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Abstarct:

In this paper we proved if we have process , Z and 
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 such that  z′ is super martingale and Z is submartingal, we can  find a measure Q equivalent to measure P lying such that there exist an other process  Z*   
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≤Z*≤Z. 
And Z* is martingale with respect to measure Q and { Ft}.

i.e 

we provide that exist corresponding between the set of all equivalent measure ad the set of all convex function such that 
1.Introduction  

Let ((,f,p) be a probability space .
We say that the measure Q equivalent to p iff they have the same null set 

i.e

Q(A)=0 ( p(A) =0 . 
A process X is said to be  super martingale with respect to Q and adapted  to

{ ft} if p{x(t) | Fs}≤X(s), and we say X is sub marinate if p{x(t) | Fs}≥X(s), (t(s.
A process X is said to be marinate if p{x(t) | Fs}=X(t) , (t(s.

Let X be a set of all variably on ((,f,p)with norm topology .

And Xt={x(X: p(x(0)=1 and p(x(0)
We denote If a,b are real number , we denote 

a+=( max (0,a))

a- =(- max (0,a))

m consider ( ([o,T] be a filtration . and let 

 z′(t) =( z1′(t),…., z′k(t))

 z (t) =( z1 (t),…., z k(t))

are two  k  dimensional positive process ,mi are adopted to { Ft}t(( and E(zk2(t)( ((t(( and k=1,…..,k

we assume that z, z′  and the filtration { ft}t(( are right continuous .
2.multi-Free lunch:-

we start this section by the following 
Definition  (2-1),[  ]:
A simple trading strategy is a pair (H,H′ )of non-negative and non-decreasing k-dimensional processes such that  0≤t0≤…≤tN=T for which (H(t,w),
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(t,w)) is constant over  [tn-1,tn)    (  n=1,…,N.
We assume:

(1) (H,
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) is a dappled to {Ft}t(J  , and

(2) E((Hk 
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)2(t))< ∞  ,   E((
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Zk)2(t))< ∞   ( k(J  and  k=1,2,…,k
(3) Z1(t)= 
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(t)=1 , ( t(J.

Definition (2.2),[  ]:

A simple strategy  (H,
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) is self-financing if ( n=1,…,N  we have:

                                           (H(tn)-H(tn-1)) Z(tn) ≤ ((
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(tn)- 
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(tn-1))
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The set of all self-financing simple strategy is denoted by  (.
Let  M={x(X: (H-
[image: image13.wmf]H

¢

)+(T). 
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(T)- (H-
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)-.Z(T) ≥x for some  (H, 
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and (:M(R by:

((x)=inf{Lim({Hα(0)Z(0)-
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(0)Z(0)}): (H, 
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[image: image20.wmf]Z

¢

(T)- (H-
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Definition (2.3):


Let ((,f,p) be a probability space. A multi-free lunch is a net (x(,m() in X(M such that:
(1) x((x*(X+.

(2) ( a net  (H(,
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)((  such that  (H(-
[image: image23.wmf]α

H

¢

)(T)≥x(  (  ( 

       and (H-
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(T)- (H-
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)-(T)Z(T)(X+.
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(3) ((m()=Lim (H((0)Z(0)-
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(0)≤0.

Proposition (2.4):

Let ((,f,p) be a probability space, then M is convex cone and ( is convex functional.

Proof:

Let x,y(M ( (H-
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(T)- (H-
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)- (T)Z(T)≥ x for some (H,
[image: image32.wmf]H

¢

)((
                   ( (J-
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(T)- (J-
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)- (T)Z(T)≥y   for some  (J,
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by additive 

[(H-
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)+(T)+ (J-
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(T)-[ (H-
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[max{0,(H-
[image: image42.wmf]H

¢

)(T)}+max{0, (J-
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(T)-[(-min{0,(H-
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)}) +(-min{0,(J-
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) (T)})]Z(T)≥x+y

[max{0,(H-
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(T)-[(-min{0,(H-
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((H-
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((H+J)-(
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(T)- ((H+J)-(
[image: image60.wmf]H

¢

+ 
[image: image61.wmf]J

¢

))-(T)Z(T)≥x+y

((-
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(T)- ((-
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)-(T)Z(T)≥x+y

where  (=H+J  ,  
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    (  x+y(M.

Let  (>0  ,  x(M  (  (H,
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)((   such that  (H-
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(T)-( (-min{0,H-
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(T)- (-min{0,(H-(
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((H,(
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(x(M

( M is convex cone.

Now, to prove  ( is convex functional.

Let x,y(M
( (  (H,
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)((    ,   (J, 
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((x)=inf{Lim {(H((0)Z(0)-
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. ((y)=inf{Lim {(J((0)Z(0)-
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[(H-
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((H+J)-(
[image: image114.wmf]H

¢

+ 
[image: image115.wmf]J

¢

))+(T)
[image: image116.wmf]Z

¢

(T)- ((H+J)-(
[image: image117.wmf]H

¢

+ 
[image: image118.wmf]J

¢

))-(T)Z(T)≥x+y

((x+y)= inf{Lim {((H(+J()(0)Z(0)-(
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           = inf{Lim {H((0)Z(0)+J((0)Z(0)-
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Let  0≤(≤1  ,  let x(M.

(x ( ( (H-
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3. Main results:


In this section we start by the following theorem:

Theorem (3.1):


Let ((,f,p) be a probability , then (M,() is no-multi free lunch if and only if there exist a probability measure Q equivalent to p and a process Z* satisfy  
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( Z*( Z such that 
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 is super martingale and Z is submartingale.

Proof:

Let Q be a probability measure equivalent to p and let  Z* with  
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( Z*( Z , such that  Z is super martingale and 
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 sub martingale with respect to Q and {Ft}.

To prove (M,() is no-free lunch .

i.e.  (M,() is multi-free lunch.

Let  m(M  and  (H,
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By iteration
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· This implies that there  not be multi free-lunch.

Theorem (3.2):


Let ((,f,p) be a probability space. Let EQ be denote the expectation operator associated to the (super/ sub) martingale measure Q. Then there exists one-to-one correspondence between the set of such expectation operators and the set of convex functional  ( such that ((M=(.

Proof:

Let  ( be a convex functional such that  ((M=(.
Let Q:F(R by

Q(B)=Q(IB)   (  B(F

By positively of (  (  Q is positive.

Suppose  Z0=
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since ( is continuous then by riesz representation theorem, there exist a random variables  ((X  such that:

((x)=E((x)   ,   (  x(X.

Q(B)=E((IB)   (  B(F   and  
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It remains to show that there exists a process  Z* with 
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 is super martingale with respect to Q and {Ft}.
Suppose   
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Moreover, we must have:

EQ(
[image: image237.wmf]*

k

Z

(s)(Ft) ( 
[image: image238.wmf]*

k

Z

(t)  for  k=k+1,…,s.   s ( t.

EQ(
[image: image239.wmf]*

k

Z

(s)(Ft) ( EQ(
[image: image240.wmf]k

Z

(s)(Ft) ( 
[image: image241.wmf]k

Z

(t) < 
[image: image242.wmf]*

k

Z

(t) 
EQ(
[image: image243.wmf]*

k

Z

(s)(Ft) ( 
[image: image244.wmf]*

k

Z

(t)     (  k=k+1,…,s.

EQ(
[image: image245.wmf]*

k

Z

(s)(Ft) ( EQ(
[image: image246.wmf]k

Z

¢

(t)(Ft) (
[image: image247.wmf]k

Z

¢

(s)

EQ(
[image: image248.wmf]*

k

Z

(s)(Ft) (
[image: image249.wmf]k

Z

¢

(s)              (  k=1,…,k.

Conversely, let Q be a probability measure equivalent to p and  Z(Z*(Z such that  Z* is martingale w.r.t. Q.

Define  (:X(R be ((x)=EQ(x)   ( x(X
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If  t(D ( Z*(t)=Y(t) (  Z* is martingale.

If t(D , we can take  Z*(t)=Lim inf {Y(s)}
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