,, ,, βατ∈ νµϑ nTgf  Then 

( ) ( ) ( )[ ] ( )

( )∑
∞

+=

µϑ

≤
α−βτ

α−βτ+βτ+β−−

1

,
1 1

12

12211

nk

ka
kCkk

 (29) 

and 

( ) ( ) ( )[ ] ( )

( )∑
∞

+=

µϑ

≤
α−βτ

α−βτ+βτ+β−−

1

,
1 .1

12

12211

nk

kb
kCkk

 (30) 
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We need to find the smallest number η such that 

( )( ) ( )[ ] ( )
( )∑

∞

+=

µϑ

≤
α−ητ

α−ητ+ητ+η−−

1

,
1 .1

12

12211

nk

kkba
kCkk

  (31) 

By Cauchy-Schwarz inequality, we have 

( ) ( ) ( )[ ] ( )
( )∑

∞

+=

µϑ

≤
α−βτ

α−βτ+βτ+β−−

1

,
1 .1

12

12211

nk

kkba
kCkk

  (32)  

Thus it is enough to show that 

( ) ( ) ( )[ ] ( )

( ) kkba
kCkk

α−ητ

α−ητ+ητ+η−−
µϑ

12

12211
,

1  

( ) ( ) ( )[ ] ( )

( )
,

12

12211
,

1
kkba

kCkk

α−βτ

α−βτ+βτ+β−−
≤

µϑ

 

that is  

 
( ) ( ) ( )[ ]
( ) ( ) ( )[ ]

.
12211

12211

βα−ητ+ητ+η−−

ηα−βτ+βτ+β−−
≤

k

k
ba kk  (33)  

From (32), 

( )

( ) ( ) ( )[ ] ( )
.

12211

12
,

1 kCkk
ba kk µϑ

α−βτ+βτ+β−−

α−βτ
≤   (34) 

Therefore, in view of (33) and (34) it is enough to show that  

( )

( ) ( ) ( )[ ] ( )kCkk
µϑ

α−βτ+βτ+β−−

α−βτ
,

112211

12
 

( ) ( ) ( )[ ]
( ) ( ) ( )[ ]

,
12211

12211

βα−ητ+ητ+η−−

ηα−βτ+βτ+β−−
≤

k

k
 

which simplifies to 

( )( )

( )( ) ( )[ ] ( ) ( ) ( )( ) ( )[ ]
.

121211212211

112
2,

1
2

2

α−τ+−τ−−ατβ+α−βτ+βτ+β−−

−α−τβ
≥η

µϑ
kkCkk

k  
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Theorem 10. Let ( ).,,,, ,, βατ∈ νµϑ nTgf  Then 

( ) ( )∑
∞

+=

+−=

1

22

nk

k
kk zbazzh  

is in the class ( ),,,,,, βατνµϑ nT  where 

( )( )

( )( ) ( )( )[ ] ( ) ( ) ( ) ( ) ( )[ ]
.

121211412211

114

2,
1

2

2

α−τ−−τ−−α−τβ+α−βτ+βτ+β−−

−α−τβ
≥η

µϑ
kkkkkkCkk

kk

 

Proof. Let ( )βατ∈ νµϑ ,,,, ,, nTgf  and so 

( ) ( ) ( )[ ] ( )

( )∑
∞

+=

µϑ

≤












α−βτ

α−βτ+βτ+β−−

1

2

2,
1 1

12

12211

nk

ka
kCkk

 (35) 

and  

( ) ( ) ( )[ ] ( )

( )∑
∞

+=

µϑ

≤












α−βτ

α−βτ+βτ+β−−

1

2

2,
1 .1

12

12211

nk

kb
kCkk

 (36) 

Adding (35) and (36), we get 

( ) ( ) ( )[ ] ( )

( )
( )∑

∞

+=

µϑ

≤+












α−βτ

α−βτ+βτ+β−−

1

22

2,
1 .1

12

12211

2

1

nk

kk ba
kCkk

 (37) 

We must show that ( ),,,,,, βατ∈ νµϑ nTh  that is 

( ) ( ) ( )[ ] ( )

( )
( )∑

∞

+=

µϑ

≤+












α−ητ

α−ητ+ητ+η−−

1

22
,

1 .1
12

12211

nk

kk ba
kCkk

 (38) 

In view of (37) and (38) it is enough to show that 

( ) ( ) ( )[ ] ( )

( )

( ) ( ) ( )[ ] ( )

( )
,

12

12211

2

1

12

12211
2,

1
,

1













α−βτ

α−βτ+βτ+β−−
≤

α−ητ

α−ητ+ητ+η−−
µϑµϑ

kCkkkCkk  

which simplifies to 
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( )( )

( )( ) ( )( )[ ] ( ) ( ) ( ) ( ) ( )[ ]
.

121211412211

114
2,

1
2

2

α−τ−−τ−−α−τβ+α−βτ+βτ+β−−

−α−τβ
≥η

µϑ
kkkkkkCkk

kk  
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