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Abstract
Let U denote the unit ball in the complex plane, the Hardy space H' is the set of functions

f(z) = if“(n)z” holomorphic on U such that i ‘fﬂ(n)‘z < With £"(n) denotes then the Taylor coefficient of
n=0 n=0

f.

Let y be a holomorphic self-map of U, the composition operator CW induced by  is defined on H'
by the equation
2
Cf=foy (feH)
We have studied the composition operator induced by the automorphism ¢, and discussed the adjoint

of the composition of the symbol ¢, .We have look also at some known properties on composition operators

and tried to see the analogue properties in order to show how the results are changed by changing the
function  in U.
In order to make the work accessible to the reader, we have included some known results with the

details of the proofs for some cases and proofs for the properties .

Introduction

This search consists of two sections . In section one ,we are going to the automorphism ¢, and
properties of ¢, ,and also discuss the interior and exterior fixed points of ¢, and also discuss ¢, is

rotation a round the origin and ¢, is elliptic and ¢, is a linear fractional transformation .

In section two, we are going to the Composition Operator C% induced by the symbol ¢, and
properties of C% , and also discuss the adjoint of Composition Operator Cd);v induced by the symbol ¢, and

also discuss C% is an invertible operator and C% is normal operator and define eigenvalue of C% .



Section One

Definition(}.)) : [£]
LetU={z e C :|z| <13} is called unit ball in complex C and 8U = {z e C:[z| =1} is called

boundary of U

Example().Y):

For ). c U, define ¢ (;)—_%_ (zeU). Since the denominator equal zero only at 7 - 1 the function
rz-1 A

¢, is holomorphic on the ball { 1 3- Since 2 € U, then this ball contains U. Hence ¢, take U into U

zZ| < —
A

and holomorphic on U .

Definition(}.¥) : " +]

Let y: U — Uand holomorphic on U. We say that v is called conformal automorphism or

automorphism of U if and only if \ is injective and surjective .

Proposition (V.£¢) :

for A e U, ¢, is conformal automorphism or automorphism of U .

Proof:
Since - %2 (z.aeU
4@ =" (2.2 eV)
suppose ¢, (z,) =, (z,) thatis — 2 —_ %2 therefore Az,z, —z, =Az,z, —Z,, hence Z, =Z,. Thus
Az, -1 Az,-1

¢, is injective .

Let Y=0,(2),thatis y = : 2 therefore L.z y—y=z ,then Lz y—Zz=Y, hence
Yy y
y y Ay -1 Ay -1 , for every y « U there exists
I =—- y Z)= = = =
o1 &@ ¢*(xy—1j Ay, Ay-ay+1 Y
Ay —1 Ay —1

zeU suchthat ¢, (z) =y .Thus ¢, is surjective. Hence ¢, is automorphism .



Definition(}.8) : [ *]

A point p e C is a fixed point for the the function vy, if y(p)=p.

Proposition ().1) :

For A€ U, then -, 2 are fixed points for b, -
A

Proof :

z

Let z) =z thatis
4@ —

=z, therefore & z* —2z =0. Hence ¢, has two fixed points

z,=0, 22:%

Definition(}.Y): [£]
Lety : U — U and holomorphic on U that fixed point r, then:

V) ris interior fixed point for y if re U

Y) ris exterior fixed point y if re U

Proposition (Y.A):

Then - is interior fixed point and 2 is exterior fixed point for ¢, .
A

Proof :

Since ¢, has two fixed points z2,=0, z, :E,
A

z,|=[0|=0<1.Thus z, is interior fixed point for ¢,

2

A

Since L e U, then [A|<1<2=2 2 . 1. Thus z, is exterior fixed point for ¢,

, therefore W =<

, hence 2,| =

Remark().%):

d, is its own compositional inverse in fact ¢, (¢, (z))=z for every z in U This property of ¢, is

called the self-inverse property.

Remark().\+) :

-1

for A c U, then ¢/ (0)=—-1, ¢, (1)=

Definition(.V V) : ['V]
Let y: U — U and holomorphic on U. We say that v is a rotation round the origin if there exists

o € OU suchthat yw(z)=oz (z € U)



Proposition (V.\Y):

If L =+, then ¢, (z) is arotation a round the origin

Proof:

Z
rz-1

¢, (z) is arotation a round the origin .

Since ¢, (z)= ,since % =0, then ¢,(z)=-z , let 5=-1, U, hence ¢, (z)=oz. Thus

Theorem (YY) : [V)Y]

Let y: U — Uand holomorphic on U, then , is elliptic if and only if y is automorphism that has an

interior fixed point.

Proposition (Y. £) :

Fori e U, ¢, iselliptic

Proof :

From (V- ¢), ¢, isautomorphism, and from (1-A) ¢, has an interior fixed

Point, hence ¢, is elliptic .

Definition(}.V¢): [ ]

_az+b

A linear fractional transformation is a mapping of the form r(z) = ;. ,wherea,b,c,andd are
cz+
az+b . : : :
complex numbers and r(z) = 5 we sometime denote it by rA(z) where A is the non-singular 2 x 2
cz+

: a b
complex matrix A = ,
e

Proposition (Y.V1) :

¢, is a linear fractional transformation .
Proof :

since ¢, (z)= 2 _az+b

Az—-1 cz+d

1 O} , hence by (1.Y°) ¢, is a linear fractional transformation .
A =1

suchthata=),b=+,c=A,d=-Yanda,b,c,andd are complex

numbers and A :[



Section Two

Definition(Y.): [¢]

Let U denote the unit ball in the complex plane, the Hard space H? is the set of functions

o0 o0 2
f(z)=>_f~(n)z" holomorphicon U such that Z‘f A (n)( ~ oo With £*(n) denotes then the Taylor
n=0 n=0
coefficient of f.

Remark (¥.9) : [']

We can define an inner product of the Hardy space functions as follows:

f(z) = $°f"(n) 2" and g(z)= > g(n) z" - then inner product of fand g is:
n=0

n=0

(1.0)=21"(n) 9'@)

Example (Y. :[) *]

Let o e U and k_(z)= (z e U). Since o € U then |a <1 , hence the geometric series

l1-oaz

S |x|2" is convergentand thus k., € H? and k ,(z) = 2".

n=0

Definition(Y.¢) : [£]

Let y : U — Uand holomorphic on U, the composition operator Cw induced by v is defined on H?
by the equation C, f =f oy (f e H2)
Definition(¥.°) : [Y]

Let T be a bounded operator on a Hilbert space H, then the norm

of an operator T is defined by || = sup{“Tf” :f e H,ff| :1}.

Littlewood's Subordination principle (Y.%) : [ ]

Let y: U — Uand holomorphic on U with y(0)=0, then for each f € H?, f oy e H?and
|[f o | <||f||- The goal of this theorem C_:H? — H*.



Definition(Y.V) :

The composition operator C% induced by ¢, is defined on H? by the equation C% f=fo¢,

Proposition(Y.A) :

If & € U, then for each f e H?, fo¢, e H? and [f o ¢, | <|f]

Proof :

Since ¢, : U — U and holomorphic on U with ¢, (0)=0, then by (Y- 1)

feH? fop, eH*and |foq,|<|f| hence C, :H*>—H?

Remark (( ¥.4) : [¢]
V) One can easily show that C.C,=C,.. and hence cr=Cc,.C,-C

=C :C\vn

v
oy oy
) C\V is the identity operator on H? if and only if v is identity map from U into
U and holomorphic on U.
¥) Itis simple to prove that C_=C_ ifandonlyif 1< = .

Theorem (Y. V) : )]

Let y: U — Uand holomorphicon U . Cw is an invertible operator on H?if and only if

automorphism of U and C;,l = wal

Proposition(Y.V ) :

If L € U, then C; isan invertible operator on H?

Proof :
Since ¢, is automorphism of U by ()- £) and C_i = Cd);l = C% by (-4) , hence C(1>x is an

invertible operator on H? .

Definition(Y.) ¥): [¥]

Let T be an operator on a Hilbert space H , The operator T~ is the adjoint of T if <Tx, y> = <x,T*y> for

each x,yeH.



Theorem (Y.Y) : [°]

AV {Ku} forms a dense subset of H?,

Theorem (Y.V€) : [V +]

Let y: U — Uand holomorphic on U, then for all o e U

C:K, =K

w(o)

Definition(¥.)¢): []

Let g e H™, the Toeplits operator T is the operator on H? given by :

(T.fX2)=9(2) f(z) (feH? zeU)

Remark ( Y.V 1 [V]

For each f e H?, it is well- know that T f =T_ f,such that h e H”,

Proposition(Y.\V):

Let C, =T, C, T, where h(z)=(Az-1), g(z)=—1, y(z)=r -2

Proof :

By (Y-'1), T, f =T f foreach f e H*. Hence forall e U,
<T,j f,ka>:<Thf,ka>:<f,T: ka> ...... 2-1)
On the other hand ,
(Ty f.k, ) =(F,T,F) = (F.h(ak, )2 ~2)

From (¥-))and (Y-Y) one can see that T" k, =h(a) k, . Hence T; k, =h(a) K,

Calculation give

C. Ko (2) =K, (2)

1—¢xiaiz 1__82

ro—1
_ 1 ha-l (ha-l)
ra-l-oz ra-1-az —({1-alt-z))

ro—1



= h(a) - T, k,(1(z))=T, h(e) k, (r(2))
=T, hla) C, k,(2) =T, C, h(a) k,(2)
=T, C, T, k,(z) , therefore

C, k,(z)=T,C, T; k,(2) (zeV).

But V,y (K, j=H" then C; =T, C, T,

Definition (Y.VA) : [¥]

Let T be an operator on a Hilbert space H , T is called normal operator if T T"=T" T

Theorem (¥.)9%) : [9]

Let y: U — Uand holomorphic on U, then C is normal if and only if y(z)=P z for some

B, B=1

Proposition(Y.Y ) :

If A =0,then th is normal composition operator .

Proof :

z
rz-1

Since ¢, (z)= ,since A =0, then ¢, (z)=-z =Pz such that B=-1,[p|=1.

p

Hence by (Y.)4) €, is normal composition operator.

Definition (Y.¥Y) : [A]

Let T be an operator on a Hilbert space H, T is called an algebraic operator on H if there exists non-

zero complex polynomial P such that P(T) = +, and T is called idempotenton H if T>=T.

Proposition(Y.YY):

Let A € U, then Cd)x is not idempotent composition operator on H?



Proof :

Since Cj)K =C, C, =C, .y by(Y.%),since ¢, o¢, =1 by (self-inverse
property) . Hence C%o% =C, and C, =1 by(".%), hence Cix =1 C% . Hence C% is not

idempotent composition operator on H?

Proposition(Y.YY) :

Let A € U, then C% is an algebraic composition operator.

Proof :
Take

P(z)=z*-2z* , note that forall f e H*,ze U
P(c, ) fz)=(c: -2 ) f(z)
= Cp f(z)—C: f(2)
Then, it is easily seen that Cix = Cix = | (by the self-inverse property).
Hence P(C% )= 0. since P is non-zero complex polynomial, then C, is an algebraic composition

operator.

Definition (Y.YV) : Y]

Let y: U — Uand holomorphic on U, the eigenvalue equation for the composition operator is define

by C,f=xforfoy=xf.

Theorem (Y.Y%): V]

Let y:U — Uand holomorphic on U, and that fixes the point peU and suppose that C,f=xf for

some non-constant f € H? and some « < C. Then k= (y'(p))" forsomen=—+), Y, .. ..

Proposition(Y.YY) :

If Ae U, then (—1)" is an eigenvalue of C% forsomen=~+,Y Y, ...

Proof :

Since _ 2 2= -(z) -1 ,and since ¢, fixed the point * U,
(I)h (Z) "z _1!¢x (Z) (KZ _1)2 (XZ _1)2 ¢7‘

and by (7.Y7) 1< = (5 (0))" = (—1)" isaneigenvalue of C forsomen=-,", 7, ...
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